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Resumé

Soit n > 1, soit A une partition de n et soit p une partition obtenue a partir de
A par décalage a gauche de deux cases situés en bas d’'une colonne. Nous donnons
une formule pour un morphisme ZS,-linéaire d’ordre m entre les modules de Specht
sur Z/(m) correspondants, ou m désigne la longueur du décalage des cases (divisée
par deux en certains cas, specifiés combinatoirement). En d’autres termes, nous
obtenons une extension des modules de Specht sur Z correspondants, d’ordre m en
tant qu’élément de Ext!.

Abstract

Let n > 1, let A be a partition of n and let i be a partition arising from A by a down-
wards shift of two boxes situated at the bottom of a column. We give a formula for
a ZSy,-linear morphism of order m between the corresponding Specht modules over
Z/(m), where m is the box shift length (divided by two in certain combinatorially
specified cases). Reformulated, this yields an extension of the corresponding Specht
modules over Z of order m in Ext!.



0 Introduction

0.1 Known results

The irreducible modules of the complex group algebra of the symmetric group on n letters
possess the Specht lattices S* as combinatorially described integral models, indexed by
partitions A of n. Let d > 1 be an integer. Suppose given a partition A of n and integers
1 < g < k < A\ —1 such that the shift of d boxes situated at the bottom of column k + 1
of A downwards to column g yields a partition again, which we denote by u. Let X be
the partition transposed to A. The number

mo =X, — Ny +(k+1)—g+d

of steps by which we shift leftwards and downwards is called the box shift length.

For instance, we may shift d = 2 boxes of A\ = (5,4,4,2,1,1) from column k + 1 = 4
downwards to column g = 2 to obtain the partition u = (5,3,3,2,2,2). We have X' =
(6,4,3,3,1), hence the box shift length equals mq = 5.

Theorem. Based on [CL 74|, CARTER and PAYNE [CP 80] have shown that
Hongn(K XKz S)\, K Xz SN) 75 0,

K being an infinite field of characteristic p such that d < p*(™) (1) i.e. such that the
number of shifted boxes is smaller than the p-part of the box shift length. In case d =1,
this condition on p translates to p | mg. In case d = 2, it translates for p > 3 to p | mo,
and for p =2 to 4 | my.

Theorem. Suppose d = 1. In [K 99, 4.3.31, cf. 0.7.1], the existence of an element of
order mg in
Hom(z/(mo)s, (Z/(mo) @z S, Z/(mo) ®z S*)

has been shown via construction of such a morphism.

0.2 Results

We maintain the situation from §0.1.

Suppose d = 2. Let m be either mqy or mg/2, the latter value being taken in case my is
even, a similar combinatorial integer is even and the diagram of \ takes a certain shape
near the column g.

Theorem (2.37). There exists a morphism of order m in
Homz/(my)s, (Z/(m) ®z S*, Z/(m) @z S*).

As a consequence, we recover the according part of the result of CARTER and PAYNE
[CP 80]. An account of the construction of this morphism, including the definition of the
modulus m, is given at the end of §1.1. In §0.3, we attempt to give an informal description
of that construction. Some examples may be found in §2.4.

LA rank argument shows that [CP 80] also yields this result for K an arbitrary, possibly finite field of
characteristic p such that d < p*»(™0) as pointed out by G. NEBE.



The proof by means of our techniques requires consideration of (essentially) 9% cases - the
base 9 resulting from the structure of the one-step Garnir relations, the exponent 2 being
the number of shifted boxes (cf. A.1). Moreover, the connection between the modulus
and the box shift length results from the calculation only.

A morphism modulo the box shift length my itself need not exist. For instance, we obtain

Homgzs, (S%*Y,Z/(5!) @z SEHEED) > Homys, (S32Y,Z/(2) @7 SELLLD) ~ 7 /2.

Let d be arbitrary, but suppose g = k. This is to say, we shift d boxes from column ¢ + 1
to column g.

Theorem (4.9). Let ilog,d := max{i € Z>, | p < d}. There exists a morphism of order
m:=mg:- H p_ min(vp(mo)ﬂiIng(d)) 1n

p prime, p|mo
Hom z(my)s, (Z/(m) @z S*, Z/(m) @z S*).

Again, the according part of the result of CARTER and PAYNE [CP 80] is recovered.
Roughly speaking, this morphism is given by picking d entries from column g + 1 of
a given A-polytabloid, by placing them at the bottom of column g, and by mapping
this A-polytabloid to an alternating sum of the resulting p-polytabloids over the various
possibilities to pick those entries.

Remark. For an abelian group A and an integer m > 2, we write A[m] := Kern(A — A).
There is an isomorphism

Homyz, (ms, (Z/(m) @z S*, Z(m) @z S*) =~ Exthg (S*, 5")[m]

which translates both results on the existence of a morphism of order m into assertions
on the existence of an extension of order m in Ext'. Cf. §0.4.

Remark. Let m > 2 be an integer. For arbitrary partitions A, p of n, we dispose of the
transposition isomorphism

Hom(z(my)s, (Z/(m) @z S*, Z/(m) @z S") = Homyz(mys, (Z/(m) ®z 5", Z/(m) @z 5,

given by dualization, followed by alternation and isomorphic substitution (3.16). Based
on the simple assertion (3.2), we give in (3.27) an explicit, but nevertheless not quite
satisfactory formula for the transpose of the two-box-shift morphism in (2.37) in terms of
tabloids. Whereas the image of a polytabloid under that transpose is known to be an ele-
ment of the target Specht module, hence known to be expressible as a linear combination
of polytabloids, a formula for such an expression is lacking. Some examples are given in

§3.4, cf. also (4.15).

0.3 Construction (informal description)

The following description might serve as an intuitive thread through our formalism con-
cerning the two-box-shift morphism in (2.37). We maintain the situation of the beginning
of §0.2 and refer to the usual way to depict partitions and tableaux [J 78§].



We write the Specht lattice S* as a quotient of the free ZS,,-module F* on one generator, displayed
as having as Z-linear basis the set of A-tableaux equipped with the action of the S,, on the tableau
entries. The kernel of the canonical epimorphism F*» — S is generated, over ZS,,, by signed column
transpositions and one-step Garnir relations. Given a tableau, a signed column transposition is the sum
of the tableau and the tableau having two entries of a column interchanged. A one-step Garnir relation
depends on subsets of two subsequent columns of a tableau [a] the sizes of which add up to (the length
of the left column)+1. After factoring out the signed column transpositions, such a Garnir relation can
be written, up to a scalar, as the alternating sum of the tableaux arising from [a] by permutation inside
the union of the chosen subsets of the columns, the sign being that of the afforded permutation. Our
morphism is constructed as a factorization of a morphism (F* — S# — S# /mSH) over the canonical
epimorphism (F* — §* —» §*/mS*). To a A-tableau [a], we may apply certain place operations,
indexed by double paths, which produce p-polytabloids. A double path is a pair of sequences of positions
in the union of the diagrams of A\ and p that do not intersect, that run strictly from right to left, that
start arbitrarily in column &+ 1 and that end at the the position of the shifted boxes in column g. (So at
least 4 and at most 4 + 2(k — g) positions are occupied.) Given such a double path, the place operation
it gives rise to is obtained by inserting entries of column k + 1 into the double path from the right and
by subsequently pushing entries through along each path separately. In particular, the last two entries
forced to move are installed at the positions occupied by the shifted boxes in the diagram of p. Cf. (2.1).
Each double path has a weight attached, i.e. a tuple recording the number of positions it occupies in each
column, and a sign, depending on the positions it occupies in column k+ 1. Sending [a] to the accordingly
signed sum of the resulting p-polytabloids indexed by double paths of a fized weight yields a ZS,,-linear
map from F* to S* that annihilates the signed column transpositions. Forming a linear combination
of these maps, indexed over the weights, equipped with certain coefficients which are polynomial in the

combinatorial data, and dividing by an essentially polynomial factor of redundancy yields a ZS,-linear

"

map FA — S# that annihilates all one-step Garnir relations except for those involving column ¢ and

"

column g+ 1, which vanish only modulo mS#. Thus (F* — S* —» SF/mSH) factors over a ZS,,-linear

"

f . . f . . . .
map S*/mS* — SF/mSH. Since the image of F* — S* has not been contained in a strict multiple

. . f . N
tS* C S*, t > 2, the resulting morphism S*/mS* — S#/mSH is of order m in its Hom-group.

0.4 Motivation

We consider the integral group ring ZS,, as a subring of a product of integral matrix rings
via WEDDERBURN’s embedding, sending a group element g € S, to the tuple (p*(g))a
of its operating matrices on the Specht lattices with respect to a choice of integral bases.

Let m > 2 be an integer. A Z-linear map S* —f>S“ that becomes ZS,,-linear modulo
m > 2, i.e. that satisfies f o p*(g) =, p*(g) o f for all g € S,,, imposes this congruence
as a necessary condition on an element of our product of integral matrix rings to lie in
the image of that embedding. More generally, unscrewing the regular lattice into simple
lattices via a binary tree of short exact sequences, we obtain a necessary and sufficient
system of modular morphisms by means of the correspondence

Homgs, (X,Y/mY) -~ Extys (X,Y)[m],

where X and Y are rationally disjoint ZS,,-lattices. This correspondence attaches to a
morphism X — Y/mY the extension obtained as pullback of

0—Y %Y —Y/mY —0.



Conversely, a retraction up to m to the inclusion of an extension of X by Y yields the
corresponding modular morphism as being induced on the cokernels. Since the Ext'-order
of a short exact sequence that occurs in that binary tree is not necessarily square-free,
modular means modulo prime powers. See [K 99] for an elaboration on this theme.
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1 Garnir

1.1 Specht lattices

For a,b € Z, we let [a,b] :=={i € Z | a < i and i < b}.

Let n > 1. The symmetric group on the set [1,n] is denoted by S, := Autgets|1,n]. The
sign of a permutation o € §,, is denoted by €,. Maps are written in various manners, on the
right, on the left, using indices etc. The symmetric group acts on the right. Occasionally,
we shall allow ourselves to treat tuples consisting of pairwise different entries and single
elements as sets. Intervals are to be read as subsets of Z. Conjugation in a group is also
written as h9 := g 'hg. Given a module X over a commutative ring R and an element
r € R, we shall usually write X/r := X/rX (cf. e.g. 3.14). If X and Y are modules over
an R-algebra A, we identify Hom (X /7, Y/r) = Hom,4 (X, Y/r) via composition with the
residue class map X — X/r.

Let

N 2 N,

T — N

be a partition of n, i.e. assume ) . A\; = n and A; = A\jyq for ¢ € N. Usually, we write
a partition as a tuple, i.e. A = (A1, Ag,...). Sometimes, we abbreviate repeated entries
by exponents that indicate their multiplicity, such as e.g. (9,2,2,2,1,1) = (9,23,1%) #
(9,8,1). Let [\] :={ixj e NxN |\ > j} be the diagram of \. A A-tableau is a
bijection

A = (L)

7 X ] —  Qj;

The transposed partition of X is denoted by X, i.e. i X j € [\] <= j x i € [X]. For a A-
tableau [a], we denote by [a'] the N-tableau obtained by composition with i x j — j X 4,
mapping [X] onto [A]. A permutation o € S, acts on the set of M-tableaux T* via

composition [a] — [a]o. Let F* be the free Z-module on T*, endowed with the induced
action of the §,,. Let

71'A 7'(')\
A = N, AN — N
ixj — i ixj — j

denote the projections. To a A-tableau [a] we attach a A-tabloid
{a} = {lal} = o' mh € NI

In general, X being a set, an element o € S, acts on f € X via (1)(fo) := (ic™')f. In
particular, the free Z-module on the set of A-tabloids, denoted by M?*, carries a structure
as a ZS,-lattice, viz. {a}o = {[a]o}. Let

Clap = {k €S |la]'mg = ([a]r) 72

Ry = {p€Su|la]'my = ([a]p)~ 7y



be the column stabilizer and the row stabilizer of [a], respectively. Note that Cijp = (Clq)?
and Ry, = (Rjq)°. Let the Specht lattice SA be the ZS,-sublattice of M* generated Z-
linearly by the A-polytabloids

(a) :== Z {a} - ke, € M*.

HEC[E]

Let ¢ C [1,n]. We denote by S; := Cs, ([1,n]\() the subgroup of S,, consisting of permu-
tations that act merely on (. For an element x of a ZS,,-module X we denote

QSOCZ:Z.CE-UEU.

UES@*

Given p > 1 and 1 < j < k < A, we write a, [z := (api)icjr) and abbreviate a, :=
apix)- Let & Cap, g ap+1 be such that #£+#n = A\, + 1. Letting S¢ X S, \Seuy, denote
a chosen set of representatives of right cosets, the expression

ten = D, ldos

oE€S; ><S,7\85U,,
is called a one-step Garnir relation. For p > 1, u,v € a,, u # v, the expression
[a] + [a](u, v)

is called a signed column transposition. From [J 78, 7.2] and from the proof of [J 78, 8.4]
we take that the (finite) set

{la] + [al(u,v) [ [a] € T*, p > 1, u,v € ap, u # v}
U {Glen A €T p=1, st 21, s+t =N +1, £=apn-stin) 1= Gprifi}

7S, -linearly generates the kernel of the epimorphism

A

A — S
[a] — {a).
Given a ZS,-module X, its alternated module is written X~ := X ®z Z~, Z~ being the

abelian group Z, equipped with 1-0 :=¢,, 0 € S,. So Z~ ~ S For each partition A
of n, we fix a A-tableau [a,] and let

{la)o} ™ = ({a)} ® 1)o € M~

for 0 € S,. Note that {a'} "0 = {[a/]e}~ and that {a'} "k = {d'}e, for [a] € T, 0 € S,,,
k € Cly. We obtain a factorization into epimorphisms

l//\ I/)‘ / l//\
F)\ ., S)\ F/\ M M)\,f s, S/\
[a] — (a) @ — {d}y — {9

by first factoring out the signed column transpositions. Using this factorization, we may

write
!

" 1 N —
e = (Gl en)var = T {d'} "o (EuUn).



-/

A A-tableau [a] is called standard if a;; < aj for i x j, ¢ x j° € [A] such that ¢ < ¢
and j < 5. The tuple ({(a) | [a] is a standard A-tableau) is a Z-linear basis of S* [J,
8.4]. Its elements are called standard \-polytabloids. Let [ay] be the standard A-tableau
determined by Gy 11 = @y ; + 1 whenever ¢ x j, (i +1) x j € [A]. (We do not require a
priori that [a,] = [d@,], a requirement which is convenient for practical purposes, however.)

Account of the result (2.37). The notation deviates from our working notation further down. In
particular, the following definitions are valid only in the remainder of this subsection (and will be repeated
further down in case they coincide nonetheless).

Let 1 < g <k < Ay — 1 such that
AN+2 fori=gyg
pii=94 No—2 fori=k+1
)y else

defines a partition p. (For the case of g = k, see (2.17)).
A double path v is a pair of integers I(J) > 1 together with a pair of maps

v 2 [0,00)] —  [NUl4
i —  ad,i) x [3(4,1),
where § € [1, 2], subject to the following conditions.

(i) ¢ <4 implies B(0,%) < (d,7') for 6 € [1,2] and 4,4 € [0,1(9)].
(i) (10, 1(1)]) N2([0,1(2)]) = 0.

(iii) a(8,0) x B(8,0) = (N, +6) x g for § € [1,2].

) B(6,1(0)) =k+1for 6 € [1,2].

(v) a(1,i(1)) < (2,1(2)).

The set of double paths is denoted by I'. Suppose given v € T. Let e, := (—1)*LI1)+a2U2) - For
j€lg+1,k], we let

(iv

= ) #y (LN x {5

6€(1,2]
Let
[07)‘;@+1] - [07H;c+1]
i # (LM 11) a2,12)})
(

min(e (7)) ~— J
Given a A-tableau [a], we let the p-tableau [a”] be defined by

al; = aj for i x j € [p\(m1([0,1(1) = 1]) U2([0,1(2) = 1)) UN x {k + 1})
Wi aes) = O8Gi+)a@i+1) for 6 €[1,2], 4 €[0,1(5) — 1]
CLZHJ = Qpy1,p0) for i € [1, pj 4]

For j € [g,k + 1], we let
Xj= () =) = Nega — (k4 1))

For ¢ € [0, 1], we denote
L) ={j€lg+Lk=1][ N =\, —i}.



We write [g+1,k] = U,.cp1 x [P(k), ¢(%)] such that p(1) = g+ 1, such that p(x) < q(k), [p(x),q(r) — 1] C
L(0) UL(1) and ¢(r) & L(0) U L(1) for k € [1, K], such that ¢(k) + 1 = p(k + 1) for k € [1, K — 1], and
such that ¢(K) = k. For Z € Z and i > 0, we write Z) := (Z +i—1)!/(Z — 1)!. We let

R (10 11 )Xfi))( [I ecd@ X))

1€[0,1] jEL(s kE€[1,K],
[p(k),q(x)—1]CL(1)

and
X,+2 in case [p(1),q(1) — 1] € L(1)
(Xg+2)/ged(2, Xy, Xg41) in case [p(1),¢(1) — 1] C L(1)
The ZS,,-linear map

F/\L”,SM

0 — (I X0,

vel' jelg+1,k]

is divisible by R, and its quotient by R factors ZS,-linearly as

" VA
D e e e I S S S Ty
() —  (b) +ms"

The resulting morphism S* I, gu /m is of order m as an element of Homgs, (S*, S*/m).
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1.2 A Garnir formula

Let A be a partition of n, let [a] be a A-tableau, let 1 < p < ¢ < Ay, let d > 1. Let

£ Cay, s=#E=a\éand n C a, t = #n, 17 = a,\n, u = #70, be such that
s+t=\,+1—d. We choose a disjoint decomposition § = {yU&; such that #& =d — 1

and #& =t.
Lemma 1.1 (cf. [K 99, 4.3.4]) Assume given v € ¢ C a,, y € Y C a,. Then

(a)o(pUv) = #p-(a)o(pUi\x)—#-(a)- (z,y)o (¢ U\x)
= #ip-{a)o(pU\y) —H#-(a) - (z,y) o (@ U\y).

In fact,

(a)o(pUy) = Z Z (a) - oeqy

2€pUY 0€ES Uy, 20=1T

(> Y (@)

2€p\x 0ES,uy, 20=1T

() 0 (p U\))
Z Z (a) - 050)

z€YP\y TES Uy, 20=T

Z (a) - 0'60>

0ES Uy, YT=T

(#e = 1) (a) o (¢ U\D) )

(@) o (pU\2))

(#6 = 1) (@) - (2,9) 0 (pUY\2))
(@) - (z.9) 0 (pUP\2)).

The second equality follows by symmetry.

+
_|_

+

TN N N7 N N N N

_|_

Suppose given disjoint subsets ¢, 1) C [1,n] and a bijection ¢ 2+ 4. We denote

(0, 9)a = H(CL’, (x)a) € S,.

TEY

In case ¢ C a,, ¥ C a,, # = #, the element (a) - (p,¢) := (a) - (¢, 1), is independent
of the choice of a bijection ¢ — 1.

Lemma 1.2 ([K 99, 4.3.5]) In case d =1 we have
(@) o (§Un) = st (a) - (&)

We calculate

(@)o(§un) = s5-(a) (z,y)o(EUn)
LD (a) - (a,y) - (2 y) o (EU)
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= Eneeun)

(
= sltl-(a) - (&),
where £ = {z,2',...}, n={y,/,...}.

Lemma 1.3 Let ¢ C a, and ¢ C a, be given such that #¢ = # and let 0 € S,,. We
obtain

(@ (p¥) -0 = (@) (@) v),.

Factorization reduces us to the consideration of a transposition ¢ = (x,y), where, more-
over, we may assume z € ¢ and y € a,\p. Choosing z € 9, we conclude

(@) (e.0) - (@,y) = (@) ((P\2), (0\2)) (@, 2)(w,9)
= —(@((~\0), (1\2) (8, 2)
= —(@((P)y).v).

Lemma 1.4 The formula

holds.

The claimed equality may be reformulated to

sit+d—1)!
(s+0)(d—1)"

(a)o(§Un)o& = (@) - (&,m) o (EUmM) 0 &,

We perform an induction over d, the case d = 1 being treated in (1.2). We assume d > 2
and perform an induction over ¢, the case ¢ = 0 being trivial. We assume ¢ > 1, choose
xg € &, x1 € &1, y € 1 and denote & 1= (&1)(xg, x1). Evaluating in two ways, we obtain

(a) o (EUm  Un)o (E\z1)
frewed S DY (o) (6, ) 0 (€ Uy Un) o (E\an)
D (a) - (&,m) 0 (€Un) © (E\ay)
(s +1) - {a) o (€ U)o (E\as)
tl@) - (om0 ((€Un) U)o (E\r)]

2 a1 " (a) o (EUn)og
= [ () () E\en ) o (€U U ) o (E\a)|.

1)

N
=
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Therefore,

(@)o(unmof = UL (a)-(&,m) 0 (EUn)o (E\n)

+ ot a) - (G, m) o (€Um) 0 (E\an)

W (@ ) QI a) - (E,m) o (€U - (w0,21) 0 (G U \a)
+ 2 () (&) 0 (€Um) 0 (U &r\ay)

(11)  s1(t+d—1)! = =
=) e (a) - (&) o (EUm) o,

Proposition 1.5 (Garnir formula) Assume given a subset o C ey, a;- We have

s!
s+t)l(d—1)

<a>0(90U§U77)=( !-<a>-(§1,n)050(90U§Un)-

Let A be the set of injections of ¢ into ¢ U & Un. We write

(a)o(pUlUn) = Z Z (a) - oe,

acA Ueswu&U'm o"<p:a

(@) - (Gumolo(pucun) = > Y (a)-(&.n)o& o5,

a€A €S, ucun, 0lp=0

and fix an embedding o € A in order to compare the summands. We choose a permutation
p € Syueun that restricts to pl, = @. On the one hand, we obtain

Z (@) oe, ©="" Z (a) - 0'eyr - pe,

€S ugUn, Olo=a o'€S¢un

= ({a)o(§Un)-pz,
(1.4) s!

= m'@)’(éﬂ?)og'ﬂgm
on the other hand, we have

Yo ey (&umoboe, T="1 Y (a) (&) ol oler - pe,

0ES, utun, Olo=a 0’ E€Seun

= (s+t)!{a)- (&) o pep,

whence the result follows by comparison. Independence of the right hand side of the
choice of §; can also be seen by application of (1.3) to an appropriate permutation 7 € S,
for we have (=) -70& = (=) o &e,.

Lemma 1.6 Forig € [0, s], we write

Blaenlio) == Y (=1)° > > > {a) - (&m0 U o)

506[7;075] fogfv 770§m . SDOQﬁQ
#& = s0 #Mo = so—io FHPo = o
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Let i € [1,u]. We define and obtain

= sl(t+1)! Z (38) Bal.en(io).

i0€[0,min(3,s)]

We fix a subset ¢ C 7 of cardinality #¢ = . Indexing by subsets that become inter-
changed by a certain element of Sgiyu,, We obtain

{(a)o(EUnU )

= sl(t +1)! Z Z Z Z Z + (&0, 1m0 U 900)5(50 noUpo)

i0€[0,min(,s)] so€lin,s] & CE&, n0Cn, ©oCep,
#& = so #no = so—io #po =1io

The number of subsets ¢ of cardinality #¢ = ¢ that lie in between g C ¢ C 7, where g
is a given subset of 77 of cardinality #yy = g, amounts to (’j:f(?) Whence the result is
obtained by collecting

S Ulpo) = (40) D Ulyo),

pC, ©0Cp, poC1,
#o =1 #po =10 #po = io

U(go) being some expression independent of (.

Lemma 1.7 Suppose given in addition a subset b C &, of cardinality #1 =: v. For
ip € [0, s — v], we write

Biy) ¢ pnio) = Gl Y (a)-(%o,p0) 0 (W UN).

ol
CE\Y,  woln,
#&o0 = 10 #po = io

Let i € [1,u]. We define and obtain

Claewn@ = > {a)o(EUp)o(WUn)

©Cn,
#Ho=1

= tlsl(i+v)!- (ﬁifg)Bfann( 0)-

10€[0,min(%,5—v)]

We fix a subset ¢ C 7 of cardinality #¢ = ¢ and obtain

= = (5 (@ o (E\w) U)o (¥ Un)
— (’J{)“) Z Z (—1)i0 <a> . (507 900) o (¢ U 77)7

i0€[0,min(i,s—v)] £CE\Y, poCe,
#E =1i9 FHpo =10
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whence we conclude as in (1.6) that

> (a)o (EUg) o (¥Un)

»Cn,
H#Hp=1
=y s Z > (= - (€0, p0) 0 (¥ U)
©Cn, io€[0,min(i,s—v)] £CE\Y,  vole,
#Ho =1 #&o =do FFPo =10
= W Z Z (i) Z (=1)(a) - (&0, o) o (Y Un).
i0€[0,min(i,s—v)] & CE\, ©oCr,

#&o = 1o #po = 1o
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2 A two-box-shift morphism

2.1 Double paths

Let X\ be a partition of n. We assume given integers ¢,k such that 1 < g < k<< A\ —1
and such that

N+2 fori=g
pi=94 N—2 fori=k+1
A, else

defines a partition pu. A weight e is a map

€

LA — [0,2]
J o ¢
that maps g and k+1 to e, = ex1 = 2 and that maps each j € [1, \1]\[g, k+ 1] to e; = 0.

The set of weights is denoted by E. A pattern = of weight e is a subset = C [1, 2] x [g, k+1]
such that

#ENL2x{j}) = e

for j € [g,k+ 1]. A double path ~ of weight e is an injection from a pattern = of weight e
to [A] U [u] of the form

= — Duly4
ixj — i) %
such that
Y(g,1) = A, +i for i € [1,2]
y(k+1,1) <5k +1,2).

Sometimes, we denote its pattern by =, := =. Its sign is given by ., 1= (—1)7k+LD+7(k+12)
not to be confused with the sign of a permutation. The set of double paths of weight e is
denoted by I'(e).

A double path ~ gives rise to a place operation in the following manner. Let

[07>‘;€+1] - [0>N2+1]
i e # (LN + 1)k +1,2)})
min(p~1({7})) ~= J

Given a weight e € E, we define an operation of sets

I(e) x T» — T

v x fd — @]
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by
aj; = aj; forixje[p\(E)yand j#k+1,
@G = A for i € [1,2] and for j € [g, k],
where j’ is minimal in [j + 1,k 4+ 1] with i x j' € Z,
Apri = Qrrige) for i € [1 ]

We define a ZS,,-linear map

1"

FA 2o Ge
[a] — Z (a7)e,.
Y€T'(e)

Example 2.1 For example, consider the case A = (7,7,7,4), p = (7,6,6,4,1,1), g = 1,
k=6. Let e =(2,1,1,1,2,0,2), and let v be the (non-ordered) double path of weight e
given pictorially by

X X u
vV X X
u x v

< g2 o MoXkoKow
“oMoe w
“oM XK <
I =T

a ‘u’ indicating the y-image of some 1 X 7, a ‘v’ indicating the v-image of some 2 x j. The
operation of 7 yields e.g.

1 5 9 13 17 20 23 1 5 18 13 17 20 24
2 6 10 14 18 21 24 2 15 10 14 25 21
v X —
3 7 11 15 19 22 25 3 7 11 19 23 22
4 8 12 16 4 8 12 16
6
9

L.e. the double path ~ subsequently pushes 23 — 19 —15—+6— and 25 — 18 —9—.

Lemma 2.2 (path switch) For q € [g+ 1,k + 1], we dispose of an involution

[1,2] x [gk+1] - [1,2] x [g,k+1]

: : i-(L,2) x j forjelg+1,q-—1]
i X — .
1 X J else

The composition v,y of this involution, restricted to Lgl(Ew); with a double path v furnishes

a double path which we denote by 1,7y, being a slight abuse of notation. So =2, ., = I,;;l(EV).
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Let [a) € TY, e € E, let p € [g+ 1,k] such that e, = 2, let v € T'(e), u := aps(p1y and
V= Gpyp2)- We assert the following equalities.

(i) (") (w,0) = —(a"7)
(i) {a're17) = (a”)
(i) (lalf)(u,v) = —lalf!

The operation of the double path ¢, on [a] can be performed using the operation of ~,
but with entries v and v interchanged, and, moreover, with entries placed by ~ in column
g interchanged, yielding the sign in (i). Analoguously (ii). Since composition with ¢, is
an involution on I'(e), multiplication by (u, v) attaches a sign to [a] f” by (i), whence (iii).

Proposition 2.3 Let e € E. There is a factorization
" IJA ’ !
(F> Jew iy = (F> 2 pp¥= Je, gy,

We need to show that a signed column transposition [a] + [a](u,v), [a] a A-tableau, p > 1,
U,V € ap,, u # v, vanishes under f/, for which we may assume p to lie in [g + 1,k + 1].
We abbreviate the double path image of v in [a] by I, := ((Z)7)[a].

Case p € [g+ 1, K.

Subcase u,v € I,. See (2.2, iii).

Subcase v =: ap 54 € Iy, v = a,; € I,. Abbreviating by 7, the transposition that
interchanges the elements 7(p, i) x p and | x p of [\] U [u], we conclude from

(@) - (u,0) = ={a”™)

that the sum over these summands, multiplied by (u,v), yields minus the sum over the
summands of the subcase v € I,,v € I,. In fact, v — 7, is a bijection between the sets
of double paths occurring in these subcases which preserves the sign.

Subcase u,v & I,. (a") - (u,v) = —(a”) shows these summands to yield zero.

Case p = k + 1. The arguments of the case p € [g + 1, k] work in the subcases u,v € I,
and u,v ¢ I, as well.

Subcase u =: Q115015 € 1y, 0 =: apq1, € I,. Writing the transposition 7, as above, we
conclude from
<cﬂ> . (u, y) = (_1)7(p,z)—l+1<avm>

that the sum over these summands yields minus the result of the sum over the summands
of the subcase u ¢ I,,v € I,. In fact, v — 77, is a bijection between the sets of double
paths occurring in these subcases which changes the sign by e, /e, = (—1)77P4).
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2.2 Morphism, unreduced version

We shall show the vanishing, modulo our modulus, of the required Garnir relations. Rather than giving
short versions of all calculations, we give full versions, but only of the two ‘large’ cases (A.1, A.2), and

only in Appendix A.
For i € [g,k + 1], we let

Xi= (A =1) = (N — (b + 1))

and denote Xi(j) = (X 45— D/(X;—1), 5 €[0,2]. Let MY~ L\ 51 be the ZS,,-linear
map defined by

re (I X ) s

e€E \i€lg+1H

Let [a] be a A-tableau, p € [g,k], £ C ap, s :== #&, € = a,\¢ and 1 C api1, t == #n,
7 := apy1\n such that s +¢ = A\ + 1. Denote u := #n =\ ,, —t.

Lemma 2.4 (cf. (A.1)) Suppose g < p < k and s,t > 2. The map f" annihilates G’a},m.
We fix a map

[17)‘1]\{p7p+ 1} - [072]
J — €
that maps ¢ and k + 1 to e; = e,+1 = 2, and that maps j € [1, \]\[g,k + 1] to e; =

0. For o, € [0,2], we denote by éafl be the prolongation of € to [1, ;] defined by
eaB|u i\ pp+1} = € (€af), = a and (éaf)p4 := B. We contend that

2—a (2-8) v / -
> XX Gl e s = 0,
«,B€[0,2]

from which the lemma ensues.

There exist elements z,y € &, v £y, 2,y €n, 2’ # ¥y, z € £, which we choose and fix.
For v € I'(€00), we let @, := aj(j1), where j € [p+ 2,k + 1] is minimal with 1 x j € =,
and y, 1= a;5(j2), Where j € [p+ 2,k + 1] is minimal with 2 x j € Z,. Le. we pick the
entries z.,y, that ‘cross the columns’ p and p 4 1 under the operation of v. We write

U’Y = (8 +t— 2)!_1 : <a’y>€’y : (5\2777\{35/73/}) : (a:v,x, 513'/) : (y’ya y7y/> © (5 U 77)
Vi, == (s+t—=D1DI"t-(a")e, - (&,n\a') - (zy,x,2") 0 (EUN)
Vo, = (s+t=1""(a)ey - (§,0\Y) - (5,9,4) o (EUn),
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and let

A = Z UV ) Z(w,72>

~eI'(€00) w'eR
B o= Y Up(1= ) (w2)
~eI'(£00) weé\z
Croi= 3 Uy (5m)
~eI'(£00)
Cr = D Uy (59
N EI))
D = Z VM'Z(@U,%)
~€I'(£00) weE
- Z VZW'Z(wvzv)
~€eI'(€00) weE
H = Z VIW'Z(U"»%)
~€I'(€00) w'en
= D Vayey (W)
~eI'(£00) w'ER
Fo= ) Vg
~eI'(£00)
By = Z Vo
y€I'(£00)

Calculations carried out in (A.1) yield the following table.

Glaenlis = 265 —wWA+(s—u)(s—u—-1)B+2(s—u)(s—u+1)D
Glaenfty = —2A-2(s—u)B—-2(s—u+1)D+2(s—u+1)H
Glyenlios = B—2H

Glyenltn = 24+2(s —u—1)B — (s —u—1)(Cy + Co) + 4(s — u)D
Glaenlin = —2B+(Ci+C) —2D +2H + (s —u)(F1 + I?)
Glyenlin = —(F1+F)

Gloenliao = B—(Ci+Cy)+2D

Glaeqlinn = (F1+F)

G/a]gn e00  — 0
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We note that s —u = X, — X, ;1 and evaluate the linear combination

Z X2 OCX(Q B)G/

p+1 [a],€m eaﬁ

,B€[0,2]

= 1 1 '(2(Xp = Xpr) A+ (X, = X)) (X = Xpn — 1B
+2(X, = Xp1)(Xp = Xy + 1)D)

+ X, 1 (=24-2(%, = X,0)B = 2(X, = X1 + )D
(X, — Xyt + 1)H>

+OX,(X,+1) 1 .(B . QH)

+ 1 Xy (24 420X, ~ X1~ 1)B
(X = Xpe1 = 1)(C1 + C) + 4(X, — Xp1)D)

+ X, S -(—2B+(C’1+02)—2D+2H
+(Xp = Xpr) (1 + F2))

+ XX+ 1) X (- (R +m)

+ 1 Xpr1(Xpp1 +1) -(B (C1+ Cs) + 2D>

+ X, X1 (Xpe1 +1) (R + F))

+ 5K +1) Xpn(Xp +1) <0>

0.

Lemma 2.5 Suppose g <p <k and s = X,, t =1. The map f" annihilates Gfa] en

Concerning the map € and its prolongations, as well as concerning the integers z.,, y,, we
continue to use the notation of (2.4). We fix such a map € and need to show that

2—« (2 /3)
Y XX Gl enttos = 0.
a,B€[0,2]

There exist elements x,y € &, © # y, which we choose and fix. For v & f‘(éOO), we write

qu = (8_11)! ’ <a’y>5’y ’ (y'ya yﬂ?) © (5 U 77)
v2,'y = (3,11)1 ’ <a’y>5’y ) (137, JI,T]) © (5 U 77)
and let
A = Z VM-Z(xA,,x,w’)
~€eI'(£00) w'en
= > Ve D (pw)
~eI'(€00) w'en
C, = — Z Vi (2, )
~eI'(e00)
Cy = = > Vay-(y,0)

€I (€00)
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H = st Z VM-Z(xV,w’)

€I (£00) w'en

— s5L. Z VM'Z(?JW’U’/)-

~eI'(€00) w' €]

F = st Z Viy

~€I(200)

F = st Z Vay

~el'(£00)

Calculations similar to those of (A.1) yield the following table, to be compared to the
table of (2.4).

Glyenlie = 2(s— u) A

Glyenlte = —2A+2(s—u+1)H

Gla]gn 02 = —2H

Glaenlen = 24— (s —u—1)(Ci + Cy)
Glyenfar = (Ci+Co)+2H + (s —u)(Fy + F)

Gla]gn 1 = —(+ )
Gla] £ o = —(C1+Cy)
G/a]gn o = (Fi+F)
G/a]gn @0 = 0

Lemma 2.6 Suppose g < p < k ands =1,t =X, = X,.,. The map f' annihilates

!
Gla e
Concerning €, ., y,, we continue to use the notation of (2.4). We fix such a map € and

need to show that

2—a (2-8)
> XX Glyentias = 0.
«,B€[0,2]

There exist elements @',y € 1, ' # 1/, z € £, which we choose and fix. For v € I'(€00),
we write

Uiy = =k (e - @M y]) - (50, 6,2) - (5, 9/) 0 (€U)
U2,'y = _ﬁ ' <a7>€’y ' (f\2777\{x Y }) ’ (y’yvf7y,) : (.I'W,CIZ,) % (5 U 7])
VLW - % ’ <a”y>€’7 ' (57 U\x/) ’ (mv,ﬁ,x’) © (5 U 77)

= s

Vo, = 5-{a)ey - (E,0\Y) - (45, &,y) o (EUN)

~+
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and let

Calculations similar to those of (A.1), using the Garnir relation B = C; + Cy, yield the

Yo Uy (1= ) (w,2)

~v€T(€00) weé\z

> Usy- (1= (w,2)

~€I'(€00) wel\z

Z Uiy (2,24)

~€T'(00)

02 =

F1 =

F2 =

Z U2,'y ' (Zv y’y)

€T (800)

Z Vlﬂ ) Z(wayv)

~€I'(£00) wek

Z Vay - Z(w>x7>

~€I'(800) weé

2 Vi

~€l'(200)

>,

~€I'(200)

following table, to be compared to the table of (2.4).

Gla] &n t22
G/a] &n t12
G/a] & 202
Gla] &n e21
Gla] &n f11
G/a] &n “o1
G/a] &n £20
Gla] &n £10

/
Ga]gn €00

Note that s —u = X, — X,;1 = 1.

Lemma 2.7 Suppose g < p = k and s,t > 2, 1 = agq1,1,. The map f' annihilates

/
[al,&n°

We fix a map

that maps g and k£ + 1 to e; = ex41 = 2, and that maps j
For a € [0,2], éa denotes the map which prolongs € to [1, A\;] via (éa), = a. We need to

4D
= —2B—4D
= B
= 4D
= —B—-2D+ (F\+ F)
= —(F+ )
= 2D
= (I +F)
= 0

é

[, M\ {k — [0,2]

J — €

Jj €L, MN\g, k+1] toe; =0.
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show that
2—a)
Z Xlg /[a},&nféa =0.

a€(0,2]

There exist elements x,y € &, ¥ # y, z € £, which we choose and fix. Let 2’ := a,,1, and
Y = ag4+12, so that 2/, y" € . For v,w € aj41, v # w, we denote

['(&,a,v,w) = {y € T(€0) | ars15(k+11) = Vs Ghi15(e41,2) = W}

and let

A= o Y a@)e @y - (@) () e EUm) - D (w2)
vel(Eaa’y') e

B = (s+tl—2)! Z a7)ey
Vef(é@vw/:y/)

(Q\z\{2 YD) - (@,2) - (yy) o (EUn) - (1= ) (w,2))

weé\z

D = by >, D lae @wiMa g} - (2,2) - (wy) o (EUn)

vel(Ea.x’y') wek

= ey Y e @y - (5,y) - (w,2) 0 (€Un)

Pyef‘(é7a’7xl7y/) weé

H o= gy, 2 (e @) (o.a)o (EUn)

w'en yel(&,a,x w')

= —=EmY, DL (ae - (En\y) - (wy) o (€U

w'En yel(8,a,y w')

Calculations similar to those of (A.1) yield the following table.

Claenles = %(2(3 —u) A+ (s—u)(s —u—1)B+2(s —u)(s —u+ 1)D>
Clajeafar %( —2A-2(s—u)B-2(s—u+1)D+2(s—u+ 1)H>
/[a]ém & %(B - 2H>

Comparison with the table in (2.4) is possible since X1 = 0.

Lemma 2.8 Suppose g <p =~k ands =X, t=1,1n=ar11. The map f' annihilates
G ...
[al.ém

Concerning é and I', we continue to use the notation of (2.7). We fix such a map é. There
exist elements x,y € £, x # y, which we choose and fix. We let

A= Gyl Y (e () ) o (EUn)

w'EN el (Eamw)

H = 1> > (ae-(z,m)o(EUn)

w'EN yel(eamu)
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Calculations similar to those of (A.1) yield the following table, to be compared to the
table of (2.7).

/ /!

et = 3(26s—u)a)
Cloenft = %(—2A+2(s—u+1)H>
(-

/ !/
[a].&n €0
Lemma 2.9 Suppose g < p =k and s = 1,1 = X, = N,;. The map f' annihilates
G/
[al.&mn°

Concerning é and I', we continue to use the notation of (2.7). We fix such a map é. There
exist elements 2’ £ ¢ € n, &' £y, z € & which we choose and fix. We let

B o= gy Y (@)m @an@yheun 1- Y (w.2)

’Yef‘(é’a@’,y') ’UJEE\Z

D=5 Y S @\ y D (6x) (wy) o €Un)

veP(Eaaly) we

= LY Nane, - @wo\Maly) - (6 y) - (w,a) o (EUN).

veP(Eaa’y) we

Calculations similar to those of (A.1) yield the following table.

_ 1

G/[a J.6m 2 = 5(4D>
_ 1

Cloents = 5(—23—41))
_ 1

Gl[afn e §<B>

In comparison with the table of (2.7), we note that s —u = 1.

Lemma 2.10 (cf. (A.2)) Suppose g =p < k and s,t > 2. There erist elements 2',y’ €
n, ' £y, z € & which we choose and ﬁa: For ~ € F(eO) we let T = aj~(1), where
J € g+ 2,k +1] is minimal with 1 x j € =, and y, := a;5(j2), where j € [g+ 2,k + 1]
is minimal with 2 X j € 2. Le. we pick the entries x,y, that ‘cross the column’ g + 1
under the operation of v. The set of maps

LA +1F - [0,2]

J o &
that send g and k + 1 to é; = éx1 = 2, and that map j € [L, \]\[g,k + 1] to e; = 0, is
denoted by E. Foré € E and 3 € [0,2], we denote by €3 the prolongation of € to [g, k+1]
by (é0)g+1 = B. For vy € I'(€0), we write

U, = <&’Y>€'y ) (5\2,77\{33,734,}) ’ (5137,33,) ’ (y’wy,)
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and let
Agene = Y, Uy (u,2)
yel(€0) w'en
Bujene = Y, Uy-(1= ) (w,2))
~el'(e0) weé\z
Cl?[a]vgvnvé = Z U .(Z7x7>
~el'(€0)
027[0']75’7716 = Z U'Y ' (Z7y7)'
~vel'(€0)
We obtain

(2—¢;
Claenf’ =Xy +2) Z( [T x) (24wens + (X; + 1) Bgne

écE JjE[g+2,K]
Xg+1(CL[a],€m,é + O2,[¢1L£m,é))'

Calculations carried out in (A.2) yield the following table.

Gfa] £ = 2s—ut+2)Apenet (s—u+2)(s —u+1)Bgne
wenftr = 2Auene +2(s —u+ 1)Blaene — (s —u+ 1)(Craene + Cofaene)
Glaentio = Blaene — (Criaene + Cofalene)

We note that s —u = X, — X 1, and evaluate the linear combination

(2-6)
Z Xg+1 Gla] &m éﬁ

B€[0,2]
= 1 '(2<Xg — Xgt1+2) A ene
+(Xy = X1 +2)(X, = Xgi1 + 1) B
+ Xy '<2A[a],g,n,é +2(Xy = Xg41 + 1) Blaj gne

_(Xg - Xg""]- + 1)(01@]75777»5 + CZ’[C"L&T]75>>
+ X (Ko +1) '(B[além,é — (Craene + C?Ja]@mé))
= 2(Xy + 2) A eme + (Xg +2)(Xy + 1) Blajene — Xgr1(Xg + 2)(Cujaeme + Cofayeme)-

Lemma 2.11 Suppose g = p < k and s = X, t = 1. Concerning ¢, ., y,, we let the
notation be as in (2.10). For v € I'(€0), we write

Vig = (a")ey - (y4,71)
Vo = <a7>57-(x7,77)
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and let
Adene = Z Viy - Z (@, w')
el (0) w'en
= > Ver ) (gw)
~€L(80) w'en
Biggne = 0
Crjalene = — Y Vi,
SN )
02,[0,]7577775 = - Z ‘/v277‘
~veI'(€0)
We obtain

(2—¢;
Claenl = X +2) Z( [T X (24mene + (X + DBigcns

écE JjE[g+2,K]

X1 (CL[a]fvnvé + CZ[GL&J]E)) .

Calculations similar to those of (A.2) yield the following table, to be compared to the
table of (2.10).

G,a] €m 62 = 2(8 —u+ 2)14[@]7577]75
Glaenan = 2Auene — (s —u+ 1)(Crigene + Colagne)

Glaenfio = —(Crigene + Coaene)

Lemma 2.12 Suppose g =p < k and s =1, t = X\ = A, ;. Concerning ¢, x.,, y,, we
let the notation be as in (2.10). There exist elements x',y' € n, ' # 3/, z € £, which we
choose and fix. For v € I'(é0), we write

Uy = (a")ey - (E\z,)\{",y'}) - (24, 2) - (4,9/)

and let
Aaene =
B[a}’gﬂ%é = Z U Z (w7 Z))
~el'(€0) wef\z
Olr[a]zévnvé = Z U x’Y?
€D (€0)
C2v[a]7€77775 = Z U y’Y?
~yel(0)
We obtain

et = (X, +2) Z( [T x*) (24wen + (X, + 1) Bgne

écE JjElg+2.K]

~Xgr1(CLagme + CZ[GL&n,é))'
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Calculations similar to those of (A.2) yield the following table.

G/a] 5 ’I7 62 = 6B[a]7€7777é
Glyenltn = 4Bagne — 2(Craene + Colaene))

Glaentio = Blagne — (Criaene + Cofaene)

In comparison to the table of (2.10), we note that X, — X, = 1.

Lemma 2.13 Suppose g =p =k and s > 1,t > 2, n = agr1pn4. Let v' be the double
path defined by v 11 =1, Vg9 := 2. Let 2’ := agy1y and y' = agi1, so that 2,y € .
There exists an element z € £, which we choose and fix. We write

U= (a" ey - (E\z,n\{z,y})

and denote
A = U-Z(w’,z)
w' €7
B = U-(1- ) (w2))
we\z
We obtain

1

Glyend = 5((Xo+ DX, +2)B +2(X, +2)4),

whence the map [ annihilates G’[am77 modulo Xy + 2 in case Xy + 2 is odd, modulo
(Xy+2)/2 in case X, + 2 is even.
Calculations similar to those of (A.2) yield

1((s—u—i—1)(3—u—i—2)B—|—2(5—u—|—2)A>.

/ ;.
[a’]7§777f - 2

Note that s —u = X,,.

Lemma 2.14 Suppose g =p =k and s = Xg; t=1,n=ag1. Forié€[2, X ], welet
7" be the double path defined by V411 =1, Vg1 :=17. Let

A= Z <a7i>57¢

1€[2, )\’_H]
We obtain
/[a],g,nf/ = (Xg + 2)A7

whence the map f' annihilates G modulo X, + 2.

[a] &
Calculations similar to those of (A.2) yield

/[a]7§777f/ - (S — U + 2)A

Remark 2.15 Suppose g = p = k. The application M~ Ry maps {(ay)'}~ to a
linear combination with coefficients +£1 of standard p-polytabloids.

See Subsection 1.1 for the definition of the A-tableau [a,].
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We summarize.

Proposition 2.16 (provisional version of (2.37)) Suppose g < k. The ZS,-linear

map M>~ i S* factors over

{T} MY g <T

St Im! (b) +m'SH,
where m' is an integer that divides the element

2 ej
[a] &, nf/ <X + 2 Z( H X ) <2A[a],€m,é + (Xg + 1)B[a],§m7é

écE JElg+2,K]

X1 (Crfa g me + Cz,[aL&mé))

of S* for any A-tableau [a] and any pair of subsets & C ag, 1 C agy1 such that #&+#n =
A, +1. The set E is defined in (2.10). The elements Alalemer Blajemer Criaene Coaemne
of S* are defined in (2.10, 2.11, 2.12), the definition depending on whether & resp. n
contains = 2 elements.

This is the conclusion we draw from (2.10, 2.11, 2.12) concerning the modulus m' and
from (2.4, 2.5, 2.6, 2.7, 2.8, 2.9) concerning the vanishing of the remaining Garnir relations
under f’. The assertion is provisional in that we have neither specified m’ nor commented

on the possible divisibility of M~ Ry yet.

Proposition 2.17 (to be included in (2. 37), cf. (4.9), cf. [K 99, 4.4.3])
Suppose g = k. The ZS,-linear map M~ Ay factors over

{c\u} ¥ L g <b\>

St/m (b)) + mS*,
where m = X, + 2 in case X, is odd and m = (X, + 2)/2 in case X, is even. The

resulting morphism S* R St /m is of order m in Homgg, (S*, S*/m).
The assertions follow by (2.13, 2.14, 2.15).
We recall that in this case the double path formalism yields

mxe L g

{d}" — Yo (),

l<v<w<)\fq+1
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0N, — [0,4]
i (Lo w))

min(p~ ({j})) ~—

in order to define the p-tableau [a”"] by

a

a

v,W
Qji
v,w
g,A5+1
v,w
g,Ap+2
v, w

Qi1

aj; for (5 € [1, \]\{g, 9+ 1} and i € [1,p}]) or (j = g and i € [1, \}])
Ag+1,0
Qg+1,w

g1 for i € (1, pg 4],
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2.3 Morphism, reduced version
To achieve that the image of our morphism from M*"~ to S* gets is not contained in some tS# C S*,
t > 2, we have to divide f’ by a factor of redundancy.

We assume g < k throughout this section. For ¢ < p < ¢ < k+ 1, we let X[p, ¢] denote
the set of partial patterns, i.e. the set of intermediate sets

[1,2] x ({g.k+ 1} Np,q]) SEC[1,2] x [p, ql.
For p > q we let X[p,q] :== 0. For p < r < s < ¢gand = € X[p,q], we let Zp 4 =
EN([1,2] x [r,s]) € X[r,s]. The partial weight of = is defined to be the map
[p.q] — [0,2]
ro— etgzy= #E[T,r]~

Sometimes, we shall write this map as a tuple ez = (ezp,...,ez,). An ordered double
path of weight e is a double path ~ that in addition satisfies the condition

Y(p, 1) < 7(p,2) for p € [g+ 1, K].

Given a pattern = € X/[g, k+1], we let I'(Z) be the set of double paths ~ of partial pattern
=, = Z, and we let I'(Z) be the set of ordered double paths v of partial pattern =, = =.
We define ZS,,-linear maps

Fr — gw

[a] == ) (a)e,
vEN(E)

@ E ST (e,
veL(2)

We allow ourselves to write e.g. T7 for the partial pattern {1 x u, 2 x u, 2 x (u+ 1)} €
X[u,u+1] etc. as long as no confusion concerning u can arise. So ‘+’ stands for ‘coordinate
contained’ and ‘—’ stands for ‘coordinate not contained’.

Suppose given a A-tableau [a] and a double path v. We let z, := a;5(;1), j € [9+2,k +1]
being minimal with 1 x j € =,, and y, = a;5(2), 7 € [¢ + 2,k + 1] being minimal with
2 x j € Z,. We fix positions u # v € [1,\] ,;]. For a M\-tableau [a] and a partial pattern
Ee X[g+2,k+1], we write 2’ 1= agy14, ¥ = ag11,, and let

FA — g»
ALY
[a] —=~ Z (@V)ey - (24, 2") - (7, Y)
vel'(IZUB)
ALT
[a] —~ Z (aV)ey - (zy,2')
~vel(IZUE)
A;,v
[a] =~ > {aMey - (y3.Y)
vel'(IZUB)

e
me
<

a] = > ey (2,2 - (35, Y)

veT(ZZuE)
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AL—
[a] —+ (a")ey - (x4, 2")
vel(dZuz)
a = Y {aey - (v )
~eT(fZum)

For instance, in this definition, it is understood that {1~ = {1x g, 2x g} C [1,2] x[g, g+ 1].
We note that Az = AZ".

Fori € [0,1], let L(i) :={j € [g+ 1,k — 1] | N}, = N} — i} be the set of i-steps. Let
[9,k] = LOO)U L(1) U L

be a disjoint union. A partial pattern = € X|[p,q], ¢ < p < ¢ < k+ 1, is called bulky in
case there is some u € [p,q — 1] N L(0) such that

E[u,qul] € {ila ita tJ—r) :L+> t*; +- iz
or in case there is some u € [p,q — 1] N L(1) such that

= — +-
—[uut+l] — +—-

Let Xup[p, q] € X[p, q] be the subset of nonbulky partial patterns in X[p, ¢|.

Lemma 2.18 Let m’ be a number dividing the elements

(X, +2)-2 ST xeE)ar

E€X[g+2,k+1] jE[g+2 k]

(X, +2)- (X, +1)- ST xFeE)ar

E€X[g+2,k+1] jE[g+2,K]

(X, +2) - Xger > J] XP =)L + 42"

E€X[g+2,k+1] jE[g+2,K]

of Homgg, (F*, S*) for any choice of u # v € [1, Ngr1] resp. of u € [, N, ,]. Then there
s a factorization

(MY Lo e gty = (MY 2§ e 58 ).

Let [a] be a A-tableau, let & C ay, 1 C agyyy such that #& + #n = A\, + 1. Let € be a
map from [1, \]\{g + 1} to [0,2] that maps g and k + 1 to e; = ex+; = 2, and that maps
Jj €1, M\|g,k+1] toe; =0.

Case #& > 2, #n > 2. Writing ay41, := 2’ and a,41, = ¥, we obtain, in the notation
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of (2.10), including choices invoved,

Al gne = >

EEX[g+2,k+l] ez = é'[g+2,k+1]

|
Eﬁ

B[a] £mé =
E€X[g+2,k+1],

[I]

= €ljgt+2,k+1]

(1
(fa
Chiaens = (~la
(~lo
(~la

EEX[Q+2,’C+1], ez = él[g+2,k+1]

1

EEX[9+2ak+1]v €z = él[g+2,k+1]

U]

Colalgme =

E€X[9+2,k+1], ez = é|jgya k1]

(E\zn\{a,y}) - (D (w2

w’'€n

(E\z,n\{z,y}) - (1 -

(E\em\{zy)) - (@) Az
(E\en\(e9)) - (0, 2)) Az

@\ g} - (1, 2)) A

me

where the multitransposition (£\z,7\{z,y}) is to be read as with respect to and indepen-

dent of a choice of a bijection (cf. §1.2).

Case ##& = X, #n = 1. Writing {ay11,} := 7, we obtain, in the notation of (2.11),

A ene = >

ZEX[g+2,k+1], ez =

Bjgne = 0

Q
T
s
I
]

ZEX[g+2,k+1], ez =

S
S
5
I
N

ZEX[g+2,k+1], ez =

Case #& =1, #n =\, = N\,
notation of (2.12),
Al ene = 0

Biajene =
EeX[g+2,k+1], e

Ellg+2,k+1]

(la)
Cilagme = (
(o
(o

n

EeX[g+2,k+1], ez = é'[g+2,k+1]

U]

ZeX[g+2,k+1], e

€llg+2,k+1]

U]

02,[61} £mé =

E€X[g+2,k+1], ez = €|[g12 k+1]

> (la))ar

e l[g+2,k+1] ’UG[I,A;+1], ag+2,'ue77]

ellg+2,k+1]

ellg+2,k+1]

E\z,\{z,y}) - (1= > (w

weé\z

(@) - (@', 2)) Az

(E\z\{z.yh) - (v, 2)) A

(@) (1, 2)) A

[1] i

[mne

. Writing ag11, := 2’ and az41, 1= ¥, we obtain, in the

2))) A

v

where (£\z,7\{z,y}) is to be read as with respect to and independent of a choice of a

bijection.

The lemma now follows from (2.16).
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Lemma 2.19 Let = € Xy[g,k + 1]. The image

(@] f2
15 a linear combination of standard p-polytabloids with coefficients £1. For a pair of differ-
ent nonbulky patterns, the corresponding pair of sets of occurring standard p-polytabloids
18 disjoint.
The summand £((a,)?) is a standard polytabloid after having ordered its columns down-
wards increasingly provided Z, is not bulky. Different ordered double paths yield different
fillings of the columns, hence the coefficients remain +1 and, moreover, the asserted dis-
jointness holds.

For g < p < ¢ <k, a tuple of integers (Uz)zcxpp,q is called a reduced tuple of coefficients
if the following conditions hold, expressed using the involution introduced in (2.2).

I For = € X|p, q|, the invariance ¥ =), ., = Y= holds. Given, in addition, r € |p,q
Dyq (E)tg+1
with ez, = 2, the invariance ¥(z),,,, = ¥z holds.

(IL,,) In case = € X|[p,q] is bulky, the coefficient Y= vanishes, in case not, it does not

vanish.

We note that the tuple ( H X ](-Q_ea’j ))Ee xg,p) satisfies (I, ) but in general not (II,,). Let

Jj€lp.d]
it be remarked that e.g. (II,,+1) implies that Vio #F Vv ifp € lg+1,k—1]and X, = X,

whereas e+ # Ci+.

Lemma 2.20 Letp € [g+1,k], let (Vz)zcxigy (resp. (Vz)zexigr2p)) be a tuple of integers
satisfying (1,,) (resp. (I;40,)), let @ € X[p+ 1,k +1]. Then

Z V=fie = Z (HJE[9+1P 6”>19 f

2eX|g,p| E€X[g,p]
Z UzAzle = Z (HjE[g+2,p} 6573'!>195A;ﬁ¢’ ’
E€X[g+2,p] E€X[g+2,p]

respectively, and likewise for A»~, A7 instead of A™".

This follows, separately for each partial weight ez, from (2.2, ii).

Lemma 2.21 Letp € L(0), ¥ € X[g,p— 1], € X[p+ 2,k + 1]. We obtain

(1) fguiiué N 2fguifu<1> B 2f\;ui_u<1> * 2f\gu+iu<1> =0

(i) f&ﬁuiiu@ B f“ uifu f\/I;u+ w 0
(Hl) f\/I;U++ - f” U TUd - f&j)L urtue =0
(i) Tauztos = Twpurive ~fasitie = 0
(iv) f// uttoe fﬂuf:ucb =0
(iv') f\;U TUS f\gu;iucb =0

v) 2fgst-ve ~ Teutte = O
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Equation (1) still holds in case p € L(1). Equations (i-v) continue to hold for p € L(0) N
g+ 2,k —1], f" replaced by A™", A%~ or A=Y and ¥ € X[g,p — 1] replaced by ¥ €

Equation (i) ensues from the Garnir relation that arises, for a given double path v €
[(ZEU T U ®), from the join of the elements in column p in the image of v with column
p+1.

We deduce (ii) from the Garnir relation that arises, for a given double path v € I"(E U
TTU®), from the join of a single element in column p in the image of v with column p+1,

. . . " 7 e
using (2.2 ii) to obtain f(\p) = f( = fxpuituqf

WUl tus YUT T Ud) i

Assertion (iii) follows using the Garnir relation that arises, for a given double path v €

[(ZU L U @), from the join of the element in column p in the image of v with column
p+ 1.

Similarly, (iv) can be seen via the Garnir relation that arises, for a given double path
v € '(EUTTU ), to the join of the element in column p in the image of v with column
p+1.

As a consequence of (i) and (ii), we obtain (v).

Lemma 2.22 Suppose g+ 1 € L(0), ® € X[g+ 3,k + 1]. We obtain

(i) Aibcp_zAtbcp_QA;b@“LzA:@ =0

(if) Afu@ A T Aiu@ =0
(iif) Ai,ué B A?r’ucb Ay = 0
ey U AV AT —
(iif") Aiu@ A;u<1> Afucb =0
(iv) Arg =45 = 0
(iv) AT — AT =0
Tue U
(v) 2A:’U¢ — Afu@ = 0.

Equation (1) still holds in case g+ 1 € L(1).

Lemma 2.23 Let p € L(0), let (V=)zcxiyy be a reduced tuple of coefficients, let ® €

X[p+2,k+1]. There is a reduced tuple of coefficients (Vz)zc iy pr1) Such that

> > Wz - - X e = > U:fh,

E€X[g,p] E€X[p+1,p+1] BeX[g,p+1]
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Fizing a partial pattern Z € Xlg,p—1], U can be obtained from v letting

Dzt = Xp(Xp + 1)0z ¢
Jzyor = (X + )9z,
Verr = (Xp + 1)Uz
Days = (X = DX+ 1)z,
Devr = (X, — 1)(X, + )0z +
@Euii - 20g -
rg):u:t - ééu,; - (Xp = Doz -
Ve m = (X, — 1)X,0

In case p € L(0)N [g + 2,k + 1], the assertion holds for A%*, A%~ or A= instead of f,
the reduced tuples of coefficients being indexed by = € X[g+2,p] on the left hand side and
by = € X[g+2,p+ 1] on the right hand side.

Up to a rescaling, we rewrite summands of the left hand side using (2.21), to which the
roman numbers refer. To this end, we substitute X, ;1 = X,—1 and suppose = € X[g, p—1]
be given.

193@(()(,) — D)X, f"

EulZue
X )(f” o Z +;U<b) . guij;ucb) " ﬁéu+ X (X, +1) 12 suttue
ﬁéuJ_r(( - DX f// v + p_l)fguffwb) = Vet (Xp — 1(Xp +1)f// U U
Dyt (%(Xp - 1)( Ut TUe + f”: urt <I’)
f//U+iuq>) (i) O e - (X, + 1) frtoe

For the last equation we made use of (I ;) in order to have J- + = e U
=/)p

The rewriting of the summands having T in column p proceeds by symmetry. Summands
of index = = Z U = remain unchanged. We pass to f” by inserting a factor 2 where
necessary. So we obtain an array of equations whose left hand sides add up to yield the
left hand side of the equation we claimed. After substitution of ¥ by ) according to the
table above, we sum up the corresponding right hand sides to obtain the right hand side
of the equation we claimed.

The arguments are valid verbatim for /Y“’”, A‘“’*, A~ instead of f7 ' except that we replace
=€ Xg,p—1] by = € X[g + 2,p — 1] and need to suppose that p > g + 2.

Lemma 2.24 Suppose g+ 1 € L(0), let & € X[g+ 3,k + 1]. We obtain

@ . .
Z 7! - g+2#£) Age = Xgn(Xg + 1)/%’5@

£€X[g+2,9+2]

2 AU, — 1T—.u AU, —
> X (A A = (X + DAY A
£€X[g+2,9+2]

)

Tua

+ (Ko = DX + DAL+ A"

TUd
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This results from (2.22) by the argument in (2.23).

Lemma 2.25 Let p € L(1), let (V=)zcxiyy be a reduced tuple of coefficients, let ® €

X[p+ 2,k +1]. There is a reduced tuple of coefficients (Vz) | such that

ZeX[gpt+1

S Y b X T il

E€X[g,p] £€X[p+1,p+1] EeX[g,p+1]

Fizing a partial pattern = € X[g,p — 1], ¥ and U are related by

'Lgéuii - _Xp(Xp - S)ﬂéui

Yaut; = Yaupr = Xp(Xp = 2)0z1
ﬁEufi = 219E +

ﬁEuf; = ﬁéu*i = (Xp Q)ﬁéuf
ﬂzuf: = (X, —2)(X, 1)79§Uj

ﬁEUJ_ri = 219EUI

Uiy ﬁéu;t - (Xp — Q)ﬁéu;
19£U+: = (X, —2)(X, 1)193);

ﬁEuZi - 219fui

ﬁsu:; = Vg4 = (Xp — 2)0g -

In case p € L(1) N [g+ 2,k + 1], the assertion holds for A", A"~ or A~ instead of
f”, the reduced tuples of coefficients being indexed by = € X[g + 2,p|] on the left and by
=€ X[g+2,p+ 1] on the right hand side.

We rewrite summands of the left hand side using (2.21 i). To this end, we substitute
X,41 = X, — 2 and suppose = € X[g,p — 1] be given.

ﬁéui ((XP —2)(X, 1) gui:ucb

" " 1 Q _ " "
+(Xp = 2)( =uitue * féui;ué) + féuiiu@) - 193Ui <(Xp 2)X,( suitue * féui?rud)
-9

All the other summands remain unchanged.

Lemma 2.26 Suppose g+ 1 € L(1), let ® € X[g+ 3,k + 1]. We obtain

2— AU, Tu,v AU, AU,V
Z #f' ’ Xé+2#£) ’ Agucp = _Xg+1 (Xg—i-l - S)Aiucb + Xg+1(Xg+1 - 2) <Afu<1> + A;ucb)'
£eX[g+2,9+2]

This results from (2.22), cf. (2.25).
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Henceforth, we denote by ¢ the tuple of tuples ¥ = ((¥z)zcx[g)refg.r Of integers such
that the entry 191 = 1 furnishes the tuple in case r = g, such that each entry (Vz)zcx(g.]

is a reduced tuple of coefficients, such that for r € [g,k — 1] the tuples (¥z)zcxly, and
(U=)zcx[gr+1] are related by the formulas in (2.23) (resp. 2.25) in case r € L(0) (resp.

r € L(1)), and such that in the remaining case r € L the equation
Yzue = #€1- XE7 vz

holds ‘unchanged’ for = € X[g, 7], £ € X[r+ 1,7 + 1]. We reindex the tuple for r = k by
Uz =1z, for Z € Xlg, k + 1]. Furthermore, for r,s € [g + 1, k], we let

Fegi= I IT X7

1€[0,1] jeL(i)N[r,s]

in which a product is to be read to be equal to 1 if no factor is present. For r € Z, we
write

7= ged(r, 2).

Lemma 2.27 Let g+1<r < q<ksuchthatr—1€ L, let ¥V € X[g,r— 1], E € X[r,
such that ¥ U Z us nonbulky. Then Vg Ry, 41y divides Vyuz. If, moreover, Z,,) = I, then
QﬁER[T,q,H divides 19\IIUE.

We perform an induction on ¢ to prove the assertion that ¥y R}, 41 divides Yyu=z and
that the quotient Vyuz/(Vw Ryy,q-1]) is divisible by Xé @) The factor 2 in the second
assertion then follows from the start of the induction.

At ¢ = r, we have R}, 1) = 1, and the quotient Yyuz/ (Ve Rjrg-1)) equals #Z! - x2#5
since r — 1 € L.

2—exz

We assume our assertion to hold for ¢ — 1 > r. Let = := Elrq—1]-
Case ¢ — 1 € L. We have Youz/Vy s = #E(q.q! - Xé%eE”) and Ry 4_1) = Rjpq—2).

Case ¢ —1 € L(0). We have X, = X, 1 — 1 and Rpyq—1) = Xq-1(Xg-1 + 1) - Rpg—9. By
assumption, ¥y z/(Rp,q—2Uw) is integral and divisible by X, ;2;_165"1_1). We need to see that

(ﬁ\PUE/ﬁ\IJUE) ) (ﬁWuE/<R[T,q—2]Q9‘If))

is divisible by X, 1(X,-1 + 1) - X,S2_EE"Z). The left hand side factor of that expression
taken from the table in (2.23), the assertion follows separately for each nonbulky subset

E[q_17q]‘
Case q—1 € L(1). We have X, = X,y —2 and R 41 = X¢—1 - R}y q—9. By assumption,
Vyuz/ (Rprq—20Uw) is integral and divisible by X, 52__165"1_1). We need to see that

(ﬁ\DUE/ﬁ\PUE) ) (ﬁxpuéﬂR[r,qu]ﬁ‘If))

is divisible by X,_; -XézfeE’Q). The left hand side factor of that expression taken from the
table in (2.25), the assertion follows separately for each nonbulky subset Z,_ 4.
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Lemma 2.28 Let g+ 1 <7 < ¢ < k such that r — 1 € L and [r,q — 1] C L(1), let
U e Xplg,r — 1]. As ideal of coefficients, we obtain

(ﬁm |2 € X, q]) - (m, Ry -Xq> CZ.

We shall perform the following calculations.

Ad (a). We perform an induction on ¢, starting with ¢ = r, Rj,_q = 1 and ¢

Y L= Uy - Xy Assume the assertion known for = := Zj, ,_;). We calculate

wut =

2.25
( = : 19\IIUE ' (qul - 2)

= Vv Rpgg - Xg1- (Xq—l —2)
= Vv Rpg1- Xy,

v

TYUzUT

dito for £\Z = 7

Ad (b). The argument for (a) can be applied, except that we obtain a factor 2 instead of
a factor (X,-1 —2) = X, in the last step.

Ad (c). We compare to the proof of (2.27). We need to show that there exists a step in
the induction in which the quotient Vyuz/ (R}, q—119w) is divisible by 2 or by X,. In case
ez, = 2, a factor 2 enters at r already, so that we may assume ez, < 1. In case eg 4 < 1,
a factor X, enters at ¢, so that we may assume ez ;, = 2. Since Z is not bulky, necessarily
+T or *T occurs as a subpattern of =. But then a factor 2 enters at the induction step
that adjoins the right column of that subpattern (2.25).

Lemma 2.29 Let g+ 1 <7 < q <k such thatr —1€ L, [r,q—1] C L(0)U L(1) and
[r,q — 1] N L(0) # 0, let ¥ € Xylg,m — 1]. As ideal of coefficients, we obtain

(19%5 | € A, q]> — (qaq, : R[,,,qfl]) C Z.
Let s :=max(L(0)N[r,q —1]) +1 € [r + 1,¢q]. We shall show the following assertions.
(a) For t € [s,q] and a partial pattern =(q,t) € Xup[r, ¢] of partial weight
2 forj € s, t]

1 for j e [r,q]\[s, ],

which is a slight abuse of notation since Z(g, t) does not only depend on ¢ and ¢, we

€2(q,t) =

have
40y - Ripgoy) ( IT - 3)) (X, —2) forte[s,qg—1]
'19\I/|\_’|’“( t) — je[s,tfl]
= q7
0y - Ripg 1 - ( H (X, — 3)) for t = q,
jE[S,qfl]

the sign + indicating that the equation holds up to sign.
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(b) In case s € [r + 1,q — 2|, for = € X[r, g of partial weight
2 forje{sq}
1 for j € [r,q]\{s,q},

we have

Vyuz = Uy - Rypg—1) - 2.

(c) Assertions (a) and (b) imply the lemma.

Ad (c¢). The inclusion D follows from (2.27). In case s = ¢, the lemma follows from
Ywuz(qq) = Vv + Rprg—1)- In case s = ¢ — 1, the lemma follows from
Vouz(ge-1) = ﬂ:ﬁq/R[r,q_l](Xq_l —2)
Vovzge = FuBpg1(Xg1 —3).

In case s € [r + 1,q — 2], it suffices to show that
ai= (2 IT G=3),( [T (XG=3))(Xp1=2) |telsa—1]) = ().
Jj€ls.a—1] J€[s,t—1]

We perform an induction on ¢ from ¢ = ¢ — 1 downwards to ¢ = s, contending that
H (X; —3) € a. In fact,

j€E[s,t—1]
(TTx-9)-( IT %5-9) Ker=2)=( IT (6-3) (X=X, = 1)
JE[s,t] jE€[s,t—1] jE€[s,t—1]

and X; — X1 =2(t —q+1).

Ad (a). Let g € [r,q]. Fort >
the same partial weight as =(q,
prove the assertion that

g+ 1, let =(q,t) € Xyp|r, q] denote a partial pattern of
q). We perform an induction on ¢ running from r to ¢ to

(
Yy - Rpyg-1) - X3 for g € [r,s — 1]
iy Ryg - ([ (G-3) for g € [s,1]
Yauzan = jelsa-1]
0y - Ry - ( I - 3)) (Xp1—2) forget+1,q|.
\ jE[S,t—l]

To begin with, we recall our situation, viz. r <r+ 1< s<tand r < q.

For ¢ = r, we have R},,_y = 1 and eg(gy), = 1, whence we obtain
79\I/UE(q,t) =y - R[T,fi*l] ’ X'?

sincer —1 € L.

Assume the assertion to be true for r <g—1<s— 2.
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Case ¢ — 1 € L(0). We calculate

2.23

Vyuz(g) 229 Youzg-1,) - (Xg-1 — 1)(Xg-1 + 1)
= Vv Ry Xgo1 - (Xgm — 1) (Xg1 + 1)
— 19\1/ . R[T,Q*l] . Xq

Case ¢ — 1 € L(1). We calculate

(2.25)

79\I/U5(q,s) = 79\I/U5(q—1,t) : (Xq—l - 2)
= 79‘1’ ) R['fﬁ—ﬂ ~Xq,1 ’ (X(Ifl - 2)
= Vv Bpgy - Xg

Assume the assertion to be true for § — 1 = s — 1. Note that ¢ — 1 € L(0), so

(2.29)

Vouzgy = Vwuzg-1p - (Xg-1 +1)
= v Rppg2 - X1+ (Xgo1 +1)
= Yy Bpg-

Assume the assertion to be true for s < g— 1<t — 1. Note that g — 1 € L(1), so

2.25
( = ) _19\I!UE(Q—1,t) : Xq—l(Xq—l - 3)

= - Rga ([ (5-3)) Xga(Xg1—3)

J€ls,g—2]

Vyus(q,)

= HeRygn- ( J] (5-3).

j€ls,g—1]

Assume the assertion to be true for § — 1 = ¢. Note that ¢ — 1 € L(1), so

2.25
79\IJUE((7,t) ( = ) T9\I'u3(q—1,t) : Xq—l(Xq—l - 2)
= w0y R ((J] (5-3) Xea (X1 —2)
jG[s,tj—ﬂ
= Fv- Rpg- ( IT ;- 3)) (Xg1 —2).
jE€[s,t—1]
Assume the assertion to be true for t +1 < ¢ — 1. Note that ¢ — 1 € L(1), so
2.25
19\1&)5((7,1&) ( = : 79\1/u3(q—1,t) : (Xq—l - 2)
= e Bpgo ([ (5-3) (o2 —2) (Xg1 —2)
j€E[s,t—1]
= #o Ry (I (6-3) (X -2).
jE€[s,t—1]

Ad (b). We modify the last step in the proof of the formula for Yy =) in (a) according
to (2.25), i.e. we replace the factor (X,_; — 2) by the factor 2.
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A subinterval [r, s] of [¢ + 1, k] is called connected if [r,s — 1] C L(0) U L(1). A maximal
connected subinterval with respect to the ordering given by inclusion is called a component.
We write [g + 1, k] as a disjoint decomposition into components

g+ 1.k = |J [p(x
k€L K]
where p(k) < ¢q(k) for k € [1, K], p(1) =g+ 1, ¢(k) + 1 =p(k + 1) for k € [1, K — 1] and
q(K) = k. So {q(r) | v € [1, K]} = L\{g}.

Lemma 2.30 The ideal of coefficients may be factored as
(195 |Ze X[g,k+1> I1 ¢
K€E[L,K]

where for k € [1, K] we denote

o= (Puuz/Vu | Z € Xlp(r),a(k)]) € 2
for some choice of a partial pattern ¥ € Xylg, p(k) — 1], a choice which does not affect
these quotients.

This factorization follows by the independence of choice just mentioned.

Proposition 2.31 Let the factor of redundancy be

R:= Rigyrp - ( 11 qu)-

KE[1,K],
[p(k),q(k)—1]CL(1)

The ideal of coefficients is given by

(ﬁg Ze X[g,k+1]> — (R) C Z.
In particular, the ZS,-linear map

MX— L gn

is divisible exactly by R, i.e. any matrixz representing [’ linearly over Z has R as greatest

common divisor of its entries.

The assertion on the ideal of coefficients ensues from (2.28, 2.29, 2.30). We conclude by
(2.23, 2.25) that the linear combination

1= > (I teat-X77=) 2P

2eX[g,k+1] je[g+1,k]

=Y w=fL,

=2eX[g,k+1]

cf. (2.20), can be rewritten as

whose coefficients are divisible by R and vanish for = bulky. Applying f” to the tableau
[@,], we see by (2.19) that f” is divisible exactly by R. The assertion remains true for f’,

]/A I
being the factorization of f” over the epimorphism F* =24 M~
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The modulus remains to be taken under consideration.

Lemma 2.32 We may rewrite

2 3 (I (et xP50) A = 3 v A

EeX[g+2,k+1] jE[g+2,k] EeX[g+2,k+1]

Xgi1- Y ( 11 (ea,j!'Xy('Zfea’j)))(f‘?é’*Jr A-")

EeX[g+2,k+1] jE[g+2,k]

- ¥ (z&% LAY 49, J;“)

_U= — ++U._,
E€X[g+2,k+1]
This ensues from (2.24, 2.23, 2.26, 2.25).

Lemma 2.33 Let g+ 1 < g < k, let £ = T or& =7 in X[g+ 1,9 + 1]. Suppose
lg+1,q—1] C L(1). As ideal of coefficients, we obtain

(195 | Z € Xlg,q], Slg+1,g+1] = f) = (R[gﬂ,q—l] 'Xq>-

Consequently, by comparison with (2.31),
(V=12 € Xlg.p+ 1), Zergen =€) = ().

Consider the partial weights indexing generators of the ideal of coefficients having no
restriction imposed on column g + 1. According to assertions (a) and (b) of the proof of
(2.28), they can be chosen to have column g 4+ 1 equal to &.

Lemma 2.34 Let g+ 1 < ¢ < k, let £ =+ or& =7 in X[g+ 1,9+ 1]. Suppose
lg+1,q—1] C L(0) U L(1) such that [g+1,q — 1] N L(0) # 0. As ideal of coefficients we
obtain

(195 ‘ E€ X[ga Q]7 E[g—&-l,g—o—l] = f) = (R[g—i-l,q—l])-

Whence, by comparison with (2.31), we have
(195 | Ee€ X[g,p+ 1], Ejgr1,9+1) = 5) = (R>

Consider the partial weights indexing generators of the ideal of coefficients having no
restriction imposed on column g + 1. According to assertions (a) and (b) of the proof of
(2.29), they can be chosen to have column g + 1 equal to &.

Lemma 2.35 Let g+ 1 < g < k. Suppose [g+ 1,q — 1] C L(1). As ideal of coefficients,
we obtain

(195 = € X[g,4l, gl = i) = <2R[g+1,q—1]>-
Therefore, by comparison with (2.31),
(9=12 € Xlg. b+ 1), Sygrrgn = 1) = (20/ X)),

Note that Xq(l) = X1

We claim the following assertions.
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(a) Fort € [g+1,q|, we let Z(g,t) € Xup[g, ¢] denote a partial pattern of partial weight

2 forj € [g,t]
€=(q,t),j —
v 1 forjelt+1,q

and obtain
2Ry (] (X5-3) (X1 —2) fortelg+1q-1]
9 o j€lg+1,t—1]
E(g,t) —
:E2R[g+17q_1] . ( H (X] - 3)) for t = q.
Jj€lg+1,q-1]

(b) In case ¢ > g + 3, for = € X9, q] of partial weight ez = (2,2,1,...,1,2), we have
Uz = 4R 11,4-1-

(c) Assertions (a) and (b) imply the lemma.
(a, b, c¢) follow by the arguments of (2.29).

Lemma 2.36 Let g+1 < g < k. Suppose [g+1,q—1] C L(0)UL(1), [g+1,g—1]NL(0) # (.
As ideal of coefficients, we obtain

(195 | =€ Xlg,d], Sgrrgrn = i) = <2R[g+1,q71]>-

So, by comparison with (2.51),
(195 |2 € X[g.k+1], Syrigen = 1) _ (23),

Denote
p = min((lg+La—1]NL1)U{g}) €lg+1.q
s = max([g—l—l,q—l]ﬂL(O))—i—l €lg+2,4
so that we are in the situation g < g+ 1 < p < s < ¢, more precisely, p=sor p < s — 2.

We shall show the following assertions.

(a) Fort € [s, q] and a partial pattern =(q,t) € X9, ¢] of partial weight
4
for j € [g,p]

p+1,s—1]

[
[
[s,1]
[

for j €
€=(q,t).d =

N =N

for j €

1 forjet+1,q,

we obtain
2Ry ( [[ (G-3)) (X0 —2) fortelsg—1]
19’_ - JE[s,t—1]
E(gt) —
:i:2R[g+17q_1} : ( H (X] - 3)) for t = q.

]e[quil}
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(b) In case s € [g+2,q — 2], for = € Xyp[g, q] of partial weight

(2 for j € [g, p]
1 forjep+1,s—1]
ez; =4 2 forj=s
1 forjels+1,q—1]
\ 2 for j =g,
we obtain
Yz = ARg41 4 1.

(c) Assertions (a) and (b) imply the lemma.
Ad (c). Asin (2.29).
Ad (a). We perform an induction on ¢ € [g + 1, ¢] to prove

(

2Rg414-1 for g€ [g+1,p]
2Rjg114-1 - X5 forge[p+1,s—1]
Uzgt) = 4 £2Rjg414-1) < H (X; — 3)) for g € [s, t]
j€ls,q—1]
2Ry ( [] (G-93) (Xp1-2) forgelt+1q),
\ j€[s,t—1]

where ez(g) = ezgq for t = ¢+ 1. Werecall that g <g+1<p<s <t

We begin the induction by remarking that for ¢ = g+1 we have Rjg1 g = 1, ezg4),g41 = 2,
and thus vz = 2R[g41,4-1], as required.

Casel, p <s—2.

Assume the assertion known for g — 1 € [g+ 1,p — 1]. Note that g — 1 € L(0), so

(2:23)

Vz(g—1,) ° Xg-1(Xgo1 +1)
= 2Ryr1g-9 - X1 (Xga +1)

Vz(gt)
= 2R[g+1,qfl}-

Assume the assertion known for § — 1 = p. Note that § — 1 € L(1) since p < s, and that
therefore [g+ 1, — 1] N L(1) # 0, so

(2.25)
Uzgty = Vz@-14- Xg1(Xgo1 —2)

= 2Ryy14-2 - Xg-1(Xg-1 —2)
2Rig114-1Xg

Assume the assertion known for g —1 € [p+1,s — 2]. In case ¢ — 1 € L(0), we obtain

2.23
Iz 2 Wzgrn - (Xgor — D)Xt +1)

- 2R[g+1,q_2}X¢7_1 . (ij—l - 1>(Xq_1 + ].)
= 2Rjg14-1Xg:
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In case ¢ — 1 € L(1), we obtain

(2.25)
Vz@n = Vagn - (Xga—2)
= 2Rr1g-9Xg1 - (Xg1 —2)
= 2Rig110-1Xq

Assume the assertion known for § — 1 = s — 1. Note that ¢ — 1 € L(0), so

(2.23)

- 2R[g+1,(j—2}X(j—1 : (Xq_l + 1)

= 2RBgrig-y-

Assume the assertion known for ¢ — 1 € [s,t — 1]. Note that § — 1 € L(1), thus

(2.25)
Vz@r)y = Vzg1y - (—Xg1(Xg1—3))
= :l:2R[g+1 q_2]< H (X_] - 3)) . qul(Xéfl - 3)
je[s’q_ﬂ
=  E2Rjn q—1]< H (X, — 3))
jE[S,q—I]
Assume the assertion known for § — 1 = t. Note that § — 1 € L(1), and consequently
2.25
Vzqy 2 Dzgrn Xga(Xg1—2)
= i2R[g+1,qf2]< H (X; — 3)) + Xg-1(Xq-1 — 2)
jE€[s,t—1]

= 2Ryaga( I 5-9) X -2)

jE€[s,t—1]
Assume the assertion known for g — 1 € [t + 1,¢q — 1]. Note that § — 1 € L(1), whence

(2.25)
= V=1 (Xg-1-2)

_ izR[gH,q_g}( [T ;- 3)) (X 0—2) (Xy1—2)

je[svt_l}

V=)

= 2R [ (5-3) (X0 -2).

J€E[s,t—1]

Casell, p=s. Le. L(0)N[g+1,g—1]=[g+1,p—1], LA)N[g+1,¢— 1] =[s,q¢ — 1].

The case ¢ € [g + 1,p] follows from the argument for § — 1 € [g + 1,p — 1] in Case L.
The case q € [s + 1,t] follows from the argument for § — 1 € [s,t — 1] in Case I. The case
g € [t+1, ] follows from the arguments for §—1 =t and for §—1 € [t +1,¢ — 1] in Case
L.

Ad (b). We modify the last step in the proof of (a) according to (2.25), i.e. we replace
the factor (X,_1 — 2) by the factor 2.
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Theorem 2.37 Suppose g < k. Let
Xg+2 if  [p(1),q(1) =1] £ L(1)
(Xg+2)/ged(2, Xy, Xg11)  4f  [p(1),q(1) —1] € L(1).
Note that if g+ 1 € L, the case ) = [p(1),q(1) — 1] € L(1) applies. The integer
Xy 2= (X —g) = (Neyy — (k1) +2
allows an interpretation as box shift length. The quotient f'/ R is integral and factors over
X =TT g

A
Vs

Sr I L Suim.

The morphism f has order m as an element of Homgs, (S*, S*/m). Recall that f' maps

/

MY~ i, SH
_ 2—e;
@y — YOI X2 32 (aney.
e€E ie[g+1,k] vEl(e)

The map f operates accordingly, division taking place before going modulo m. Alterna-
tively, by (2.31) we may write

sr e sem
@ — Y /B (),

the coefficients 9=/ R being integral.

Suppose g = k. The formula given for f' in case g < k holds in case g = k as well,
E consisting of a single element, R = 1 and m = (X, + 2)/gcd(2, X,). We have the

factorization diagram as above, the resulting morphism S)‘LS"/m being of order m.
Cf. (2.17).

Suppose g < k. By (2.31), the ideal generated by Z-linear matrix coefficients of f'/R is
(1) € Z. In case [p(1),q(1) — 1] € L(1), the integer m - R divides each of the required
expressions in (2.18) by (2.32) and by the ideals of coefficients calculated in (2.34, 2.36).

In case [p(1),¢(1) — 1] € L(1), the integer m - R divides each of the required expressions
in (2.18) by (2.32) and by the ideals of coefficients calculated in (2.33, 2.35).

Suppose g = k. Concerning the assertion, we refer to (2.17) (alternatively, to 4.9). This

case behaves as if the first component lay in L(1) since X1 = 0.

Remark 2.38 In the situation of (2.37), CARTER and PAYNE [CP 80] have shown that
Homgs, (K ®z SA, K ®z S") #0,

K being an infinite field of characteristic p such that p divides X, + 2 in case p > 3,
respectively, such that 4 divides X, + 2 in case p = 2. This part of their result is
recovered by (2.37).
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Question 2.39 I do not know a description of Homgs, (S*, S#/n!) as an abelian group.
See §2.4 for some examples.
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2.4 Vertical examples

In the examples that follow, calculated by means of linear algebra (?), we omit to denote
the brackets that indicate polytabloids.

Example 2.40 Let A = (3,3), p = (2,2,1,1). Then
Homgs, (S*, S*/6!) ~=~ Homgs, (S, S*/4) ~ Z/4,
and a generator of Homgs,(S*/4, S#/4) is given by

)
6

5

4
+

3
5

o W

135 f
2 4 6

w Ut NN =
N
[ R B N

1
2
4
6

= W N =
S W N

Example 2.41 Let A = (3,2,2), = (3,1,1,1,1). Then
Homgs. (S*, S*/7) <~ Homgs. (S*, S*/6) ~ Z/2 x Z/3,
generators of Homgs. (S*/6, S*/6) being given by
AT

2 5 — 3.( 3 <b>)

b] standard pu-tableau
3 6 (b] Iz

(cf. 3.19 below) and by

1 4 7 ;
2 5 —_— -2
3 6

S O
I
e
_|_
I O N

Example 2.42 Let A\ = (3,3,1,1), u = (2,2,1,1,1,1). Then
Homgs, (S*, S*/8!) <~ Homgs, (S*, S*/6) ~ Z/6,
and a generator of Homgzs,(S*/6,5#/6) is given by

1 1

7 7 1
8 6

co Ut
S Ot

5 8
7 6
+ +

= W N =

D NN ke W NN
O N = W N

1

2 2 2 2

3 3 3 3

. 4 4 4 4
) 5 6 7

6 8 8 5

2T thank the computer staff at the Fakultiit fiir Mathematik in Bielefeld for kind cooperation.



Example 2.43 Let A = (4,4), p = (3,3,1,1). Then
HomZSS(SA7 SH/8'> ~ HomZst(S}\v SM/E)) =~ Z/57

and a generator of Homgzs,(S*/5,5#/5) is given by

1357 f
2 4 6 8
1 5 7 1 6 7 1 3 7 1 5 7 1 3 7
2 6 8 2 4 8 2 6 8 2 4 8 2 5 8
—2. — — -+
3 ) 5 3 4
4 3 4 6 6
1 5 8 1 6 5 1 3 8 1 3 5
2 4 6 2 4 8 2 5 6 2 6 8
- + + +
7 7 7 7
3 3 4 4
1 5 7 1 6 5 1 3 7 1 3 5
2 4 6 2 4 7 2 5 6 2 6 7
- + + +
3 3 4 4
8 8 8 8
1 3 7 1 3 8 1 3 5 1 3 7 1 3 5
2 4 8 2 4 6 2 4 8 2 4 6 2 4 7
—2. - + ~ + —2.
5 7 7 5 6
6 5 6 8 8
Note that R =6, m = 1 and
Vi = 12
At
Dy = Vi = 6
ot -+
Vi = V4spe = 6
+++ +-
Doy = 12
-+
Vi = Vi = 6
i o
Vo = 12,

Example 2.44 Let A = (3,3,2), u = (2,2,2,1,1). Then

Homgs, (S*, $"/8!) <~ Homgs, (S*, S /5) ~ Z/5,

co N N =

49
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R =2, and a generator of Homgs,(S*/5, S*/5) is given by

1 7 1 7 1 4 17 1 4 1 4
1 4 7 2 8 2 5 27 2 5 27 2 5
2584f’—36+38+38—36+36+37
3 6 4 4 ) 4 ) 6

3 6 6 8 8 8

1 8 1 4 1 4 1 4

2 5 2 8 2 5 2 5

-1 3 6 +3 6+ 3 8 |[—-3-3 6.
7 7 7 7
4 5 6 3

Example 2.45 Let A = (3,3,1,1), p =(2,2,2,2). Then
Homgs, (S*, S*/8!) <~ Homgs, (S*, S*/3) ~ Z/3,
and a generator of Homgzs,(S*/3,5#/3) is given by

5 7 1
6 8 f

=W NN =
= W N
co N O Ot

Example 2.46 Let A = (4,3), u = (2,2,2,1). Then
Homgzs, (S, S*/7!) <=~ Homgs, (5%, 5" /4) ~ Z /4,
and a generator of Homgs, (S*/4, S#/4) is given by

1 5 1 1 3 1 6 1 3 1 3
1 3 5 7 g 2 6 2 4 2 2 4 2 2 4
. 9. + + + + +2- .
2 4 6 3 7 3 7 4 7 5 7 5 7 5 7
4 6 6 3 4 6
Example 2.47 Let A = (4,4), p = (2,2,2,2). Then
HOIIIZSS(SA, S‘u/8'> <NfI‘IOIIlz,Sg(S)\7 S’u/4> >~ Z/4,
and a generator of Homgs,(S*/4, S#/4) is given by
1 5 1 5 1 3 1 6 1 3 1 3
1 3 5 7 g 2 6 2 4 2 5 2 4 2 6 2 4
9. + + + + +2. .
2 4 6 8 3 7 3 7 4 7 5 7 5 7 5 7
4 8 6 8 6 8 3 8 4 8 6 8

Question 2.48 1 do not know a generic morphism that specializes to the morphism in
(2.46) or to the morphism in (2.47).
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3 Semistandard morphisms

The following considerations are based on methods of JAMES [J 78, 13] and follow a hint of RINGEL. We
transpose our morphism from (2.37), cf. (3.16, 3.27), where transposition is given by dualization, followed
by alternation and isomorphic substitution. Moreover, we establish a connection from the morphisms
from M~ to S* exhibited in §2.1 to those of the form 0, v (3.25, 3.26), where the morphisms of type
©,, occur in [J 78, 13.13].

Informal remark. The original aim to give upper bounds on the Hom-groups is still out of reach (cf. 2.39).
It could perhaps be approached by showing that the method that has been sufficient to construct our
morphism (2.37) is also necessary in some sense. The connection we establish is to be seen as the first
step of this approach, namely that the construction of our building blocks f/ in §2.1 has been necessary
in some sense, except at the prime 2 in certain cases (3.12), and that there is a also reason to exclude
bulky patterns by means of a reduced tuple of coefficients (3.28). For a particular case in which this aim

could be achieved at least in the regular case, see (4.9).

3.1 Correspondoids

We shall recall the CARTER-LUSZTIG-JAMES construction of the semistandard basis of Homgg (S*, M*)
[J 78, 13.13], A and p partitions of n, in our slightly modified language convenient for the purpose of
dualization (cf. 3.2). Moreover, we shall give a recipe for the transposition (3.16).

In this section we write maps on the right. Inverse images of subsets are written on the
left. Given a ZS,-lattice X, we denote its dual by X* = Homgz(X,Z), and, accordingly,

we denote the dual of a morphism X Y of ZS,-lattices by X* CLy* Let A and i be
arbitrary partitions of n. A correspondence from p to A is a bijection

The set of correspondences from j to A is denoted by ®**. We denote by
{o} = 7k [N —N

what is called a A-tableau of type p in [J 78, 13.1] and what in our context might also
be called the correspondoid attached to the correspondence ¢ € ®**. The set of corre-
spondoids from yu to A is denoted by {®**}. JAMES uses the bijection from the set of
correspondoids {®**} to the set of p-tabloids that, for a fixed A-tableau [a], is given by

~

{o} = 'nly == [a] 'o 7l = {pla]}
as identification. Let
Ry = {pe @™ |pmy = mp}
C\ = {ke®|kr) =m)d}

be the row stabilizer resp. the column stabilizer of . Given a correspondence ¢ € ®HA
we write

Ty = F# (RN 80_1Ru90)

Note that r, = r,-1. Given a correspondence ¢ € ®** and a A-tableau [a], conjugation
with the tableau [a] yields a bijection Ry N ¢ ' R,p = Ry N Ryjq).
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Lemma 3.1 Let ¢ € ®** be a correspondence. The map

M’\&M“

{a} — ') A{elalp =7 {eplal}
PER[ PERN
is well defined and ZS,-linear. For p € R, and p' € Ry, we have ©,,, = O,. In
particular, ©, and O, -1 both depend only on the correspondoid {p}.

First, we note that the element Z {plal}p € M* is divisible by r, = #(Rjq N Ryq))
PER,

since {pla]}p = {pla]}pop for pg € R N Ryq. Furthermore, since Ry, = (Rjq) for

o €S, the map

FY — M*
[a] — 'Y {ela}p
]

peR[a

is ZS,,-linear. Finally, since Z {¢lal}p = Z {plalo}p for o € Ry, this map factors

PER ) PER )5
over

F)\ _ M)\
[a] — {a}.
Suppose given p € R, and p' € Ry. We have
{a}Opppy = T;L/}p’ Z {oep'p"al}

p"'€Ry

= 0> {er'lal}

0" ERy

= {a}O,.
A S,-invariant bilinear form on M?* is given by

1 for {a} = {b}
0 for {a} # {b},
{a},{b} being A-tabloids. The resulting dualization isomorphism is denoted by

({a}, {0}) =

A
VL Ve

{a}  — ({a},-).

We also write such a A-cotabloid as {a}* := ({a}, —).
Lemma 3.2 Given a correspondence ¢ € ®**, the diagram
M)\,* 62 M Ho*

2‘8A z‘aﬂ

MY <2




commautes.

The dual of ©, sends the p-cotabloid {b}* to the map

VR /
{a} — ({b},{a}O,)
=t Y (b Aelal}p)

PER )

_ Z Z 1 for [blo = plalp

pER, Ry 0 else

_ Z Z 1 for = 1[blo = [a]p

0ERy pERy 0 else
= L) (e ple {a})
O'ERU,]

= ({0}Oy-1,{a}).
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L>‘
We denote the inclusion that is given by the definition of the Specht lattice by S* — M?*.

Remark 3.3 Let v be still another partition of n, let ¢ € ®**, let ¢ € ®* and let [a]

be a A-tableau. We obtain

,
{a}0,0, = Z 7’1#7[:2 {a}Oypq-

pER, ¥

In fact,

{a}0,0, = 1t ( > el ap’})@

P ERLZ]

= LYY {elaen}

P'ER) PER ),

=t Y > {welaold]

PER o) P'ER
PER ()

_ 1,1

= T Ty - § :WW{@}@W@@'
PERy,

Remark 3.4 X being a ZS,-lattice, we may identify

X*,f ~ X*,*

f®a — (x@b—>af-ab)

(x—(z®1)g)®1 ~— g.

1,1
- r‘Plr'lZ) ' Z TWP[G]P[G]_1<P_190{a}6w<p[a]p[a]—1<p—
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Proposition 3.5 ([J 78, 6.7]) The map
S)\’ o, S)\,*,—
(ax)o  — ({(ax)'}]sr ® 1)o,
where 0 € S, is a well defined ZS,,-linear isomorphism. The diagram

N

M)\, S)\

2‘8*’— 2| 62
)\/
MM —= 5
commutes.
We abbreviate [a] = [(ax)’] in the course of the proof and claim that the kernels of the
maps

M — SN

{a}o — (do®e,

M)\ P S/\,*

{a}o —  ({a}o)0**" = {ao}"|s»

coincide. Suppose given an element Zxa{a}a € M*, x, € Z. To be contained in the
geSy,

0 = Zma 0 R ey

O’GSn

=Y adder e

gESn, pER[E]

- Z Ty1510'}o ® ;.

oESn, PER[Q]

kernel of o means

Comparing coefficients, this is equivalent to saying that for all 7 € §,, we obtain

§ Tp—lkrErr = 0.

REC[Q] , pER[a]

To be contained in the kernel of § amounts to

0 = (Y w.fa}o, a)7)

0ESy

= Z r.{a}or? Z Kew,{a})
€S, KEC|q)

= Z xpnflT{a}pem {a})
Iiec'[a]7 pESn

for all 7 € §,,, i.e. that for all 7 € S,

E Tpp-1,65 = 0.

KEC[Q] , pGR[a]
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/ ék’i .
Since « is surjective, we may conclude that the map S*~ —»~ S** is well defined and

injective. To prove surjectivity, it remains to be shown that § = 6% is surjective, i.e.
that ¢* is a pure monomorphism. But the tuple of standard tableaux gives a basis of the
Specht module over F, for any prime p [J 78, 8.4].

Lemma 3.6 Denoting evaluation by X 2R X, X a ZS,-lattice, we may dualize to ob-

tain
8>\

eva oM+

(MA b M/\,** Z ., M)\,*) — (M)\ ., M)\,*)
(0 2% g DT vy oo B v
provided [ay] = [(ay)']. Ignoring this condition, the second equality holds up to sign.

Suppose given A-tableaux [a] and [b]. Let o = [a][b]!. We have

({a}. () = 0 foro ¢ R\C)

€. foro=pk, p€ Ry, keC,.

Therefore,

(#) ({a}, (b)) = e({t'}, (a')).

, A
We abbreviate [a] = [(ax)] = [ay]. The map S* 2, §h* sends ()7 to ({la]T}, —) ®e,,
where 7 € §,,, so that the composition sends

Ak
S)\ cva S)\,** g SX’_’*

(@) — (@eva — ((@)r@1——=({lalr}(a) P =({a}, (@)7).

A correspondoid {¢} € {®**} is called semistandard in case the following conditions

hold.
(i) For i x 7, i x j" € [\] with j < j’, we have (i x 7){¢} < (i x j"){¢}.
(ii) For i x 7, ¢ x j € [\ with @ <4', we have (i x j){p} < (V' x j){¢}.

Let {®rA ) C {®**} denote the subset of semistandard correspondoids.

We attach to each correspondence ¢ € ®#* its column distribution

N x N 4 N
Joxok o — el = #({e} ) N (N x kD).

The map from the correspondences to the column distribution factors over the correspon-
doids, (o —=1|p|) = (¢ —{o} —|¢|). For ¢ € & p € R, and k € C), we have
|ppr| = |¢| because {ppr} = {¢r} and because of the bijection, j x k € N x N,

{e} () N (N x {k}) == {or} 1 (5) N (N x {k})

which is given by restriction of k. Note that the column distribution may be regarded as
column equivalence class in the sense of [J 78, 13.8].
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A total order on the set of column distributions can be defined as follows. We order
N x N lexicographically via 7 x k < j' x k" if j < j' or (j = j' and k < k"). Suppose given
correspondences @, ¢ € & |p| # |p|. Let j x k be minimal with |¢|x; # |@|x,;. We say
that || < |@] in case |@lr; < |@lk;-

The following arguments, needed to obtain (3.12), are taken from [J 78], and we reproduce
them here in a slightly adapted manner. I thank M. HARTERICH for an explanation.

Lemma 3.7 For {¢} € {®"*} and p € Ry, we have |p| > |pp|.

Suppose || # |pp| and let j x k be minimal with || ; # |pplk,;. By induction on j' x £/,
we see that

() A{ept TGN (IN XK} ={e} () N (N x {k'})
for 1 x1 < j' x Kk < j x k. In fact, assume that the two inverse images of the value j’
in column £ differ in spite of having the same cardinality. Then there exists i x k' € [)],
ix k" = (i x K')p~t, such that j' = (i x k"){¢} # (i x K'){¢} =: j”. Assume that j' > j".
But since i x k' € {p}71(5")\{wp}(j"), this yields a contradiction to (*) by induction
hypothesis, so that we obtain 7' < j”.

Let i x k'®) := (i x k')p~ for s > 0. We claim that (i x k'®)){p} = j/ for all s > 1,
thus deriving a contradiction that establishes (x). We perform an induction on s. But
(i x K'®){p} = j" implies by semistandardness of {¢} that ') < k’. Thus (*) applies
by induction hypothesis and shows that (i x &'C+*D){p} = (i x K'){pp} = ;.

Assume that |¢lp; < |¢ple;. Then there exists i x k € [A], i X k&' := (i x k)p~!, such
that j = (i x K'){¢} # (i x k){p} =: j/. Assume that j > j'. But since i X k €
{371\ {ep}1(4), this yields a contradiction to (*) and shows j < j.

Let i x k) := (i x k)p™ for s > 0. We claim that (i x k®){p} = j for all s > 1,
thus deriving a contradiction that shows |p| > |¢p|. We perform an induction on s. But
(i x k®){p} = j implies by semistandardness of {(} that k®) < k. Thus () shows that

(i x K)o} = (i x kD) {pp} = j.

Lemma 3.8 Restricted to {®"*}y, the map {p} — || becomes injective.

To determine a semistandard correspondoid {¢}, it suffices to know the set of its values
on column k for each k > 1, which can be written as {j € N | |p|x; = 1}.

Lemma 3.9 Assume \ to be a 2-reqular partition of n, i.e. assume that i < i' implies
Ai > Ay fori i’ € [1,N]]. Suppose given k, k" € Cy. Let

L

A =
ixk — ix(N—k).
If k' € Ry then k =1, hence also k' = 1.

Assume that k # 1, i.e. assume given some position ¢ x k € [A] such that i X k # (i X k)k.
First, we choose ¢ minimal such that there exists a k such that ¢ x k # (i X k). Having
chosen our i, we choose k maximal such that i x k # (i x k)k. We write i’ x k := (i X k)k
and remark that ¢ < 7. We obtain

K . !

iXk H'L./ka Hilx<)\i/—]{f)—>i///>(()\i/—k>

K’

ix (bt h—X) = i x (k+A—X) — i x -k = i x (A —k),
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where ¢ # ", contradicting kix’ € R).

Lemma 3.10 Suppose given o € Ry - Cy. There exists a transposition k, € C such that
~1
OKks0 " € Ry.

Assume that the conclusion does not hold, i.e. that ¢~! sends different entries of each

given column to different rows. We claim that this implies that ¢ € R, - C\. Given a
permutation 7 of [A], we let k. be the maximal column position k& > 0 such that 7 becomes
the identity when restricted to [A\] N (IN x [1, k]). We perform a downwards induction on
k,, starting with k, = Aq.

Different entries of column k, + 1 are mapped to different rows. Hence there is a column
permutation xk € C) acting trivially except perhaps in column k, + 1 such that (i x (k, +
1))ko~tny =i for i € [1,X,_,;]. Thus there is a row permutation p € R, such that
kwo-1, > ko1, 1.e. ky-1,5-1 > ky. By induction, p~'or™t € R) - C) ensues.

Lemma 3.11 Suppose given a semistandard correspondoid {p} € {®**}y and a M-
tableau [a]. Writing
(@0, = Y z{ylal} € M*,
{vre{@m }
we obtain zg,y = 1 and 2y = 0 for || > |¢|.

Note that
(@0, = ) > A{eplal}re.

K€Cq) pE(RANY~IRup)\ R

= > > Avenlaje..

reCy pE(RAﬂtﬂflRu@)\R)\

(3.7)
Since {p} is semistandard, we have |p| > |pp| = |ppr| for p € Ry, k € C).

The equality {¢} = {@pr} is equivalent to the existence of a p' € R, such that k =
p(o™tp'p). This condition supposed to hold and given i x k € [\], we obtain

o tp'e

ixX k——ixk i x k,

where (i x K"){p} = (i’ x k){p}. Note that the resulting map i —» i’ is a bijection for each
k. We perform an induction on k& to show that ¢ < /. Suppose i < i’ and hence i = i’ for
ko < k (supposition possibly empty). Therefore, (i X ko){¢} = (7' x ko){¢} = (i x k}){¢}.
Since {¢} is semistandard, this inhibits (i x k){¢} > (i x &"){¢}, for this would mean
that p could not act on the set

{i x k1 ‘ ke (L, (i x kD) {e) = (i % k'){gp}} C {i} x [Lk—1],

the inclusion given by semistandardness of {¢}. Thus (i X k){¢} < (i x ') {p} = (7 x
k){p}, hence, by semistandardness of {¢}, i < i, forcing i = ¢’ for all i x k € [A\]. We
conclude that x = 1 and that thus ¢~!p’p inverts p so that p represents the trivial coset.

Let m > 0. A is called 2-singular if there exists an ¢ > 1 such that \; = A\;;; > 0. The
case of m > 1, m € (2) and X being 2-singular shall be called the singular case. The
complementary case shall be called the regular case, comprising in particular the case
m = 0.
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Theorem 3.12 (CARTER, Luszric [CL 74, 3.5], JAMES [J 78, 13.13])
In the reqular case, the tuple

(00l @2.2/m | (¢} € (2"))

furnishes a Z/m-linear basis of Homgs, (S*/m, M*/m).

In the singular case, the tuple
(2-0ulsr @2 2/m | {0} € {2}

furnishes a Z/(m/2)-linear basis of 2 - Homgs, (S*/m, M*/m).

We claim that the respective tuple is linearly independent. Suppose given a A-tableau
(a). We write down a matrix whose positions are indexed by {®**} x {®**}, and
whose entry at position {p} x {t} is given by the multiplicity of the p-tabloid {[a]}
in (a)©, € M*. It suffices to show that the {®"*} x {®**}-part of our matrix is
unipotent. But this follows from (3.11) in view of (3.8).

. . . . S}
We claim that the respective tuple generates. Suppose given a morphism S*/m — M*/m
such that © # 0 in the regular case resp. such that 2 - © # 0 in the singular case. We fix
a A-tableau [a] and write

@O =">_ z{eldl},
{pye{@n)

where all elements of S* and of M* which occur in this expression and in the remainder
of the proof are to be read as representing their residue classes modulo m. Suppose
given {1} € {®**} that allows for {7} = {¢} for some i x k, i/ x k € [\, i # 7,
7= (i X k,i x k"). We wish to see that x4 = 0 in the regular case and that 2 -z =0
in the singular case. In both cases, we may compare the coefficients of

o apafeldy = >z {elal ok, ars)

{pre{onr} {pre{onr}
= <Cl> (ak,i7 ak,i’)G
= = > zield}

{ere{orr}
to obtain
Ly} = T{yry = —L{y}-
Now suppose the partition A to be 2-regular. We need to see that xy, = 0. Let ¢ be

the permutation of [\] defined by i x k—=i x (A\; — k), i x k € [A\]. We abbreviate
4l :=[a]~1i[a] € S,, and calculate

S it = Y fabulnen

H’GC[G] H,H’EC[E]

= Z {kek'[a]}em,
K,k €Cy
where £ € C) has a sign €, as a permutation of [A], i.e. as an element of Spy. Writing

the resulting expression in the form Z ys{olal}, y» € Z, where we choose our coset
UER)\\SP\]
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representatives o to lie in C) whenever (uniquely) possible, we obtain

Yo = Z Ekr’-

Kk,k'€Cy, KLK'ER)O

In case o € C), the condition on the indexing elements yields k = 1, ¥ = ¢ and thus
Yo = €5 (3.9). In case 0 ¢ R, - C), we obtain, using (3.10), and choosing a fixed system
of representatives of C)/(k,),

Yo = Z Exr!

K,k'€Cy, KLK'ER\O

= E Err T E Ekk ko

KECH, K'€C\ /(Ko ), KLK'ERNT KECH, K'€C\/(Ko), kiK' ke ERN\O

= 0.

Hence

Z (a)l e, = (a),

K €C[q)

and therefore

(@e = > z{ld}

{preforr}

Z Z (a)Oul ke,

HEC[a]
— Z Ty} < Z {wﬁ[a]}eﬁ> :
[e}e(@m}  neCy

For {p} € {®**} and k € C,, the equality {¢)} = {pr} is equivalent to pry~t €

R,. Hence, as multiplicity of {¢[a]} in Z {¢k[a]} we get, choosing a fixed system of
keC)y

representatives for C/(7),

Z Ex = Z €x + Z Ewr

KkECH, prp~1ER, KECK/{(T), prip~1ER, KECN/(T), prTp—LER,,
= 0.

Therefore, a comparison of 1. and 2. yields z,;, = 0.

Given k € (), we obtain

> awpen{ela} = (a)O[a] k]
{p}efan)
= <a>@€n
= Y ergplelal,

{ere{orr}

whence, up to sign, z,) depends only on |p|. Let |¢| be the maximal column distribution
such that x(,y # 0 in the regular case, resp. such that 2.z, # 0 in the singular case. By
our assertion on x(yy, we may assume that (i x k){p} < (i’ x k){p} fori x k, i’ x k € A,
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i < 7. In order to show that {¢} is semistandard, we assume the contrary, i.e. the
existence of positions ¢ X k, ¢ X (k+ 1) € [A] such that (i x k){p} > (i x (k+1)){¢}. Let
§ = ap iy, let 0= apiq . For o in Seupy but not in S x S, we have || < |olaloa] 7!
since the minimal value of {¢} changing columns under o cannot move to the right.
Summing up over cosets, a Garnir relation gives

0 = Z (a)O0

UES§ XSU \SEUW

= 2 ( > x{x([a}a—l[a}—w}){x[a]},

{xye{@rA} o€SexSn\Seun

whence Z T{p(la)o-1a)-1)} = 0. For each o in Sy, but not in 8¢ x §,,, maximality
TESe xSy \Seun

of || forces Ty, ((ajola-1y} = 0 in the regular case, resp. 2 - Z{y((ja)ofa)-1)} = 0 in the singular

case, contradicting x,, # 0 in the regular case, resp. 2 - 24, # 0 in the singular case.

Hence {¢} is semistandard, and its column distribution |¢| shall be called the leading

term of ©. Given a correspondoid {x} € {®**}, we write O, := O, |s ®z Z/m.

We consider the regular case. By (3.11), the difference © — 2y, - @50 has either a strictly
smaller leading term than © or it vanishes. Both alternatives allow to assume, by induction
on the leading term of ©, or, respectively, directly, that © — .y - @so is in the linear span
of the tuple given above in the regular case.

We consider the singular case. By (3.11), the difference © — z(,) - ©, has either a strictly
smaller leading term than © or it vanishes under multiplication with 2. Both alternatives
allow to assume, by induction on the leading term of © or, respectively, directly, that
20 — wyyy - 2(:)<p is in the linear span of the tuple given above in the singular case.

Corollary 3.13 In the regular case, the tuple
(0522 ©22/m | {¢} € {0*)1)

furnishes a Z/m-linear basis of Homgs, (M*~ /m, SN /m).

In the singular case, the tuple
(2-0, 0¥ @2 2/m | {0} € {9""))

furnishes a Z./(m/2)-linear basis of 2 - Homgs, (M*~ /m, SN /m).

We write (—)* := Homgz(—,Z/m), neglect to denote (—) ®z Z/m for maps and obtain
Z /m-linear isomorphisms

Homgs, (5*/m, M*/m) B Homgs, (M*/m, S** /m)
2o, e et B g o

= (sAy—1 ,
. % Homgs, (M*~ /m, S /m)

_ _ . — _ 3.5 _ ’
o @Vl@,\, Pt (5/\) 1 (39) @leg

which send the bases of (3.12) to the tuples just described.
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Corollary 3.14 In the regular case, the induced maps

M=
Homgs, (M /m, M*/m) ) Homgs, (S*/m, M*/m)
WP ,
HomZSn (Mﬂ’i/ma M)“i/m) (4)‘? HomZSn (MM’i/mv S)\ /m)
are surjective. In the singular case, their cokernels are annihilated by multiplication by 2.
Or, slightly more precise, when passing to 2 - Hom, the maps become surjective.

Question 3.15 I do not know a basis of Homp,s, (S*/2, M*/2) in case X is 2-singular.

Proposition 3.16 Suppose given a ZS,-linear map of the form
S*m N SH/m
(a) —~ Z Tp{a'} O v,

{o}e{or' N}

where x¢,y € Z/m. Neglecting to denote (—) @z Z/m for maps and using the isomorphism
d from (3.5), we obtain the transposition isomorphism

Homgs, (S*/m, S*/m) it Homgs, (S* /m, S /m)
I R
This definition can be rephrased via the formula
O f = Z T (V) Op1,
{oye{en’ N}
note that ©,-1 is applicable to (') € S* /m C M* /m. We have (f*)* = f.
We dualize via (—)* := Homgz(—, Z/m) to obtain the following diagram.

PIETPSACH

/
MY /m MW /m
N Ak, — /
%( T’/S (%H ng*,—
/ Z!L‘ @ —1 /
M Jm =22 MY fm
SAv*v_/m -~ f; Suv*a_/m
L/\/ N L"Ll
6{J EHH

SN /m i SH Im

The commutativity on top follows from (3.2). On the left and on the right, commutativity
follows by dualizing the commutativity in (3.5) in the sense of (3.6). The commutativity
in the back is the dualized assumption on f and the commutativity at the bottom is the
definition of f'. The claimed formula is equivalent to the commutativity in the front face.
Moreover, (3.6) allows to conclude that

(ft)t — 5/\’ . ft,*,— . (5;/)—1
— 5)\’ . (5)\,*,7)71 . f** L SR (5;/)71

= eva- f*.eva !

= f
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Question 3.17 (main technical obstacle) Given SA/mLS"/m as in (3.16), I do

/ t / . . . 5 /
not know a formula for S* /m A /m in terms of a factorization over M*~ /m ~2» S /m
of a linear combination of maps of the form @;Vgl, {y} € {®*}. Te., I do not know a
formula ‘in terms of polytabloids instead of tabloids’.
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3.2 Remarks on transposition in characteristic 2

Given an integer a > 1, we denote by ay := 2%2(% its 2-part. From the more general
assertion in (4.2) below, but nevertheless readable independently, we take that for b > 1
we have v5(()) > 0 for all ¢ € [1,b] if and only if b < ay. We say that a partition A of
n is 2-convergent if X', < (A, + 1), for all p € [1,\; — 1]. For instance, if n = 8, the
list of 2-convergent partitions is (18), (3,1°), (3%, 1%), (5,13), (3%, 2), (7,1), (8)". Let
[z] =[12 --- n] denote the standard (n)-tableau.

Lemma 3.18 (cf. [J 78, 24.4], [K 99, 4.3.35]) Let A be a partition of n. We have

' \ 1 if X is 2-convergent
dim Homp,s, (57/2, S(n)/Q) =
0 else.

In case \ is 2-convergent, the nonzero morphism is of the form
SA2 — S/
(@) — ()

By transposition (3.16), we conclude that

. \ 1 if N is 2-convergent
dim Homp,s, (S™ /2, 5*/2) =
0 else.

By S,-linearity, a morphism S*/2 — S(™ /2 if existent, is necessarily of the form just
given. It remains to be seen that this map is well defined if and only if A is 2-convergent.

Welldefinedness may be rephrased as the existence of a factorization of the map
A — S/

[a] — (2)

A
14 . .
over FA —~ S*. A one-step Garnir relation

fen= 2, ldos,

TE€SexSn\Seun
where £ C a, and 1) C @, are subsets such that #{+#n = A} +1 (cf. §1.1), is mapped to
the element <)‘;ﬂ71> -(z) € S /2. Thus the map is well defined if and only if (A;;r1> =50
for all p € [1,A\; — 1] and for all 7 € [1, A} ,].

Lemma 3.19 Let X be a partition of n. Let x* be the characteristic function of the subset
Clay]Rjay) € Sn, ice. X3 = 1 for 0 € Clgy )Ry, and X = 0 for 0 € S\Clay Rjay- Let
P* C S, be the subset of permutations o for which [ay]o is a standard tableau. We suppose
given a nonzero FoS, -linear map (unique if existent, cf. 3.18)

u

sy 2 5h
(@) — > uMa)T.

TEPA
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For each o € P, we obtain

1= Z uTXTO’

TEPA
Moreover, (X2 1)rxoeprxpr € GLysr (Fa).
Note that the transpose of u* maps each polytabloid to the nonzero element (3.18).

Disregarding alternation, we obtain on the one hand, o € S,

(z) AT {ardo, an)7)

TEPA

and on the other hand
ur t(s(n)

(w) BT (), () =

It remains to be shown that ({ay}o, (a\)7) =2 X2, for 7,0 € P*. But ({ay}o, (a\)7) =2
1 is equivalent to the existence of k € Cl,,j and p € Rj,,] such that [a)]p = [ax]wTo™ .
The invertibility of the matrix (x2 _1);xseprxpr follows from (3.5). Cf. [K 99, 6.2.8].

To~1
For instance, in case A = (3,2), [a)] = [@,], and thus PG?) = {1, (45), (23), (23)(45), (2453)},
this invertible matrix over Fy turns out to be

In case A is a hook partition, i.e. in case \; < 1 for ¢ > 2, the matrix (X2 _1);xoeprxpr 18
the identity matrix. In particular, we recover [K 99, 4.2.11] by composition of a morphism
as in (3.18) and the transpose, as given by (3.19), of a morphism as in (3.18). Cf. (3.31).

(3:2)
(XTO’ 1)TXO'EP(3 2>><P(3 2) =

RHOOOR

0
1
0
0
0

OO OO

0
0
0
1
0

HOOOO
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3.3 Paths as correspondoids

In order to transpose the vertical two-box-shift morphism in (2.37) via (3.16) to obtain a horizontal two-
box-shift morphism, we translate the language of double paths to the language of correspondoids (3.25,
3.26) in order to be able to use our transposition formula (3.16) to obtain the provisional result (3.27, cf.
3.29). We shall use a slightly modified and generalized variant of the setup given in §2.1.

In this section maps are written on the right, with some exceptions made. Suppose given
a partition A of n, an integer d > 1 and integers 1 < g < k < A\; — 1 such that

N+d fori=g
pi=19q N—d fori=Fk+1

Py else

defines a partition pu. A weight e is a map

e

[17>‘1] - [O>d]
J o €

that maps g and k 4+ 1 to ¢, = ex4y1 = d, and that maps j to e; = 0 in case j €
(1, \\[g, &k + 1]. A pattern = of weight e is a subset = C [1,d] X [g, k + 1] that has

#(E0 (L d x () =¢

for j € [g,k + 1]. A d-fold path -y of weight e is an injection from a pattern = of weight e

to [A] U [u] of the form

= WUl

ixj — 300 %]
such that
Y(g,i) = X, +i fori e [1,d].

Sometimes, we denote its pattern by =, := =. The set of d-fold paths of weight e is
denoted by I'(e).

An ordered d-fold path of weight e is a d-fold path « for which the application
fie(l,d|ixjes}y —Y (1N

is increasing for each j € [g + 1,k + 1]. The set of ordered d-fold paths of weight e is
denoted by I'(e).

Suppose given a weight e. For a d-fold path ~ of weight e, we let the successor permutation
be defined by

By = By
o ixmin{j’ € [j+1,k+1]|ixj €=} forjelgk]
ixj —

11X g for j=k+1.
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Since 7y is an injection, we may define the permutation
:Y

NTU ] =~ ATV []
as the completion to a commutative diagram

ixj ———> jxi

Ey—— WU —=— VU]

sucy [ t

'

2 —"— N U] —— N]U ]

WU NE T

in which the unlabeled arrows denote inclusions. Thus, roughly speaking, 4 is the identical
prolongation of suc, operating via . Given a d-fold path v of weight e, the permutation
o(y) of [N] U [1/] is defined as being determined by the rule

VU] 22 VU
o J X1 for j #k+1
JxX1 —
(k+1)xy(k+ 1,4 —py,y) forj=k+1andie [u 4+ 1N ]

and by the requirement that its restriction to {k 4 1} x [1, 4] be of constant value
k 4+ 1 in the first component and strictly increasing in the second component. Hence, the
(i1 + 1, Xy yq]-part of the row & + 1 of [N'] U [i] is mapped under o(v) to the image
of y7, whereas its [1, y1;,,]-part is distributed, in a strictly increasing manner, over the
complement of this image in that row. We define an element 5 € " as the completion
to a commutative diagram

(W] —— WU W] -2 VU]

oK el

Ry - MU,

the unlabeled arrows denoting inclusions.

Given k € (), we denote its transposition by ' € Ry, mapping j x i € [XN] to (j x i)k’ =
(¢ X j)kT. The permutation of [A] U [u] that restricts to £ on [A] and to the identity on
[]\[A] is denoted by &. Similarly, the identical prolongation of k' to a permutation of
[N] U [] is denoted by #'. Likewise for p instead of .

Lemma 3.20 Let v be a d-fold path of weight e, let k € C. We note that the composition
vk 1s again a d-fold path of weight e, of the same pattern as 7y, and obtain
(v&)y = (&)7'9#
—1x,./

(YR) = (ko) 9K

for some Ko € C,,.
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The first equality holds since right conjugation of a cycle product in the symmetric group
is performed by an application of the conjugating element to the cycle entries. To see the
second equality, we consider the diagram

1] —— VU [] 225 VU ]

Hg_l i U R

V] - XU ]
Ry NTU ],

in which xj ' is the completion by restriction and in which the unlabeled arrows denote

inclusions. Note that o(y&)&" 1o (y) ™! restricts identically to the row k+1 of [N'] U [i/].

For each weight e, we fix a d-fold path 7. of weight e and write
e(€) = So(30)lay ) H5ela))

Lemma 3.21 The sign ¢(e) is independent of the choice of .. More precisely, given a
d-fold path ~ of weight e, we obtain

€515 = €o(1e)€a(m)-

Note that £i.-1 = €,(,)35-10(y)-1 Since o(7)79. " o(7e)~" restricts to the identity on
IN\[1]. Moreover, we claim that €5 depends only on the weight of 7. First of all, it
depends only on the pattern of v, since this pattern determines the cycle type of 4. The
sign of this cycle type in turn depends only on the cardinality > ielg k1) € of that pattern,
since the number of cycles of length > 2 that occur in 4 equals d. Altogether, after a
reordering we obtain €571y = Eo()Ea(re)-

Lemma 3.22 Given a d-fold path v of weight e and a A-tableau |a], we obtain
{yla]} ® Dvg = ((Y]a])eore(e)ef-11ay) € S*.
We may conclude

(Hletevs = ((Wa]))ey)-151w)

I
EYIREY

[a'])) € las, 115 0} Loy (01 € )15 ()

=" () )ee)ea11ar€atr)-
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Lemma 3.23 Let v be a d-fold path of weight e. For £ € Sq and j € [g+ 1,k + 1] we let
& operate on the columns < j via

—_

=, S [Ld)x gk +1]
i x j forge{gtuUlj+1,k+1]
(1) x j° forj €lg+1,7]

We suppose in addition that ; restricts identically to [1,d]x{j}\=,. Then the composition
-1
<(EV)£j S =, - [\JU [,u]) is a d-fold path of weight e. Given a A-tableau [a], we obtain

(Gl @)l forj € lg+1,k]
({la)y © ke forj—k+1.

X

{(& ) ]y ® rg =

We may suppose £ to be a transposition, { = (s,t), s X j, t X j € E;, s # t. In case
J € [g + 1, k] we obtain, composing with transpositions permuting 1],

((s;1)-7) =7 ((sxg)7, (txg)y) - ((sx7)7, ({x5)7),

yielding the required equality by two column permutations applied to the resulting poly-
tabloid.

In case j = k£ + 1, we obtain

(8, )1 -7) =7 ((s x g)7, (t xg)7),

yielding the required equality by a single column permutation applied to the resulting
polytabloid.

Given a weight e, we write

el = H e;!

jelln\{g}
e | B
jelln\{g}

N=el = J[ N—¢)
Jell g}

Corollary 3.24 Let e be a weight, let [a] be a A-tableau. We obtain

D (Il @ Dhesy =€l - D ({3ld]} @ Dvkeo).

v€l(e) vel(e)

We rewrite this sum columnwise from right to left in that we use (3.23) to impose an
ordering condition on v in column j, starting in column 7 = k£ 4 1 and ending in column
J =g+ 1. So we obtain a factor e;! in column j.
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Given a weight e, we let

/!
fe

Fr = ge

@] — fait= ) (Gl

vel(e)

Remark 3.25 (connection to §2.1) In case of d = 2, we obtain that the set of ordered
double paths, defined in §2.1, and the set of ordered 2-fold paths, defined here, coincide.
Moreover, [a] being a A-tableau, e being a weight, we obtain

el .,

lal fé = == lalfe,

the left hand side written in the notation of §2.1, the right hand side written in the notation
introduced here.

The set T'(e) is the disjoint union of I'(e) and (1,2),41 - I'(e). We may rewrite the right

hand side as
5 (3.24) B .
IT <) Z (¥l =Y —(era)™ D {20
JElg+1.K] vel(e €l (e)
(3.23) 5
- - Z <(’7[a/])/>€0(7)
vEL(e)
= > (G,
vEl(e)

= [a] éla
where ¢, = (—1)T(k+LD+7(k+12)

(K as introduced in §2.1, and where for the last equality we
translate [a] = (¥[d'])".

Proposition 3.26 Let e be a weight. We may reformulate
1
1 A —
[a]fe = TN = )N > r{dy 65k <),
9yel(e)/Cx
where v € I'(e)/Cy signifies that v runs over a set of orbit representatives of I'(e) under
the operation of C in the sense of (3.20). In particular, there is a factorization
2z I/)\ /
(F)‘ L5u> — (FA M i»S“).

Given a d-fold path v of weight e, the stabilizer {x € Cy | ¥4 = 7} of v in C) has
cardinality (A" —e)!- Al. So we calculate

lalfl = Z ((Fla']))eor)

~veT(e)
3.24 -
C20 1N (30))eors)
~v€l(e)
= s Dot D (R (@) )ea

veT'(e)/C keC)H

(3.22) _ AN~
= awdaw 2 st > (A [0} @ 1k - e()eia-tiay

veT'(e)/Cx KeC)H
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(3.20) _ .
= oo D 7’&((?‘11 ) {%’[a’]}> ®1>V§'€(6)€[arl[m

~vel'(e)/C K'€Ry/
(3.1)

S DI (U LR R OERSIN

v€l(e)/Cx

m Z ry{a'}~O5vg - £(e).

v€l(e)/Cx

Corollary 3.27 (to 2.37 via 3.26) Let d = 2. The transpose in the sense of (3.16) of
the morphism given in (2.37) is obtained as a factorization

AR o A - )

|

vy +ms* S* /m AR SN Jm, (') +mS

where

17 == egam (I X)X rt)es (o),

eck i€[g+1,k] ~€T'(e)/Cx

and where f, E, R, m and X; are defined as for (2.57).

Given t,T > 2, Z-lattices X and Y and a Z-linear map X/t = Y/t, we denote

uel

u T
(X/(tT) —Y/(tT)) := (X/(tT) — X/t — Y/t —Y/(iT)).
Let M := R - \'!-2)] play the role of a large enough integer and consider the morphism

feM

SN /(mM) St /(mM)
(@ — x2S X )a

e€l i€lg+1,k]

(3.25,3.26) )\/l,\/ Z( H Xz ez) a}f.

e€lE i€[g+1,k]

(T X)) Y e eseete).

c€E ielg+1,k] YET(e)/Ch

For ¢ € ®* "', the coefficient T{ in the sense of (3.16) can be written as

/ 2—e; 1 for {4} =
v == [T X&) Y m- {5 W77 e,

eeF 1€[g+1,k] ~vel(e)/Cy
Thus, by (3.16), the transpose of SA/(mM) S“/(mM) maps

5 fmar) "2 8 fman)

V) — I X257 D rs#)0s e (e)

eel ze[g—&-l k] ~€T'(e)/Cx

Finally, there is a commutative diagram
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Homgs, (5*/m, S*/m) =~ Homgs, (S* /m,S* /m)

Homgs, (S*/(mM), S*/(mM)) 2+~ Homgs, (S /(mM), SN /(mM))

with vertical injections given by multiplication by M, so that f*e M = (f e M)".

Remark 3.28 Consider the set fo(e) of ordered d-fold paths v of weight e that have
(g i) € [Ny —ej, Nj] for i X j € Epgy1p41), 1. that have their positions sitting at the
bottoms of the columns. We say that a correspondoid {p} € {®*'*'} is semistandard up
to row permutation if there exists a row permutation p € R, such that {pp} € {®* "}
becomes semistandard. Note that ©, = O,, by (3.1). For v € To(e), the correspondoid
{37!} is semistandard up to row permutation as long as Z, is not bulky in the sense
introduced at the beginning of §2.3. Cf. the bases in (3.13), cf. the reduced tuple of
coefficients employed in (2.37).

Note that Ty(e) is a set of representatives of T'(e)/Ch.

Question 3.29 I do not know a formula for the transpose f* given in (3.27) in terms of
N-polytabloids. Cf. (3.17).
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3.4 Horizontal examples

We shall transpose some examples of §2.4 with respect to the convention that [a,] = [a@,]
for all partitions A, cf. §1.1. Again, we omit to denote the brackets that indicate poly-
tabloids, moreover, we omit commas in cycles. If possible (cf. 3.13), we sort the result-
ing linear combination of polytabloids into images under @;u@’ for various (implicitely
present) correspondoids {¢}. The formula in (3.27) does not suffice to give the coefficients
of this expression (cf. 3.17, 4.15).

Example 3.30 Let A = (3,3), u = (2,2,1,1). The transpose of the morphism given in
(2.40) is

t

SHj4 L SN /4

1 4 1 3
1 3 5 6
— —2 5 -(1-(34) +2-2 4.
2 4
3 6 5 6

Example 3.31 Let A = (3,2,2), u = (3,1,1,1,1). The transposes of the morphisms
given in (2.41) are

t
SH /3 AR /3

1 4 5 6 7 1 4 6 1 4 5
2 - -2 5 7T -2 6 7.
3 3 3
and
S¥ /2 LAY /2
1 4 5 6 7 1 2 6 1 4 5 1 3 5 1 2 5 1 3 4
2 -— 3 4 7+26 7+2 6 7+3 6 7+267
3 ) 3 4 4 )
1 2 4 1 2 3 1 2 5 1 3 4 1 2 4
+3 6 7+4 6 7+3 47 +2 5 7+3 57
5 5 6 6 6
1 2 3 1 2 5 1 3 4 1 2 4 1 2 3
+4 5 7+3 46 +25 6+ 35 6+4 5 6.
6 7 7 7 7
Let us consider the morphism u*tu'. Using [ax] = [ax], we obtain, in the notation of
(3.19),

PN = {1,(56), (34), (34)(56), (354), (3564), (3654), (364), (37654), (3764), (234), (234)(56),
(2354), (23564), (23654), (2364), (237654), (23764), (24)(356), (24)(36), (24)(376)} C .
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Hence, with respect to the ordering of P just indicated, the matrix (X;\;fl)TerPprk’

takes the form

By labelling our morphism as u*'u

represented by the vector

[slelelel Jelel g Helolololelelelelelele) ol
[=lelelg g S nivlelololololelelelelole) Y]
[elel jelelolelelelelelelolelolelele) o))
HFHROOOOOOOOODOOOOoOOO+HOOO

> [elel delelelelolelolelelelelolel el )e]
[elelelelelelelolelolelelelelo) jelelelo)]
(=) lelelelelelelelolelelelel el ))
COO0OOOOOOOOOO+HOOOOOOO

HOOOOOOOOOOOHOOOODOOOO
[elelolelelelelelelelellelolololololo o]

HOOOOOOOOOHOOODOODODOOOO
OO0 OHOODDODODOOOOOO0O
[elelelelalelale)l Jelelelelelelelolalalo)e]
[elelelelelelaldelelelelelelelelololelo)e]
[elelelelelol delelelelelelelelelololalo)e]
[elelelelelbelolelelelelolelolelololelo)e]
[slelelel dolalolelelelelolelelelololelo)e]
[elelel Helolelolelelelelolelolelololelo)e]
[elel elelolelolelelelelolelolelololelo)e]
(=l eleleloleleleloleleloleloleloleolelo)e]
HOOOOOOOOOODODODOOODOOOOO

[0,1,0,1,0,1,0,1,0,1,0,1,1,1,1,1,1,1,1,1,1].

", we implicitely claimed the tuple (ui/)Te px to be

But this row vector yields a row vector of constant entry 1 by right multiplication with
that matrix, which confirms this claim.

Furthermore, as remarked after (3.19), the matrix (x!' _.)rxoepuxps equals the identity

matrix.

Example 3.32 Let A = (3,3,1,1), p = (2,2,1,1,1,1). The transpose of the morphism

given in (2.42) is

SH /6

1 3 5 6 7 8
2 4

2t

S /6
1 4
-2 5
3 6
1 4
-2 5
3 7
1 4
-2 6
3 7
1 4
-2 5
3 8
1 4
-2 6
3 8
1 4
-2 7
3 8

7 8

(1 (34))
6 &8

(1 (34))
5 8

(11— (34))
6 7

(11— (34))
5 7

(1 (34))
5 6

(1 (34))

N NG N e N A T G R o> B (O R N N A T R

O B~ W 00 R W O R W N R W NN LY W
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Example 3.33 Let A = (4,4), = (3,3,1,1). The transpose of the morphism given in
(2.41) is

! ft !
SH /5 S SN/
1 4 7 8

2 5 - -
3 6

4
(1—(45)—(46) —3. > "
6
8

L N O Ot
N W NN =

1
2
3
4

Example 3.34 Let A = (3,3,2), p = (2,2,2,1,1). The transpose of the morphism given
in (2.41) is

t
SH /5 A /5

1 4 7 1 4 6
1 35 7 8
— -2 5 8 (1-(34)) —-2-2 5 8 -(1—-(34)(1—(56))
2 4 6
3 6 37
1 3 6 1 4 6
-2 4 8 -(1-(56) + 2 5 7 -(1—(34)(1-(56))
5 7 3 8
1 3 6 1 35
-2 4 7 -(1—(56)) +2-2 4 6.
5 8 78

Example 3.35 Let A = (3,3,1,1), u = (2,2,2,2). The transpose of the morphism given
in (2.45) is

t
SH /3 A /3

1 4 6 8
1357
— 25 (1= (34))(1 = (56))(1 — (78))
2 4 6 8
3 7
1 3 6 8
-2 4 (1= (56))(1 = (78)).
5 7

Remark 3.36 The morphisms in (2.46, 2.47) are transposed to their respective nega-

tive, g* = —g. For instance, the morphism S*3) /4 2+ §(2221) /4 given in (2.46) can be
obtained as
vy g=4(2-0, —0,,+2-0,)- vk,

{en} = , {pa} = , {3} =

NN = =

W N = =

[ e
[N}

3

which allows to apply (3.16) directly and to compare linear combinations of tabloids.
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4 Two columns, several boxes

We shall generalize (2.17), treating the case of essentially two columns and two shifted boxes, to the case

of essentially two columns and an arbitrary number of shifted boxes.

Lemma 4.1 Let x,y > 0. As polynomials in the free variable t, we obtain

> (D7) (L) = () e Qld),

j€[0,x]
where
i€[0,2—1]
for f(t) € Q[t], z > 0. So, in particular, (/) = 1.
We name the claimed equality Eq(x,y) and shall prove the following assertions.
(i) Eq(0,y) holds for y > 0.
(ii) Eq(z,0) holds for = > 0.
(i) Eq(z,y — 1) and Eq(z — 1, y) together imply Eq(z,y) for z,y > 1.

Ad (i). Eq(0,y) writes 1 = 1.
Ad (ii). Eq(z,0) writes

J€[0,7]

Proceeding by induction on = and using (i) we are reduced to consider differences, i.e. to

see that
(D7 (1) = ().

Ad (iii). The right hand side of Eq(x,y) equals

(y—;—l—;t) _ (;;—f:_(;i)—n) i ((y—lzv—t-i-z)
PSS () () + X D () ()
j€[0,z—1] j€[0,z]
= Y E) )+ 0 (Y ()
Jjell,] j€l0,x]
= D)) (YY),
Jje[o,x]

being the left hand side.

Lemma 4.2 Let 1 < k < z. We have

gcd((“’{) , (g) e (;g)) — 7. H pfmin(uP(x),nogp(k)),

p prime, p|x
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where A
ilog, (k) := max{i > 0 | p' < k} = maxuv,([1, k]).

Let p be a prime, let j € [0, x]. For an integer w > 0, written p-adically as w = Zwipi,
i>0
w; € [0,p — 1], we denote its Quersumme by ¢,(w) := Zwi. We obtain
i>0

up(g!) = Zwi : -1 = J _qp(j)7

. p—1 p—1

and thus
w((5)) = (0 = 1) ap(e = 5) = (@p(2) = ¢,(7)))-
In particular, in case j < p*@ we get q,(z — j) = (g,(z) — 1) + (p — 1)(vp(z) — v,(j) —
1)+ p-1—q,(j), whence
Up((?)) = vp(1) — vp(J4).

Thus the minimal such valuation for j € [1, k] takes the value claimed above.

Let n > 1, d > 1. Assume given a partition A of n and an integer g € [1, \; — 1] such that

No+d fori=g
p; =1 No—d fori=g+1
Py else

defines a partition u. Let Z’ be the set of injective maps

M1, d) e (1N, ]

g+1
Let Z C Z' be the subset of strictly monotone maps. Let the sign of ¢ € Z be given by
e = (—1)Ziena ) For ¢’ € Z' there is a unique factorization ¢'(i) = ('(io), i € [1,d],
with 0 € Sg and (' € Z. Let the sign of (' € Z’ be given by ¢ = Es€7- Suppose given a
A-tableau [a] and an injection (" € Z’. We let
[07 )‘lg+1] - [07 N’Ig—i-l]
i (L))
. _ . % .
min(e~'({j})) ~— J

and define the p-tableau [a¢’] by

&, = az for (Ge[LMN\g,g+ 1} andi € [1 ) or (j = g and i € [1, 1)
a§7>\§]+i = Qgy1.¢(d) for i € [1, d]
a§+1,i = Qg for i € [1, ]

Using this place operation, we define the ZS,-linear map

L g

@] — D {a)ec =g ) (a)een

cez ez’
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For a A-tableau [a] and for an injection ¢’ € Z’, we denote the ‘[a]-realization’ of ¢’ by

(11, d) - 1)) = (L] (LX) =+ (LX) x {9+ 1) e [N = [L,1)).

Lemma 4.3 We have a factorization
" V>\ ’ /
(P> Logmy = (7> 2 X L gmy,

We need to show that given v,w € ay41, v # w, and a A-tableau [a|, we have ([a] -
(v,w))f" = —[a]f". Suppose given ¢ € Z. In case v,w € (j([1,d]) or in case v,w &
() ([1, d]), we obtain (a®)e¢- (v, w) = —(a‘)e.. The maps ¢ € Z that satisfy v € (([1.d]),
w & (q([1,d]) furnish a subset Z;p C Z, the maps ¢ € Z that satisfy v ¢ (ji([1,d]),
w € (q([1,d]) furnish a subset Zy; € Z. We have a bijection ¢ that sends ¢ € Zg to the

map +(¢) € Zo1 determined by ¢(()q ([1, d]) = ((q <[1, d])) - (v,w). We claim that

(a)ec - (v,w) = —(a")eyo),

thus proving the lemma. Let v =: agy1,, let w =: a441; and assume ¢ < j. Comparing
both sides, the entries in column g of [y yield a sign (—1)#(+1=1N¢([Ld)) the entries in
column g+1 of [u] yield a sign (—1)#{IF1i—I\([Ld) 5o altogether, the entries yield a sign
(—1)77*=1. On the other hand, the quotient of the signs of the maps is €,(¢)/ec = (—1)77".

Remark 4.4 Let the correspondence ¢ € ®* be defined by

N =[]
JXi — jXxi for j x i e [N]N[W]

(g41) X (typy +) — gx (N +17) fori€[1,d]

The semistandard correspondoid {¢} is in fact the only element in {®Y#} (cf. after
3.6). With respect to [ay] = [ax] and [a,] = [ay], we obtain f' = —©__, - vg, which
reproves (4.3) by means of (3.1).

From (3.14, 3.13) we take the following assertions. Suppose given m > 1.
In case p' is 2-regular, the map

/ / — V‘u ’

Homgs, (MY~ /i, M*~ /i) 2 Homgs, (M~ /i, S" /i)
is surjective. In particular, the group Homgg, (S*/m, S*/m) is cyclic since we may embed
va(— ’
Homgs, (S* /1, S* /i) "2 Homgs, (MY~ /i, S* fin).

A generator is a factorization of some multiple of f’ ®z Z/m over v3.
In case ' is 2-singular, the map

/ / — I/H /

2 - Homgs, (MX" /i, M*~ i) 25 2. Homgs, (M /i, S* /)

is surjective. In particular, the group 2 - Homgs, (S*/m, S*/m) is cyclic since we may
embed Aoy
2- HOIHZS” (SA/m, S“/m) AR 2- Hongn (MX’_/T?Z, S“/M)

A generator is a factorization of some multiple of 2 - f' ®z Z/m over v3.
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Let € C ay, s = #&, € :=a,\&, t €1, Agi1ls 1= Qgy114, 7 7= Qgi1,p+1,x ] be such that
s+t=X+1 Letu:=#ij=\_ —t

For x € [0, min(d, t)], we denote

Z'x] = {{eZ'|{@)=iforie[l,z], ('(i)>t+1forie[z+1,d}
Zlx] = ZNZ'x]
A(lal,z) = 55 Y (a%)eco (§Un)
(€Z[a]
= 2 (a0 (EUn)
('ez'[a]

so that we can recover

wend = D (2)A(a]2).

xz€[0,min(d,t)]

For 0 < z < y < min(d, t), there is a rectification map
70 e 2]
¢ —
defined by ('[y](i) :=i for i € [1,y] and {'[y](i) :== ('(¢) for i € [y+1,d]. In case t > d, we

denote by ¢[d] the unique element in Z[d] = Z'[d], mapping each i € [1,d] to i € [1,\],].

Lemma 4.5 Suppose t > d. Let € = &.,U& be a disjoint decomposition such that
#{_1 =d—1 and such that #&§ =t —d. Let 0y := agy1a+14. We obtain, in the notation
of (1.6),

_ i (s—u-+d ~ s
Gl[a],f,nf, = &¢ld) - Z (_1) ( d—i ) ) B[ag[d]]'(ﬁz,m)aéfl,& (Z)7
1€[0,d—1]

independent of the chosen bijection o —> 1s.

Given d; € [0,d] and a map ¢ € Z[d — d;], we denote

M = Qg+1[d—di+1,d]

7_71(0 = C[a}([d_dl_'_l?d])'

We obtain
AMla,d—d) = 5 D (a%eco(EUn)
CE€Z[d—dy)
(1~4) S — ! - — - —
= % Z (a)ec - (&2:m2) - (M (), m) o (EUM(C))
CEZ[d—dy]
= (=" (;Z?c;df))!! Z <@C[d]>5g[d] - (E2,m2) 0 (EUT)
m &,
#m =d1

(cf. 1.6) dy  (s+d—dp)!
= (=D Sl - Ol @m)a éor,& (1)

(1.6) d—d))!(d—1)!(t—d+dy)!
= (-ph lz!il(di)l)(f ) " E¢ld)’

Z (‘Z_—Zl) B[ac [d])-(&2,m2) 0, €~1,E2 (Z)’

i€[0,min(dy ,d—1)]
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whence our one-step Garnir relation is mapped to

Gl[d]f n f

= eca- Z Z (d—tdl) (_1)d1 . (s+dfd1;i£!tfd+d1)! ) (cﬁj’) )

di1€[0,d] i€[0,min(dy,d—1)]

Biocta) (& m)a i 1.6 (%)

= eqa- Y | DD COFTI ) () | Buct) @mnén e (0)

i€[0,d—1] \ j€[0,d—1]

=" eqa Y, (D) Bius @ams)adri (0)-

i€[0,d—1]
Lemma 4.6 Suppose 2d —1 < A ;. Let mg := X, — X, +d + 1 be the box shift length,

let
m = mg - H p— min(vp(mo),ilogp(d))’
p prime, p|mo

In case 1’ is 2-reqular, the injection

Homgs, (S*, S*/m) (2)-(nt/m) Homgs, (S*, S*/n!)

is surjective. In case ' is 2-singular, the cokernel of the injection

Hongn(SA,S“/m) (2)-(nt/m) HOIIlZSn(SA,S“/TL!)

15 annihilated by multiplication by 2.
Consider (4.5) in the case [a] = [a\], t = d, £ = ag 15, £-1 = € and & = (. We obtain

o i (s—u+d _ (s
Glavent = e Y (17 ("2 - Byayyema(i)
1€[0,d—1]
(1.6)
=" &d - Z Z Z (ax) C[d] 50 ©0)-
i€[0,d—1] £C¢, o<l
€y =i Hpo =1

Since s = A\, +1—d > p,; +1, the elements {(ax)°[y (&, @o) occurring in this expression
are standard up to column permutation, i.e. up to sign. Moreover, they are pairwise
different because of different column fillings. We note that each i € [0,d — 1] indexes a
nonzero summand of this expresseion, namely a nonzero linear combination of different
standard polytabloids equipped with coefficients + (Zﬁz) since we assumed 2d —1 < Xg 1
i.e. since d — 1 < #1 leaves space for a subset ¢y C 7 of cardinality i. Therefore, by (4.2),
the element G i flesSHis exactly divisible by m.

Suppose given a ZS,-linear map sr L, gw /nl. Let S* 2, gm /n! denote the residue class
morphism.

Suppose ' to be 2-regular. By (4.4), there is an integer z such that ng =z f'¢. Thus
z - G la].€.1 f’ is divisible by n!, and so z - m is divisible by n!. Hence, each element in the

image of f is contained in (n!/m)S*/n!S?, i.e. there exists a factorization

(5% Lo 5 /1) = (S* —» S fm "L 5# /).
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Suppose ' to be 2-singular. By (4.4), there is an integer z such that 2 - v} f = 2z - f'o.
Thus 2z - G’ i f’ is divisible by n!, and so 2z - m is divisible by n!. Hence, each element

in the image of 2f is contained in (n!/m)S*/n!S?, i.e. there exists a factorization

(S 251 int) = (S — §4 /m ™% S ).

Lemma 4.7 Suppose t < d— 1. We obtain, in the notation of (1.7),

i (s—ut+d .
Claeal =cca - Y U () Blaaygom mma (0):

1€[0,t—1]
Given dy € [0,¢] and an injection ¢’ € Z'[dy], we denote

mo= (gL do]) = ag11a
m(¢) = ((ldo+1,¢])
m(¢) = (u(t+1.d)

N2 = Qg1 [t+1.d]-

Given (' € Z'[t], we get

(%) (e = (¢ W)oesecy

for any permutation o € S; that maps (agi1,;)o = (p,(¢) for ¢ € [t +1,d]. Note that
#{o € Sy | (agp1)0 = (@) fori € [t + 1, d]} = (u —d + ).

For dy € [0,¢], we obtain

A([a]7d0)
= Sy D {a)ee o (EUn)
¢'eZ'[do]
1.4 1 / =
L el S (e (p\n i (C) 0 (EUA(C) UT(C)

¢’'€Z'[do]

s+do) do) / = _ _
= ()RR Y Y () o (EumUm(()
CeZ't] mCy\m(¢),
#m = t—do

(%) _ s+d d
L ()l N (Sl e g 0 (EU T UTR) 0]

71 C7\72,
#m = t—do
(cf. 1.7) d (s+do)!(t—dp)!
= (1) “&¢ld) - s!t!(dfdo)!(()dfl)!((;fd+t)! ' [/ac[dJ],g‘Uﬁg,ﬁg,ﬁ\ﬁg(t — do)
(1.7) (s+do)!(t—do)!

wf d
= (‘Ut ° - E¢ld - S (d—do) (d—1)(u—d+t)!

u—d+t—1 .
(u—d4)!(d—1)!(d—do)! - Z (w5 )Bfa“d]},éum,ﬁa,ﬁ\ﬁz (4),
1€[0,min(t—do,t—1)]
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whence
/
Glaent
_ s+do)!(t—dp)!
= e Y > (dy) (=1 . Letdodo,
do€[0,t] i€[0,min(t—do,t—1)]
u—d-+t—1 / .
' ( t—do—i ) [a¢ld]],EUma, 72, n\n2< 0)
Gt —i— s+d u—d+t—1 .
= &la- Z Z (—pemd () - (i) Bfadd}],éum,ﬁg,ﬁ\ﬁz(l)
1€[0,t—1] \ do€[0,t—1]
(4.1)

: i (s—ut+d .
= &la- Z (_1> ( + )B[/(IC[d]gL_JﬁzﬁQﬁ\ﬁQ(l)‘

1€[0,t—1]

Remark 4.8 The morphism I g maps [ay] to a linear combination of standard
p-polytabloids with coefficients £1.

We summarize.

Theorem 4.9 Let mg := A\, — A\, +d + 1 be the box shift length, let

m = mg - H p— min(vp(mo),ilogp(d))’

p prime, plmo

where ilog, (k) = max{i > 0 | p’ < k}. The ZS,-linear map M~ Ry factors over

{a@y =L g )

EN

(a) S* SH/m - (b) +mSH,

The resulting morphism S* N SH/m is of order m in Homgg, (S*, S*/m).
In case pi is 2-reqular, the group Homgs, (S*, S*/m) is generated by f.

In case p' is 2—3mgular the group 2 - Homgs, (S*, S*/m) is generated by 2f.
In case 2d — 1 < X,y and i’ is 2-reqular, there is an isomorphism

—):(n!/m)

Homgs, (S S“/m) = Homgs, (S*, S*/n!).

In case 2d — 1 < X, and i’ is 2-singular, the cokernel of the inclusion

Homgs, (57, S“/m) ) wtfm) Homgs, (S, S*/n!),

18 annthilated by multiplication with 2.

This follows by (4.5, 4.7, 4.2, 4.8, 4.4, 4.6).

Example 4.10 We have Homgg, (S?*1*), §0%) /81) =



82

Question 4.11 In case2d—1 > Xg 41, I do not know of a counterexample to the assertions
in (4.9) that presuppose 2d — 1 < A, ;.

Remark 4.12 In the situation of (4.9), CARTER and PAYNE [CP 80| have shown that

Homgs, (K ®z S)‘, K ®z S*) #0,

K being an infinite field of characteristic p such that ilog,d < v,(my). This part of their
result is recovered by (4.9).

Corollary 4.13 (to (4.9) via (3.16, 4.4)) The transpose in the sense of (3.16) of the

morphism given in (4.9), interpreted as S>‘/m—f> St /m, is given by

t
SH Im i SN /m
) — =)0,

where the correspondoid {p} € {®N*'} is given by

W) N
jxi — j  forjxieNn[y]

gx (N, +i) — g+1 forie][l,d]
All assertions on the Hom-groups in (4.9) have a counterpart, obtained by isomophic

transport via the transposition isomorphism (3.16).

This follows by (4.9, 3.16) using (4.4). Concerning ©,,, we refer to (3.1).

Question 4.14 T do not know a formula for the transpose f* in (4.13) in terms of \'-
polytabloids. Cf. (3.17, 4.15).

Example 4.15 (a fixed point, cf. [J 78, 24.4], [K 99, 4.4.1])
Consider the case n > 4, d = 2, A = (22,1"%) and u = (1"). The modulus becomes
m=mn—1in—1isodd and m = (n —1)/2 if n — 1 is even. We obtain

W) 2N
-y 1 forie[l,n—2
Xi —

2 forien—1,n,
which allows to calculate the transpose as mapping

SH Im AN SN /m
<$> - = Z {27.]}’

i,j€[l,n], i<j

where [z] is the unique standard g/'-tableau and where we denote a A'-tabloid by its second
row. Similarly, for a \-polytabloid, we omit to denote the entries in the first row from
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column three onwards. I.e. we let a A'-polytabloid be determined by the first two entries
of the first and of the second row - which is not to be confused with a (2, 2)-polytabloid.

Let
A= G-2-GY) - D (GhHes
j€[M4,n] 1,J€[3,n], i<y

For k € [3,n], | € [4,n], k <[, we obtain the following list of values of the scalar product
in M.

(A {k,1}) = + 0 -1

(ALY = - (-2 + (=3)
(4,42,11) = + (-2 + (n=1)
(A,{2,3})) = — n—2)(n—-1)/24+1 + (n—3)
(A{L2}) = + 0 = (n=2)(n-3)/2

(A{1,3})) = + n—-2)(n—=1)/2—-1 + 0.
Hence, written in polytabloids, our map turns out to be

/ 1t /
S /m  —~ SN/m

(1) — > G-2-65) - > G

JE[4,n] i,J€[3,n], i<y
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A Two lemmata

We present full versions of the two main lemmata of §2.2. For sake of completeness of the full versions,
there is a certain overlap, concerning notation and conclusion, with their abridged versions (2.4, 2.10).
We maintain the notation of §2.2.

Lemma A.1 (full version of (2.4)) Suppose g <p <k and s,t > 2. The map f' annihilates Gfa] e

We fix a map
LM\Mpp+1 — [0,2]
Jo o &

that maps g and k + 1 to ey = €41 = 2, and that maps j € [1, \1]\[g,k + 1] to e; = 0. For o, 3 € [0,2],
we denote by éaf3 be the prolongation of € to [1, A1] defined by éaf|j )\ (pp+1} := € (€af), := @ and
(éaB)pt+1 := 8. We contend that

2—a (2=8) v / o
Y XX Gl e ttas =0,
(X,ﬁe[O,Q]

from which the lemma ensues.

Civen a, 8 € [0,2], given a subset = C [1,2] x {p,p+ 1} with

#(EN([1,2] x {p}))
#(EN([1,2] x {p+1}))

«

B,

and given prescribed inverse images €, 7~ C [1,2] ‘within Z’, i.e. such that

» & x{p} € En([1,2] x{p})
n”x{p+1} < En(L2 x{p+1}),
we let
I(62,¢6,n) = {7 el@Eap) | E,n (12 x{pp+1}) =5,

v IO =& xA{ph vy ) =07 x {p+ 1}}

and form the partial sum
LD e 1
A([a]7ea:‘a§ 1 ) =0 Z <a”y>€’7 o(‘EUn)

so that we can recover

() wenltas = D > A(la],&,2,6,n7).

=C[1,2]x{p,p+1} €~ ,mn~C[1,2] subject to (x)

There exist elements z,y € &, x #y, o’y €n, 2’ # 1/, z € £, which we choose and fix. For v € I'(€00),
we let 2, 1= a;5(;,1), where j € [p+ 2,k + 1] is minimal with 1 x j € Z,, and y, := a; 5(;2), Where
j € [p+2,k+1] is minimal with 2 x j € E,. Le. we pick the entries x,,y, that ‘cross the columns’ p
and p + 1 under the operation of v. We write

Uy = (s+t=2)!""(a)ey - (E\z,n\{2,¥/}) - (24, 2,2) - (Y5, 4,9') 0 (EUN)

Viga = (s+t—1I"1(aV)e, - (&,n\z’) - (y,z,2") 0 (EUn)
Vory = (s+t=11""a)ey - (E0\Y) - (44, 9,9") 0 (EUn),
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and let

A = Z U, - Z (w', z)
~EI'(£00) w’ €7

B = > U,-(1- > (w2
~€I'(800) weé\z

c, = Z Uy - (2,24
~€I'(200)

Cy = Z Uy - (2,95)
~€I'(£00)

D = > Wiy (wy)
~€EL'(£00) weé

= Z Vo Z(w,xy)

~€T(€00) weé

H = Y Viy- ) (W)
~€I'(£00) w’ €7

= Z Vay - Z (W', 24)

~€I'(£00) w' €T

F1 = Z VL’Y
~€I'(200)

F2 = Z ‘/277.
~€I'(800)

The equalities herein follow by the argument of (2.2 i) and by the independence of of the respective
expressions of the choice of z,y,z’, .

Calculation of A-values. We shall distinguish subcases and subsubcases according to the summation
in (xx).

To distinguish subcases, e.g. [i Ir] designates the subset == {I1xp, 2xp, 2x(p+1)}; in general, the
first factor of an element of [1,2] x {p,p+ 1} counts rows, the second counts columns, and a plus sign +
denotes its appearance in =.

To distinguish subsubcases, we denote e.g. by [ 3] the configuration 2= (T3], ¢ ={1}andn™ = {2}
in general, the sign @ in the left column means that its row number is an element of £, the sign @ in
the right column means that its row number is an element of 7. Concerning the underlying set =, the
symbols ¢ and + are synonymous.

Case flos.

++

= _ [+
Subcase = = | I

[+3].

Subsubcase (2,6,n7) = [£&]. We calculate

A([a],€,77,{1,2},{1,2})
= @ 2. laee(gun)
vel(e,g,{1,2},{1,2})

= 2 2

veI(600) =17Y1€E, Ty Ay, €N
—1)t(t—1
= 5)';@ : Z <a7>67 ’ (z’yvxvxl) ) (y’)/vyvy/) o(§un)

~+€L'(800)

(1.5)  s(s—1)t(t—1)-s! z F
SRSt ST (a)ey - (E\a\Ma YD) - (@, 2,2) - (o y) 0 (EUm) 0
~€I'(£00)

(@M)ey - (y, w1, 21) - (Y, 91,81) © (EUN)

= s(s—1)B.
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Subsubcase (2,6 ,17) = [§%]. We calculate

A([a], &, 11,{1,2},{1})
DN S aey - (w3, 2) - (Y, 4) 0 (EUT)

~el'(800) Y1EN
(1.5) 5gs|t|19it(s 2)1')1 Z Z (a7)e
~EN(800) Vi€
(g, 2, 2") - (Y, 9, 91) - (E\z\ {2, y'}) - (¥h, ') 0 (EUm) o (EU W)
= T a=Di+t—2)1 1)‘(s+t )1 Z Z (a”)ey:
~el(800) viER
(2, , w’)-(ymy y1) - (E\zn\{=,y'}) - (1, 9') - (Wi, ) 0 (EUD) 0 (EU YY)
= T DG 1)'(s+t 21 Z Z (a”) E’Y x’wx ') - (y’yayay/) : (ﬁ_\Z,Tl\{ICy'}) o(fun)o (EU 1)
~€EI(€00) Y1EN
= —(s—1)(uB—A).

Subsubcase (E,£,n7) = [§&]. By symmetry, we obtain from subsubcase [& ¢ ]
A(la],€,71,{1,2},{2}) = —(s — 1)(uB — A).

Subsubcase (2,6,n7) = [§1]. We calculate

A(la ],111,{1 214}
= o bltl Z Z (a) Efy x'yax ) - (y'yaya Y1) o (§Un)
v€Il(800) Ti#Y1EN
(1.5) s s !
= s't'(?ﬂ 23') Z Z {am)e
€L (E00) 17y €M
~(xm:c ah) - (Y 9 91) - E\zon\ {2’ y'}) - (21, 27) - (1, 9') 0 (EUm) o (EU ] Uy))
= s+t Hstt—2)! Z Z (a7)ey:
~el(800) TL#Y1€EN
(@, 2)) - (Y w5 91) - (E\zo\ {2, y'}) - (@, 2') - (W1, ) - (2, 2) - (91, 94)0
o€ Un)o (Ui Uy
= @ DL > {aey - @y, 2, 2) - (yy,0,0) - (E\zn\ {2/, ¥} 0 (€Un) o (EUf Uy
~v€E(E00) @) #Y1€EN
=  (u—1)(uB —24).

Subsubcase (Z,£,n7) = [ &]. We calculate

A([a], €, 71, {1}, {1,2})
= St(stltll Z Z a¥)ey - (Ty, 2, 2") - (Yy, y1,y") 0 (§UN)

v€eD(E00) y1€€

(1~5) s s -
= DD N S @) ey - (9, 7,2) - (Y, y) - (E\wm\ {2y} 0 (€U)
~vel'(e00) y1€€
= ;+9t+11) Z Z a’y E’Y g 77\13 ) (.’IIV, LI,‘,JJ/) ) (y’ya yl) © (6 U 77)
vel'(600) y1€€
= (s+1)sD.
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Subsubcase (2,6~,n7) = [$9]. We calculate

Adlal, e, T4, {1}, {1})
= Tﬂ Z Z <a7>57-(;z:,y,x,x’)~(yv,yl,y’l)o(EUn)
vel'(E00) y1€E, ¥, €N
(L5) st a
D)t NS (e, - (e 2,2!) - (w10 - E\pn N @y} - (o) 0 (€U )
~el (€00) Y1 €E, YL EN

= DY Do daMey G\ - (g, w2 - (v, 000 - (W15Y) - (s 91) © (€ Um)

Y€ (E00) y1€E€E, yiEN

= T Greey S aey - (En\a) - (@, 3, 2) - (yy,01) 0 (EUD)

yel'(800) y1€€
= —suD.

Subsubcase (2,6~,n7) = [$&]. We calculate

A([ le 15 {11{2})
Z Z <aw>5'y @y, @, 2h) - Yy, y1,97) 0 (EUN)

~eI'(e00) y1€E, zi€R
(1.5)  sp.q =
= ey > Z (V) - (@, 2, 2) - (Yo v, ) - (@, N2, y'}) - (@], 27) 0 (€U
'yEF(eOO) y1€E, x! 1EN

= e Y > aey - (En\) (@ m,3h) - () - (2h,2) - (24,2 0 (€U )

yED(800) y1€E, @4 €7

= (s+1 il Z z a’y 5’y 5 77\95) (x’Y"T’I/) ’ (y’vayl) o (5U77)

~eI'(e00) y1€€

= —suD.

Subsubcase (Z,£,n7) = [$1]. We calculate

Ala], &, 71, {1}, {})
= ﬁ Z Z <a’y>E’Y . (1'7,13,17/1) : (y’Y?yhy/l) o (6 U77)
veT'(€00) y1€E, o) £y, €n
(1.5)  s(s—1)1!
= SeTem 2. . ey
YyEI'(800) v1€E, o) #yien
(s 2, 20) - (Y 91, 91) - (E\yrn\ {2, y'}) - (2, 27) - (y1,97) 0 (EU)
= Gronn > > (a)ey
YyEI'(800) v1€E, =) #yien
(E\T') - (2, 20) - (Y, 91,95 91) - (@1, 27) - (W1, ) - (2, 21) - (44, 91) © (EU)
1:5:5 11) Z Z a'y 57 5 77\37) (xva$7$)'(y7ay1>o(£un)
’yEF(eOO) y1€E
= w(u—1)D.

Subsubcase (Z,6~,n7) = S %]. By symmetry, we obtain from subsubcase [i‘? %]
A(la], 6,23, {2}, {1,2}) = (s + 1)sD.
Subsubcase (é,fﬂn‘) = [ag ] By symmetry, we obtain from subsubcase [? 5]

A([a), & 11, {2}, {1}) = —suD.
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Subsubcase (é,f’m*) = [ag ] By symmetry, we obtain from subsubcase [f ﬂf]
A(la], €, 13,{2},{2}) = —suD.

Subsubcase (é, EnT) = [ag ] By symmetry, we obtain from subsubcase [f i]
A(la], &, 15, {2} {}) = w(u = 1)D.

Subsubcases [£ 8], [T$], [T4]. [T1]. The A-value is zero by the Garnir relations.

Summing up A-values over subcases and subsubcases, we obtain

Glajenlion =2(s —w)A+ (s —u)(s —u—1)B+2(s —u)(s —u+ 1)D

A(la), &1, {13,{1,2})
DN (e - (2, 2,07) - (44, ) © (EUN)

~+€I'(£00)
15)  st(t—1).s! _
WD) bl §™ (e (o, 0,07) - () Evs Mo, ) 0 (EU ) 0
~€I'(£00)
— e 30 (@M (5 0) - () - B\ D) 0 (U)o
~€I'(200)

= —sB.

Subsubcase (2,6 ,n7) = [ F]. We calculate

A([] &1 {1h{1})
= 3D D> aey - (wy,2) - (yy,0h) 0 (EU)

~vEI(E00) Y1€7

(1'5) st-s! b

= e S S (e (@) - (g 0h) - (Em\aY) 0 (U M)
yeI'(800) Yi€N

sH.

Subsubcase (Z,6~,n7) = [©%]. We calculate

A([ L&t {1}, {2))
) Z aM)ey - (2, 2,2) - (yy,y') 0 (EUD)

’yEF(eOO) xh €7]

L2 el ™ D {an)ey - (o ad) - (ao) - (€MD) - (.07 o (€Un) 0 (EUA)

yel'(€00) )€

= (t—l)!(i+t—2)! Z Z(waw

~€el'(€00) =1€R
(2,2, 27) - (Y, 5,y') - (E\zon\ {2’ y'}) - (27,27) - (27, 24) 0 (§Um) 0 (EU 7))
= aorrem O 2 (@ey (@ m @) - (v y,y) - (E\zn\{a '} o (EUm) o (EU )

~€el'(600) *1€7R

= uB-A.



Subsubcase (2,6 ,17) = [©1]. We calculate

A(la), &, 7%, {1}, {})
= 5 Y Y ey (mymah) - gyl 0 (EUN)

~€ED(E00) T1#Y1EN
(1.5) s (s=1)lt!

Serenr O > (aey - (@ mah) - (v i) - (Em\) - (@, a') o (EUm)

y€EP(E00) =) #Y1€EN

= e Ol Y (e (@ m@) - (yywh) - (§m\) - (&, 2) - (@, m) 0 (€U

~el'(800) *1#Y1€EN

= e Y Do laey(mmal) - (y4h) - (Em\a) o (EUn)
~€El(€00) Y1EN

= —(u—-1)H.

Subsubcase (Z,6~,n77) = [f %], We calculate

A([ ]:ﬁi,{} {1,2})
= ST S aey (@, 21,2) - (y4,) 0 (EU)

yel'(600) z1€E

(1.5) sH1)! 1
=7 MR N Y aey - (w00, 2) - (5, y) - (E\an, n\{ay'H) o (EU)

~vel'(€00) 1€
= DL D (ae - (En\Y) - (3, m) - (y,0,) 0 (EUD)
vel(e00) =1€&
= —(s+1)D.

Subsubcase (2,6 ,17) = [*£]. We calculate

Alal 7%, {1, {2})
LS > aey (wyan7h) - (yy,y) 0 (EUN)

~YET'(€00) z1€E, z) €M

L) bl St Y (e e ah) - () - e\ - (#h,07) o (EU)

'yGF (€00) x1EE, x! 1E€N

89

= e Y Y e G (@ w23 - () - (@5,27) - (2, 35) 0 (EU)

~€EI(€00) ®1€E, x4 €R

e DL D (aNe - (En\Y) - (my,m1) - (yy, 9.9 0 (§UN)

~vET(800) =1€€
= uD.

Subsubcases [£ 9], [£1]. The A-value is zero by the Garnir relations.

Subcase = = [+ +] Obtained, by symmetry, from subcase = = [J_r i]

Summing up A-values over subcases and subsubcases, we obtain

Glaenfiie=—2A-2(s —u)B—2(s —u+1)D +2(s —u+ 1)H.

Case [l

Subcase = = (2]
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Subsubcase (2,6~,n7) = [Z&]. We calculate

Alal, &, =1, {3, {1,2})
= DN Aat)ey - (w,0) - (55, y) 0 (EUN)

~€I'(£00)
02 b ST (an)ey - (0, 2) - (90) - (E\e ey} o (€U ) o€

€I (£00)

= g O (@er (e 1) (v, yy) - Qe ') o (Eum) o€

~€I'(200)

= B.

Subsubcase (2,6~,n7) = [Z%]. We calculate

A([a], &, =1, {},{1})
A Z Z (aM)ey - (2, 2") - (yy,91) 0 (EUN)

€I (€00) Y1€R

1.5 sl ! & /
02 Dl S™ S e, - (0,2) - (90 9) - (E\a') 0 (€ U)

~el'(800) Y1E€N

= o YL D la)ey (@32 - (yy vh) - (Em\a’) o (EUD)

~€eI'(e00) Y1€7

- —H

Subsubcase ( e ,m) = [i ag] By symmetry, we obtain from subsubcase [i ?]
A(la],&, =%, {3{2}) =

Subsubcase ( e ,m) = [i i] The A-value is zero by the Garnir relations.

Summing up A-values over subcases and subsubcases, we obtain

E@L&Ufé()? =B —2H.

7,7 ) = [8¢€]. We calculate

A(la],€, 15, {1,2},{1})

S(Z!tll)t Z <Cﬂ>57 : (55%55795/) : (ywy) o(§Un)
~€eI'(200)

(L5)  s(s—1)t-(s—1)!

St Y (aey - (@ za)) - (g, ) - M@y} - (yy.y) 0 (EUn) 0 (EUY,)

~v€I(£00)

= a2 (aey - (@) - (e y) - (@M Y o (U)o (EUy,)
€I (800)

= (S—l)(B—CQ)

Subsubcase (2,6~,n7) = [%i‘]. We calculate

A(la], e, 15, {1, 2}, {})
s(s—1)

= T Z Z (@”)ey - (Ty,z,27) - (Yy,y) 0 (EUN)

yeD(600) *;€R




(L5)  s(s—1)-(s=2)!
= STl (s+t—2)! Z Z {a)e

yeDl(E00) =1 €N
'(%,w 2h) - (s ) - (E\z\ {2, y'}) - (27, 27) - (95, 9") 0 (EUm) 0 (EU T, Uys)
t'(.s+t 2)1 Z Z (a)ey - (T, 2, 27) - (YY)

yel(600) ;€R

(E\z,n\{z",y'}) - (a1, 2") - (yw,y’) (a2, xy) o (EUn) o (UL Uy,)

=Y Z (g, 2, 2) - (Y 0, 9) - (E\zn\ {2,y }) 0 (EUn) 0 (EU Y Uy,)
~ED(800) @4 €T
= —(uB—uCy— A).

Subsubcase (Z,6~,n7) = [$9]. We calculate

A([ &, 15 {1h{1})
— Z Z (aVVey - (@, 2") - (Y, 11) © (EUN)

wer &00) y1€€

(2 Sl S™ S e - (aya,a!) - (o) - (@20’ - (509) 0 (€U )

~vEI(E00) y1€€

= (S+t ! Z Z a’Y g’y 5,77\5”) (x73x7x/) ' (y’yayl) o (5U77)

~v€eI(e00) y1€€
= sD.

Subsubcase (2,6~,n7) = [£7]. We calculate

Ala], &, 1%, {1}, {})
DD <a7>e«<xw,x,za>-<yw,yl>o<sum

'yel'“(éOO) y1EE, | €7

(1~5) s-(s—1)1t!
S (s+E—1)! Z Z (a7)e,-

WGF(eOO) y1€E, 1€EN
-(wwax 1) (Yo 1) - (E\yr,n\{2',y'}) - (7, 9) - (2], 27) 0 (EU D)
= s+t 1 Z Z <a’y>5"/'(fan\x)'(xvﬁx7x/l)'(y’yayl)'(x/lam/)'(x’yaxll)o(gun)

'yGF(eOO) y1€E, x! 1EMN

= i DD D a)ey G\ (g a) - (g un) 0 (EUT)

~vEI(E00) y1€€

= —uD.

Subsubcase (2,6~,n77) = [ag@]. We calculate

A([ & {23, {1})
= 25 Y S aey (@ m2) - (yyy) 0 (EUN)

'yeF(eOO) z1€€
(1.5)  sts! N
= gu;(;gt 11)1 Z Z (a”) 57 13779317 ') (y%y) “(E\z,n\{z',y'}) - (y’yay/) o(§uUn)
yel(e00) z1€E
e 2L 2 (@ (En\Y) - (@, 21) - (g y) 0 (EUD)
vel(£00) z1€€
= sD.
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Subsubcase (2,6 ,17) = [££]. We calculate

Alal, &t 21, ()
sy S aM)ey (g, w1,74) - (y4,y) 0 (EUN)

~ET(600) z1€E, o) €7

(1~5) s-(s—1)t!
s't'((s-i-t) 1 Z Z (a”)ey:

’yEF(eOO) x1 €E, o e

'(m’yvxlvxll)'(y“/a ) (‘f\xl’??\{x y}) (y’yv ) (x'hx')o(fUn)
= s Y Y @e G- (nasal) - @) - (@57) - (2,24) 0 (EUD)

'yEF (€00) x1 €E, o €N

= ot DL Do aey (YD) - (@) - (45,9, 0) 0 (EUT)

veTl'(600) z1€€

= —uD.
Subsubcases [£ 9], [T *]. The A-value is zero by the Garnir relations.
Subcase = = [i +] Obtained, by symmetry, from subcase = = [i f].

Summing up A-values over subcases and subsubcases, we obtain

Glapenfion = 24+ 2(s —u—1)B — (s — u— 1)(Cy + Co) +4(s — u)D.

Case fl,
Subcase = = [

\ +

]

Subsubcase (2,6~,n7) = [£€]. We calculate

A([a],&, 77, {1}, {1})
%, Z (a")ey - (zq,z,2") 0 (EUN)

~€I'(200)
(L5)  stst(z—1)! —
=) el ST (ahey - (@ n,a) - (E\a!) o (EU)
~€I'(£00)
= SFl.
Subsubcase (Z,6~,n7) = [£F]. We calculate

Alal, &£, {1},{})
1Y D> (aM)ey (zy,mah) 0 (EUN)

~el'(€00) *1€7R

D) bt S™ S an)e, - (2 0,0) - (E\a) - (2, 2') o (EU)

yel'(e00) )€

= (§+t 0 Z Z (a")ey - (@, 2, 27) - (§,m\2") - (27, 2") - (2], 24) © (EU )

yel(600) ) €R

= _ﬁ Z <a'y>€7 ’ (gv 77\33/) ’ (3?7733,1'/) o(EUn)

~€eI'(200)

= 7UF1.

Subsubcases [f 6_9] [J_r ﬂ. The A-value is zero by the Garnir relations.

[1]:

Subcase T +] .

= [J_r H. Obtained, by symmetry, from subcase = = [, -
+

P

[1]:

Subcase



Subsubcase (2,6 ,17) = [©5]. We calculate

A(lal, €, 75, {1}, {2})
= % Z <CL7>€7 ’ (‘T’Wx) : (y’yvy/) © (f UT])

~v€L'(£00)
02 el 5™ (a)e, - (0,2) - (1, 9) - e\, o'} - (ar027) 0 (€ Um) o (€U )

~v€I'(800)
= —aorm QL @)y (@) - (9, y,y) - (E\zn\{ Y e (§Un) o (EU )
~€I'(200)
= —(B-Cw).

Subsubcase (Z,6~,n7) = [*3]. We calculate

A(la], &, "2, {},{2})
= D D {aMey (@) (yy,y) 0 (EUN)

veI(é00) z1€€
(1.5) s!( =
U ST S ey (@) - (0,8 - E\a,n\ &y} - (3, 27) 0 (€U )

'yEF(eOO) 1 EE

= e oL (e (Em\y) - (@ @) - (s, 5,) 0 (EUD)
y€el(600) z1€€

= -=D.

Subsubcase (2,6~,n7) = (€3], We calculate

A(la], &, 5, {13, 1))
S Y (aM)ey - (@ 2) - (k) 0 (EUD)

~€eI'(€00) Y1EN
s (s=1)lt!

SHI(srt—1)! Z Z aV 57 x'yv ) : (y'yayﬂ) : (gv 77\1'/) : (x'yvx/) o (f U77)

~el'(800) YiE€N

= e Y Yo @Mey s (myma) - (g, ) - (€ m\a) o (€U

~€l'(€00) Y1EN

—
[
ot

N

= H.

Subsubcase (2,6~,n77) = [J_r _T_]. The A-value is zero by the Garnir relations.
Subcase = = [; T]. Obtained, by symmetry, from subcase = = [* 1 ].
Summing up A-values over subcases and subsubcases, we obtain

Glaemfinn = 2B+ (C1+ C2) = 2D +2H + (s — u)(F1 + F3).
Case ffy;
Subcase = = [Zf].

Subsubcase (Z,6~,n7) = [Z9]. We calculate

A([a],&, =%, {},{1})
= ﬁ Z (a¥)ey - (zy,2") 0 (EUn)

~€EL(£00)
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15 sl(t—1)! N E ,
D) ool S (e (oy,00) - (En\e!) o (EUn)

€I (£00)

= oy YL (e (g al) - (En\a) o (EU)
~€I'(200)
= —Fl.

Subsubcase (2,6~,n7) = [Z*]. The A-value is zero by the Garnir relations.
Subcase = = [: _ﬂ, Obtained, by symmetry, from subcase = = [: lL].

Summing up A-values over subcases and subsubcases, we obtain

Glaenlen = —(Fi + F2).

Case fly

Subcase = =

—

o]

Subsubcase (2,6 ,17) = [§Z]. We calculate

A(la], &, 12, {1,2},{})
= LD N (a)ey - (@y,2) - (g5 9) © (EUM)
~€I'(£00)
D e S (a)e,
€I (£00)
(2y, ) - (Y, ) - (E\z, )\ {2/, y'}) - (24, 2") - (g5, ') 0 (EUM) 0 (EUzy Uyy)

- m Z (aM)ey - (xy,2,0") - (44,0, 9) - (E\z,n\{2',y'}) o (EUm) 0 (EUz, Uy,)
~v€I'(£00)

= B-C;—-0C.

Subsubcase (2,6~,n7) = [$Z]. We calculate

A(la], &, 22, {1}{})
o Z Z (a")ey - (T4, 2) - (Yo, y1) 0 (EUN)

yEI(E00) y1€€

(L2 sttt SN S (e () - (5, 0) - (B N0 - (8,0 - (5, 0 (€ U)

~el'(800) y1€€

= (S+t 0! Z Z a’y 5’y § 77\93) (xv,x,x’) '(y’yayl)o(gun)

veI'(600) y1€€

= D.

Subsubcase (Z,6,n7) = [ Z]. By symmetry, we obtain from subsubcase [J |
A(fa], 6,77, {2},{}) =D

Subsubcase (Z,£,17) = [1Z]. The A-value is zero by the Garnir relations.

Summing up A-values over subcases and subsubcases, we obtain

[CL & nf€20 — - (Cl + 02) + 2D.

Case [l

Subcase = = [i‘ :}.



Subsubcase (2,6~,n7) = [©Z]. We calculate

Ala),e, == {1} ()
= G Y (@M (@y.2) 0 (EUN)
Y€T'(200)
(D) st S™ (e (202) - (E\) - (2,2) 0 (€U )
€I (£00)

= ey L (@ey - (wy,mal) - (En\al) o (EUn)

~eI'(€00)

= F.

Subsubcase (é, &) = [J_r i]. The A-value is zero by the Garnir relations.

Subcase = = [I_ :}, Obtained, by symmetry, from subcase = = [f :].

Summing up A-values over subcases and subsubcases, we obtain

Glaemfero = (F1 + Fa).

Case f;,. The Garnir relations yield

{a).e:m 00 = O-

We note that s —u = X, — X;,11 and evaluate the linear combination

(2-a) (2—5)
> XX Gl e Fhas

a,B€[0,2]
= 1 -1 '(Q(Xp = Xpr1)A+ (Xp — Xpi1)(Xp — Xpp1 —1)B
+2(Xp = Xpi1)(Xp = Xps1 +1)D)
+ X, 1 (=24 2(X, — Xp1)B = 20X, — Xpi1 +1)D
F2(X, — Xpy1 + 1)H)
Xp(X,+1) 1 -(B—2H)
1 Kpir (244 2(X, - Xy - DB
~(Xp = Xpi1 = 1)(C1 + Ca) +4(X, = Xp1)D)
+ X, Xy .(—2B+(Cl+02)—2D+2H
+(Xp = Xpi1)(F1 + F2))
+OXp(X, 1) Xy ( (Fy + F) )
+ 1 Xpr1(Xpp1 +1) ( (C1 4+ Cs) + 2D>
+ Xp Xpt1(Xpr1 +1) '(( + I3 )
+ Xp(Xp + 1) 'Xp+1(Xp+l + 1) (0)

I
e
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Lemma A.2 (full version of (2.10)) Suppose g =p < k and s,t > 2. There exist elements ’,y’ € n,
x' £y, z €&, which we choose and fiz. For v € T'(€0), we let Ty = a5 5(5,1), where j € [g+2,k+1] is
minimal with 1 X j € E,, and Yy, := a;5(;,2), where j € [g+ 2,k + 1] is minimal with 2 x j € =,. Le. we
pick the entries x.,y, that ‘cross the column’ g+ 1 under the operation of v. The set of maps

LAMg+1} —  [0,2]

i g

that send g and k+1 to é, = éx11 = 2, and that map j € [1, \]|\[g, k+1] to e; =0, is denoted by E. For
e E and B € [0,2], we denote by éf the prolongation of € to [g,k + 1] by (€8)g4+1 = B. For v € I'(€0),
we write

U, i= (a2 - @\t M@,y D) - (0:8") - (322¥))

and let
Aaeme = Y, Uy- ) (w2)
y€eD(&0) w'en
Blajene = Z Uy, -(1- Z (w, 2))
~y€ED(0) weé\z
Cl,[a],&,n,é = Z U’y : (Za x’y)
y€I(&0)
021[0]’577175 = Z U’Y . (Z? y"{)
S NE))
We obtain

Gt = Ko+ 203 (T X)) (e + O + DB

ecE J€[g+2,k]
7X9+1(Cl,[a],§,n,€ + CQ,[a],&,n,é)) .

Having fixed a map € € E, we need to evaluate the expression

(2-8)
Y X Glaenlis
Be0.2)

Given (3 € [0,2], given a subset = C [1,2] x {g + 1} of cardinality #Z = 3 and given a subset = C [1,2]
such that
(%) nmx(g+1)CE

we let

I(e,En )= {v el(Ep) |, n([L2 x{g+1) =2 7' =n" x{g+ 1}}

and form the partial sum

so that we can recover

wenfta= D > Ala, &, 77).

2C[1,2]x{g+1} n~C[1,2] subject to (x)

Calculation of A-values. To distinguish subcases and subsubcases, we adapt the according notation
of (A.1).

Case fL,.

Subcase = = (1]
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Subsubcase (Z,77) = [&]. We calculate

A(lal, &, 1, {1,2})
D ST (aey - (y,2) - (g, y) © (EUD)
yeD(0)
U bl S™ one (o 0 () - (E\e My} o
yeI'(&0)
= (s+2)(s+1)Bgene

Subsubcase (2,1m7) = [$]. We calculate

A([a], ¢, 1, {1})
= s Y D aMey (mya) - (yyul) o (EUN)
'yeF(eO) Sy
(154) S;;,l)' Z Z (@M)ey - (xy,2") - (yy, 1) - (g\zyn\{x’,y’}) (y1,9') o (nyl)

yel'(e0) Y1EN

= ST S ey (@ a) - (e vh) - @My D) - (W) W) 0 (EU )

~vel'(e0) Yi€7

= YT S ahey - (@, 2) - (E\s YD) - (v y) 0 (€U YY)

yel(é0) Yi€M
= —(s+1)(uB) e e — Alaleme)-

Subsubcase (é,n*) = [& By symmetry, we obtain from subsubcase [?]
A([a]v é’ 1; {2}) = —(S + 1)(UB[(L],§,7],E - A[a],é,n,é)'

Subsubcase (Z,17) = [1]. We calculate

A([a], &, T,{})
= # Z Z a]’y 5"/ .137,33‘1) (y’Yayi)o(EUn)
~el(60) =) #Y1€N
(1.4) ol
=" (@)ey - (@4, 27) - (Y, 91) - (E\zon\{2', ' }) - (2, 2") - (y1,9') 0 (EU ] Uy))
~el'(60) T #Y1€N
= 1 (a")e -
~el(e0) =1#Y1€N
(2y, 2h) - () - (E\zon\{2s y'}) - (2h,2) - (Wh, ) - (2, ) - (Wh, 94) © (U2 Uyh)
= 3 (aM)ey - (E\z, M\ {2, y'}) - (24, 2) - (y5,9) 0 (EU T, Uys)
~el(e0) =1#Y) €N
= (u — 1)uB[a]’§’n’e 2(u — 1)A[a],£,n,é-
Case fL;.
Subcase = = J_r].

[
Subsubcase (Z,77) = []. We calculate

A([a],e,*,{1})
= S D (aMey - (zy,2") 0 (EUn)
yeD(€0)
LD st ™ e (g, a) - @\ o)) - (02 0) 0 €U )
~eI'(&0)
= (S + 1)(B[a],£,n,é - C2,[a],§,n,é)~
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Subsubcase (Z,77) = [*]. We calculate

ﬁ ‘ (a¥)ey - (z,27) 0 (EUN)

—
—
N

=

2 (a7)ey - (1) (E\z.n\{z',y'}) - (21, 2) - (yy,y') 0 (EU 4 Uyy)
= 3 Z D (aMey - (2, 21) - (E\zn\{a',y'}) - (@, @) - (5, ) - (5 27) 0 (€U Uyy)
= =5 > D ey e\ YY) - (@, 2) - (yy,y) 0 (Ut Uy,)

~vE(E0) T1€EN

= _(“B[a}é,n,é - uc?»[a},&n,é - A[a],f,n,é)

Subcase = = [I_] Obtained, by symmetry, from subcase = = [ﬂ
Case ff,.
Subcase = = i].

[

Subsubcase (Z,m7) = [Z]. We calculate

= Blalene — Crlaene — Colalemne

We note that s —u = X, — X, and evaluate the linear combination

(2-8)
Y Ko Glaenlts

Bel0,2]
= 1 '(Q(Xg = Xg+1+2) A g e
+(Xy = Xgi1+2)(Xy = Xgi1 + D) Blayens )
+ Xgh '(2A[a]7£m7é +2(Xy — Xgt1 + 1) Bla) g0,

—(Xyg = Xgr1 + D)(Ch [a)em,e + 02,[a],§,n,é))
+ Xgr1(Xg41+1) '(B[a],g,n,é — (Ci al,eme T Cz,[a],g,n,é)>
=2(Xy +2) A eme + (Xg +2)(Xg + 1) Bajene — Xgr1(Xg +2)(Cha).em,6 + C2,fal,eme)-
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