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Ore Localization with applications in D-module theory §1 Introduction

§1 Introduction

Let K be a field of characteristic zero and K[x, s] := K[x1, ..., X5, §| the polynomial ring
in the variables xj, ..., x,;, and s. The n-th polynomial Weyl algebra is defined as

Dy =K (x,d | dxj = x;9; + (i, ]))

i.e. the number of differential operators is equal to the numbers of the variables x;.
In D-module theory the Bernstein-Sato polynomial is an object of interest which
has plenty of applications in algebraic geometry. For a given polynomial f € R
the global Bernstein-Sato polynomial b(s) is defined as the monic generator of the
ideal which consists of all polynomials in the variable s satisfying the functional
equation P(s)f(x)**! = g(s)f(x)°. The polynomial b(s) is also called the global
b-function. Hence P € D, ® K[s] is a differential operator. It is well known that
b(s) # 0. The statement is still true if one works in the local Weyl algebra defined
by (Dn)m, := K[X, S|m, <81,..., On | 0if = fo; + §—£>, i.e. K[x] is localized at the max-
imal ideal m, := (xq —ay, ..., x4, — a,) which corresponds to the point a € K", if K
is a algebraic closed field like C. Now fix a monomial ordering on Mon(x, d,s) :=
Mon(x, ..., X, 91, ..., 0, 8), such that 9; > 1, x; < 1. In this work tools of Ore lo-
calization will be used to develop algorithms to compute the local Bernstein-Sato
polynomial in a rational point. Actually, the variable s is a global variable, i.e.
s > 1. Therefore, it is impossible to use elimination orderings for computing the
local Bernstein-Sato polynomial, because the variables x1, ..., x, are local variables. A
new approach in this work is to treat s as a local variable, see chapter Especially,
Theorem and Lemma provide a new approach to check whether a number
B € Q is a root of the local b-function. The advantage is that there is the possibil-
ity to use a quasi-elimination ordering. That allows to assess the variable s with a
smaller weight. At first glance, there is a disadvantage, because one has to work in
the product localization T~!K[x, s], with

T:={f € Klxs] | f(x5) = g(x) - h(s), F(0) # 0}

During my research, I found out that there is no necessity to work in the product
localization, however it suffices to calculate in the localization K[x, 5] . Obviously
computations in this localization are easier. In addition to that, the algorithm “check-
Root” written in the computer algebra system Singular which determines whether a
rational number is a root of the global Bernstein-Sato polynomial has been extended
to the local case. I developed and implemented an algorithm in the computer alge-
bra system Singular which decides whether a complex number is a root of the local



Ore Localization with applications in D-module theory §2 Definitions and Theorems

Bernstein-Sato polynomial. Furthermore, this algorithm computes the multiplicity
of the root. I proved a corollary which is helpful to compute the multiplicity and
which also reduces the computational costs, see Corollary Furthermore, there
is an approach to compute the local Bernstein-Sato polynomial in an algebraic but
non-rational point, see chapter One idea is to add a zero-dimensional prime
ideal which contains information about all algberaic numbers to the set of genera-
tors of a certain ideal, see Lemma and Corollary

Moreover this work provides some ideas to work with the multivariate case, i.e. there
is more than one variable s. Concerning that, one may be interested in the Bernstein-
Sato ideal. Unfortunately, it is impossible to transfer the idea from one variable to
more than one variable, because the polynomial ring K[x,s] is not a principal ideal
domain.

Additionally, this work will summarize some important results and proofs about ho-
mological algebra which are important to understand the theory of Bernstein-Sato
polynomials and Bernstein-Sato ideals respectively. One important result is that the
embedding K[x] . C K[[x]] is faithfully flat.

All algorithms are implemented in the computer algebra system Singular.

§2 Definitions and Theorems

(2.1) Definition (Stable I-filtration)
Let R be a Noetherian commutative ring, I C R an ideal and M a R-module. Let
{Mn},en, be a set of submodules of M with the following properties:

1. M:M02M12M22
2. IM, C M 41, for all n € Ny
3. there exists ng € Ny such that IM,, = M,, 4, for all n > ny.

The set {My}, <, is called a stable [-filtration of the R-module M.

(2.2) Theorem (Artin-Rees ([13]))

Let R be a commutative Noetherian ring and I C R an ideal. Furthermore, let M be
a finitely generated R-module and {M, }, ., be a stable I-filtration of M. If N C M
is a submodule then the set {M, N N}, is a stable I-filtration of N.

(2.3) Definition
Let K be a field. The non-commutative ring

D, :=K <JC1,..., Xy,01, ..., Op | a]'xl' = xiaj + (5(1,])>
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is called the n-th Weyl algebra.
(2.4) Definition

The non commutative ring D, [s] is defined as
D, [s] := Dy @k Ks].

(2.5) Definition
Let R be a domain and S C R a multiplicatively closed set such that1 € Sand 0 € S.
The set S has the left Ore property if

Vse SVre Rdte Sdp € R:tr = ps.

(2.6) Lemma
Let K be a field. The set

S:={f €K[xy,..x4] | f(0) #0} C D,
has the left Ore property with respect to D,,.

(2.7) Definition

Let K[x| := K]x,...,x,] the polynomial ring in the variables x1,...,x, and K be a
field. A total ordering > on Mon(x) := Mon(xy, ..., x,) := {x* | « € N{ } is called a
monomial ordering if the following condition is fulfilled:

ifp<gthenr-p <r-gforallp,q,r € Mon(x).

(2.8) Definition

A monomial ordering is called global if 1 < r for all r € Mon(x). Respectively
a monomial ordering is called local if 1 > r for all r € Mon(x). Otherwise the
monomial ordering is called a mixed ordering.

(2.9) Definition
Let & := (a1, ...,ay) € N". Then define

n
| =) a.
i=1

(2.10) Definition

Let f = Y aux* € K[x] and U C {xq,...,x,} a subset. Then one can define the
x€IN"
degree of f with respect to U.

tdeg 1 (f) = max{ Y | ag # 0}.

i,xiEU

If U= {xq,..., x,} one just writes tdeg(f) := tdeg(f).
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(2.11) Definition
Let < be a monomial ordering on Mon(x). The inverse monomial ordering is defined

by
mq <1 My <= my1 > My

where mq, mp € Mon(x).
(2.12) Lemma
Let R be a commutative ring and S C R a multiplicatively closed Ore set such that

1 € S. The functor S~ le is exact, i.e. if M; — M, — M3 is an exact sequence of
left R-modules then the sequence S™'M; — S™1M, — S~1Mj is also exact.

(2.13) Lemma

Let M7, M, be two left R-modules such that M; /M, is well defined. Furthermore,
let S C R a multiplicatively closed Ore set such that 1 € S. By using Lemma
one gets the following isomorphism:

STH My /M) = S IM /S IM,.

(2.14) Lemma
Let R be a commutative ring and M a left R-module. Then the following properties
are equivalent.

1. M=0
2. My = 0 for all prime ideals p C R

3. M, = 0 for all maximal ideals m C R.

(2.15) Definition
Let f € K[x] be a polynomial. The singular locus of f is the variety

sing() =¥ ({12 2£).

(2.16) Definition (direct system of sets)
Let (I, <) be a partial ordered set of indices such that every finite subset of I has an
upper bound. Moreover, let (X;);c; be a family of sets and let fii: Xi = Xj, i <j, be
mappings having the property

* fii=idx,

* fii=/fixofrii<k<j
Then one calls ((X;)icy, (fji)i<;) a direct system.
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(2.17) Definition (direct limit of vector spaces)

Let ((V)ier, ( fj,i)i§j> be a direct system of vector spaces V; and linear mappings f; ;.
Furthermore, let V be a vector space and f; : V; — V, i € I, linear mappings with
the following properties:

° fl:f]Of],ZWﬂhZS]
e if W is another vector space with linear mappings g; : V; — W with

gi = gj© gji then there exists a unique linear mapping ¢ : V. — W such that
gi=gofiforallic I

Then one calls (V, (f;)ier) a direct limit of ((V;)ie, ( fj,z‘)z’§j>- Another common nota-
tionis V :=1lim V;.
iel
(2.18) Definition (contravariant functor Hom)
Let R be a commutative ring and M, N two R-modules. Define

Hom(M,N) := {f : M — N | f is R-linear}

the set of all R-linear mappings from M to N. Now fix N and see M as a variable.
This gives rise to the contravariant functor Hom(:, N). If ¢ : M; — M, is an R-
module homomorphism between two R-modules one defines ¢* := F(¢$) := ¢ o f.

(2.19) Definition (Ext-module)
Let R be a commutative ring and M be an R-module. Furthermore, let

%y f, f, fo, M s 0

1 S0

be a free resolution of M, i.e. §; is a free R-module for all i > 1. Moreover, let M be

another R-module. By applying the contravariant functor Hom(-, M) to the complex

SR R AL
one gets the complex
0 — Hom(Fo, M) f—1> Hom(§1, M) R Hom(F, M) - - -
where f(g) := g o fi. Now define the i-th Ext-module as

Exti (M, M) := ker(f{,1)/ im(f}).
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§3 Standard bases

This chapter will deal with the concept of standard bases which is a generalization of
Grobner bases introduced in the book A Singular introduction to commutative algebra
written by Gert-Martin Greuel and Gerhard Pfister, chapter 1, Normal Forms and
Standard bases (see [13]). It is necessary to study standard bases to realize some
important computations in localizations. This chapter provides two algorithms to
compute standard bases. On the one hand it introduces the algorithm of Mora
which includes a generalization of a division algorithm. On the other hand, the
reader will see the method of Lazard which reduces the problem of standard bases
to Grobner bases.

Let < be a monomial ordering on Mon(x) and one can define the following terms.

(3.1) Definition
Let f € K[x] \ {0} a polynomial.

e Im_(f) := max {x* | a, # 0} =: x7, the leading monomial
* lc.(f) := a,, the leading coefficient

e lt-(f) := a,x7, the leading term

* lexp_(f) := 1, the leading exponent

Of course, there is a bijection between the exponents & € IN" and the monomials x*.
Therefore, one can use he following equivalent notations. Let x¥, xf € Mon(x).

x"‘gxﬁ<:>¢x§5.

The following theorem presents a relation between monomial orderings and matri-
ces.

(3.2) Theorem (L. Robbiano, Ostrowski)
Let < be a monomial ordering on Mon(x3, ..., X, ). There exists a matrix A € R"*",
m € IN, such that

<P Aa < Ip AB

where <, denotes the lexicographical ordering and «, f € N".
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On the other hand, each invertible matrix A € R"*" induces a monomial ordering
<A by
a < fi<—= Aa <j, AP

If I C K]x] is an ideal one can define the leading ideal:

Lead (1) = {Im < (f)] £ € I\ {0})pq

In order to proceed to define standard bases one needs the localization of the poly-
nomial ring K[x] with respect to a monomial ordering.

(3.3) Definition
Let < be a monomial ordering on Mon(x) and define

s:={f €KX\ {0} | Im(f) = 1}.

This set is multiplicatively closed and 1 € S. The localization at the monomial
ordering < is defined as:
K[x]< := S7IK[x].

The following lemma presents some properties of K[x]<.

(3.4) Lemma
* K[x]< is Noetherian

e K[x]< is a domain

* if < is a global monomial ordering then

e if < is a local monomial ordering then

K[x]< = K[x] (-

In order to talk about standard bases in the localization one needs the following
definition.

(3.5) Definition
Let f := g € K[x]< and u € S such that lt-(#) =1 and uf € K[x].

e Im(f) :=Imc(uf), the leading monomial
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* le<(f) :=le<(uf), the leading coefficient
e lt<(f) := lt<(uf), the leading term
e lexp_(f) :=lexp_(uf), the leading exponent

It is easy to see that this definition is independent of the choice of u.

(3.6) Definition
Let 0 # I C K[x]< be an ideal. A finite set G is called a standard basis of I with
respect to < if G has the following two properties:

1. GCI
2. Lead<(G) = Lead(I)

In conclusion, a set G is a standard basis of I if the following equality holds

(Im < (f)| f € IN{0})gpg = (Im<(g)[ 8 € G\ {0}) k-

One immediately observes similarities with the definition of a Grébner basis. How-
ever, it is important to understand that this definition is a generalization. The choice
of the monomial ordering is no longer restricted to global ones. Plenty of examples
will deal with local and mixed orderings respectively which are not well-orderings
on the set INj.

(3.7) Lemma
Let 0 # I C K[x]< be an ideal and < an arbitrary monomial ordering on Mon(x).
Then I has a standard basis.

Proof

Let Gy C I a nonempty set. If Lead«(Gp) = Lead < (I) holds Gy is already a standard
basis. Therefore, let Lead<(Gp) C Lead<(I). Then there exists an element g1 € I
such that Im(<g1) ¢ Lead(Gp). Now one defines G; = Gy U {g1}, and one has the
inclusion Lead(Gp) € Lead(Gy). By iteration one gets a strictly increasing chain of
ideals in K[x|.. However, K[x|- is Noetherian, and consequently the chain must be
finite. Let I be the chain’s last index. In conclusion one has Lead(G;) = Lead(I)
and G; is a standard basis of I. O

The existence of standard basis is now verified. Having a closer look this proof is
exactly the same as in the case of Grobner bases because it is only important that
K[x]< is Noetherian.

The following three definitions will be very useful:
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(3.8) Definition
1. Let @ # G C I. G is called interreduced if 0 ¢ G and for all f,g € G with

f# 8 Im<(g) fIm<(f).

2. f € Ris called reduced with respect to G if no monomial in the representation
of f is an element of Lead - (G).

3. G is called reduced if G is interreduced and if the leading coefficient is equal
to 1 for all ¢ € G and if tail-(g) is reduced with respect to G.

The next step is to find algorithms which compute standard bases. In the theory
of Grobner bases one computes S-polynomials and reduces them by applying a
division algorithm with respect to a given set G. Now the strategy will be very
similar. It is convenient to recall the concepts of S-polynomials and normal forms.

(3.9) Definition
Let f,g € K[x]< \ {0} and Im-(f) = x*, Im-(g) = xP. One defines
v :=lem(w, B) := [max {ay, B1},.... max {an, Bn}],

and lem(x*,xP) := x7. The S-polynomial of f and g is defined as

spoly(f, g) = xX"""f — %xv—ﬁg.

(3.10) Definition

Let G := {G C K[x]<| |G|<co}. Consider the mapping

NF : K[x]« x G — K[x|<,(f,G) — NF(f|G). NF is called a normal form if the
following three conditions are true for all G € G:

1. NF(0|G) =0
2. NE(f|G) #0 = Im-(NF(f|G)) € Lead(G) Vf € K|[x]< \ {0}
3. If G ={g1,.., g} the element f — NF(f|G) has a representation of the form
n
f—NE(f[G) = ;ﬂigi/ a; € K[x]<
and for all 1 <i < n one has either 2;¢; = 0 or

n
Im - (Z aigi) > Im « (ﬂigi)-
i=1

10
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These definitions are also quite similar to the global case. Condition three says that
there exists a 1 < j < n, such that

n
lm<(a]g]) = lm<(z aigi) = max {lm<(akgk| 1< k < Tl)} .
i=1
In case of standard bases it is necessary to have another definition of a normal form,
a so called weak normal form. A weak normal form also satisfies the conditions one
and two of the Definition Only condition three will be modified. Concerning
this condition, one requires that for all f € K[x]< and for all G € G there exists a
unit u € (K[x]<)*, such that uf has a representation

n
uf =Y aigi+h
i—1

with Im<(h) ¢ Im<(G). One calls the element i a weak normal form of f with
respect to G. As a remark, if the monomial ordering > is global one chooses u = 1
because one has (K[x]<)* = K\ {0}, i.e. it is necessary to have local variables to get
a unit not equal to one. Some properties of standard basis will be dicussed in the
following. Again, some properties are well-known from the Grobner bases theory.

(3.11) Lemma
Let 0 # I C K[x]< be an ideal, G C I a standard basis of I, and NF(-|G) a weak
normal form of R with respect to G. This implies the following four results:

1. VfeR: fel & NF(f|G) =0.
2. Let ] C K[x]< be an ideal such that I C J. If Lead(I) = Lead~(]) then I = J.
3. I=(G)gy

<

4. If NF(+|G) is a reduced normal form the normal form is unique.

Proof

ad 1. : Let NF(f|G) = 0. By assumption NF(-|G) is a weak normal form of R with
respect to G. Therefore, there exists a unit u € K[x|< such that uf € I. The element
u is a unit in K[x]<, and this implies f € I.

On the other hand, let NF(f|G) # 0. By definition of a weak normal form one gets
Im-(NF(f|G)) ¢ Lead<(G). However, G is a standard basis of I and consequently
Lead«(G) = Lead(I). In conclusion, NF(f|G) ¢ I and that means that f ¢ I.

11
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ad 2. : The inclusion I C | evidently holds. Therefore, one has to check the other
inclusion. Let f € | and assume that NF(f|G) # 0. Consequently,

Im - (NF(f|G)) ¢ Lead - (G) = Lead - (I) = Lead «(]).

But this contradicts the fact that NF(f|G) € J. In conclusion, NF(f|G) = 0 and by
using 1 the claim follows.

ad 3. : One has (G)gpy. € I and Lead<((G)(y_) = Lead(I) because

x|
Lead - (G) = Lead «(I).

By statement 2 the claim follows.

ad 4. : Let f € K[x]< and assume that hy,h, are two reduced normal forms of f
with respect to G. That means that no monomial appearing in the representation of
hy and h; respectively is an element of Lead - (G). Moreover, the fact

h—hy=(f—h2) = (f =) € (G)g. =L

implies hy — hy = 0. Otherwise assume that h; — hp # 0 is true. That implies
Im (hy — hy) € Lead - (I) = Lead - (G).

But that is a contradiction because Im. (h; — hy) is either a monomial in the repre-
sentation of hi; or hy. ]

Especially statement 4 shows that a reduced normal form is unique. The following
lemma will show, that similarly to the case of Grobner bases, a reduced standard
basis is unique if it exists.

(3.12) Lemma
Let < a monomial ordering on Mon(x) and I C K[x|- an ideal.
Then: If I has a reduced standard basis it is unique.

The following example will show one difficulty in case of local monomial order-
ings.

(3.13) Example

Consider the polynomial ring R := K[x] in one variable. Let f := x and G :=
{¢}, ¢ := x — x?. Purthermore, fix a local monomial ordering < on Mon(x), i.e.
x < 1. Now try to apply Buchberger’s Algorithm. At first, one has Im(f) = x

12
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and Im.(g) = x. Therefore, divide f by G. The resultis f — ¢ = x> =: f;. Now
Im_(f;) = x?. Next reduce f; and consequently f; —xg = x> =: f,. Proceeding
in this manner one has the strictly decreasing chain of monomials x > x? > x3 >
x* > ... Obviously, this chain is infinite and in conclusion Buchberger’s Algorithm
is inapplicable. However, one has the equation f — g —x - f = 0. This implies
(1—x)-f=g. Moreover, Im-(1—x) =1,ie. 1—xisa unitin the localization R.
This observation leads to weak normal forms and the Mora algorithm which will be
introduced in this chapter.

Another approach to compute standard bases by avoiding weak normal forms is the
method of Lazard which uses homogenization.

(3.14) Definition
Let f € K[x] such that tdeg(f) = d. The new element

=1t f(3, ., ) € K[t,x] is called the homogenization of f with respect to £.

(3.15) Example
Let ¢ = x1%3 4+ x1x3 + 3x9x3 + 4x3 € Q[x1, x2, x3]. The total degree is tdeg(g) = 4
thus ¢" = tx1x3 + t2x1x3 + 3x~;’x3 +4t2x3 € Q[t, x1, x2, x3].

(3.16) Remark

Consider the linear map x; — 3 which is multiplicative. Let f = Y a,x", a, € K.
a€ING

Now compute the homogenization:

o X Xn e X n
= pd s (f) f(Tl”T) _ stdeg(f) Z aa(%)al e T)Oén.
a€Ng

By multiplicativity one has

f= iai'fi/ a;, fi € K[x], n € N

i=1

and this implies

b _pdestf) g1 %
f t f(t"" t)
_pdes(H) .y (g (KL e
t l_zl(al fl)(t"’ t)
n
—ptdeg(f) . Yio o Any e X An
t Zaz(t,...,t)fl(t, ,t)

13
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Obviously, homogenization is not additive for f, g € K[x], i.e.

(f+)"=f"+g"
is wrong in general. As an example let f := x+1, ¢ := —x+1 € K[x]. This
implies (f +¢)" = 2 # 2t = f"+ ¢". Obviously, one has (fh)|t:1 = f. This
process of setting t = 1 is called dehomogenization. On the other hand, the equation
(f(x, t)|t:1)h = f is false in general considering the polynomial ¢ = tx — t?x. The
following subsections will present two methods for computing standard bases.

§3.1 Lazard

This chapter concentrates on the method of Lazard. The following lemma shows
an important compatibility relation. As a preparation for computing standard bases
define the following monomial ordering on Mon(t, x).

(3.17) Definition

The matrix A< induces a monomial ordering < on Mon(x) and this leads to a global
monomial ordering <; on Mon(t, x) by defining the matrix

c Q(n+1)><(n+1).

(3.18) Lemma
Consider A, from definition [3.17| and let m;,m, € Mon(f,x) be two monomials
such that tdeg(mq) = tdeg(my). This implies:

my >y my & (my) = > (M2))4=1.

Let ¢ € K[t,x] be a homogeneous polynomial of degree d > 0. There exists a
representation
G = 2 Ck/'gthﬁ
k+|B|=d
Let ¢k, 6,/ Ck, 5, 7 0 be two coefficients in this representation. By Lemma one
concludes:
th1xPr > thaxP2 o xP1 > xP2,
This yields:
(Im <, (G))|t:1 = Im <((G)|t:1)

14
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(3.19) Theorem (method of Lazard)
Let < be a monomial ordering on Mon(x) induced by a matrix A € GL(n,Q) and
I:=(f1,..., fm) C K[x] an ideal. The matrix

A, = c Q(”+1)X("+1)

: A
0

induces the monomial ordering <; on Mon(t,x). Additionally, let G := {g1,..., g5}

be a homogeneous Grébner basis of <f1h, ,f,’;> C K[t,x1, ey Xn]-

This implies that (G)|;—; := {(g1)|t:1, s (gs)|t:1} is a standard basis of I.

Algorithm 1: Lazard

Input: < a monomial ordering on Mon(x), @ # G C K[x] finite set of polynomials,
a normal form algorithm NF.

Output: a standard basis of (G).

S :=G;

T:={g"lg €S}

T := Buchberger(T| NF);

s = {(p=rlf € T};

return S;

Have a look at the following example.

(3.20) Example
Let S := {x+1? xy + y*} and < be the negative lexicographical ordering.
T:={tx+y% xy +y*}.

N—— = —

=fi =fp

f3 1= spoly(fi, ) = ty> — y*.
Applying Buchberger’s reduction yields NF, (f3|T) = 0.
By Buchberger’s criterion the set T is a standard basis of I := K|[t,x,y| (T) and by
the method of Lazard the set S is a standard basis of | := K][x, y] (S).

§3.2 Mora

Consider the following definition.

15
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(3.21) Definition
Let f € K[x] \ {0} and < be a monomial ordering on Mon(x). The ecart of f is
defined as

ecart < (f) := tdeg(f) — tdeg(lm (f)).

The following algorithm by Mora computes a weak normal form of polynomial with

respect to finite set G.

Algorithm 2: Mora

Input: Let < be a monomial ordering on Mon(x) and 0 # f € K[x], @ # G C K[x] a
finite set of polynomials.

Output: a weak normal form of f with respect to G.

q:=f

T:=G;

while g # 0 & T := {g € T| Im<(g)[Im<(q)} # @) do

choose ¢ € T; such that ecart(g) minimal;

if ecart(g)> ecart(q) then

| T:=TU{q};
end
q := spoly(4,8);
end
return g;

By using the previous algorithm one can compute standard basis similar to the case
of Grobner bases.

16
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Algorithm 3: computing standard bases with Mora

Input: < a monomial ordering on Mon(x), @ # G C K[x] finite set of polynomials,
a normal form algorithm NF (for example Mora).
Output: a standard basis of (G).
= G;

P:={(f.8)lf,.8 €S f#8h
while P # @) do
choose (f,g) € P;
Pi=P\{(f,9)}
h := NE(spoly(f, 8)5);
if (h # 0) then

Pi=PU{(hf)|f € S}

S:=SuU{h};
end

end
return S;

Mora’s algorithm will be applied in the following example.

(3.22) Example

Let R := K[x, ] (x ), and <ps denotes the negative degree lexicographical ordering.
Furthermore, define T := <y3 =191, X —2y =: g,y +3x> =: g3>R and f := x. The
underlined terms always represent the leading terms of a given polynomial.
h:=f=x

T:=G= {y3,g—2y,y+3x2}

First step:

Choose g = g, ecart(g) = tdeg(g) — tdeg(Im(g)) =0

h :=spoly(h,g) =2y

Second step: -

Choose g = g3, ecart(g) = 1>0 = ecart(h)

T:=TU{h=2y}

h:= spoly(h,g) = —6x>

Third step:

Choose g = g, ecart(g) =0

h:=spoly(h,g) = —12xy

Fourth step:

Choose g = 2y, ecart(g) =0

h:=spoly(h,g) =0

17
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h=0
By the above calculations one has f € T. Of course it is possible to compute the unit
u in the standard representation. Let /1; := 2y. Then:

xX—g =
hy —2g3 = —6x
—6x% 4 6xg7 = —12xy
—12xy + 6xh1 =0
hh=f—-g
(14+6x)f =g2+2¢3

2

§4 Local cohomology

This chapter will give a short introduction to local cohomology bases on the notes
of Craig Huneke and Amelia Taylor (see [15]). An application of local cohomology
is the computation of standard bases in a special case. Throughout this chapter, let
R be a commutative ring with 1.

§4.1 Injective modules

First, it is necessary to repeat some definitions concerning injective modules. Let R
be a commutative ring and let M, N be two R-modules.

(4.1) Definition
The set
Hom(M,N) := {f: M — N | f is R-linear}

denotes the set which contains all R-linear maps from M to N.

(4.2) Remark
The set Hom(M, N) is also an R-module.

Of course one can fix N and treat M as a variable. The result is the functor F :=
Hom(:, N). Let M, P1, P2 be R-modules and f : P; — P, be an R-module homomor-
phism.

e FM :=Hom(M,N)

18
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o Ff:FP, — FPy, g+ gof.

This functor is called the contravariant Hom-functor and the functor is left exact, i.e.
if

P, 2P0

is exact then
Ffa r

0 —> P p, 2 Fp,

is exact too. The following theorem defines and characterizes the property injective.

(4.3) Theorem
Let M, P;, P,, P; be R-modules an F := Hom(-, M). The following statements are
equivalent.

h Ffa Ffa

e 00— P — P fz/ P5 exact implies FP;

F F
e P L P, i) P53 exact implies FP; i) FP, i) FPj is exact.

FP, — FP; — 0 is exact.

If one of these equivalent conditions is true the module M is called injective.

Another very useful characterization of injectivity will be presented in the next the-
orem.

(4.4) Theorem (Baer’s Criterion)

Let M be an R-module. This implies that M is injective if and only if every R-
module homomorphism ¢ : I — M, I C R ideal can be extended to an R-module
homomorphism ¢ : R — M and ¢|; = .

For certain modules one can characterize injectivity by the property divisible.

(4.5) Definition (divisible)
Let M be an R-module. The module M is called divisible if

Vr € R VYm € M such that ann(r) C ann(m) 3m € M : riit = m.

(4.6) Definition (essential)
Let M, N be two R-modules such that M C N. The module N is called essential over
the module M if for all submodules {0} # T of N one has TN M # {0}.

If one of the three equivalent conditions of the next lemma is fulfilled the module N
is called an injective hull of M.
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(4.7) Lemma
Let M, N be two R-modules such that M C N. The following statements are equiv-
alent:

¢ The module N is injective and essential over M.
e If M C P C N and P is injective then N = P.
e If N C Q and Q is essential over M then N = Q.

(4.8) Lemma
Let M, N be two R-modules, M injective and essential over N. Furthermore, let P be
an injective R-module such that N C P C M. This implies that P = M.

Proof

Let N C P C M. Let Q be a submodule of M. The module M is essential over N and
therefore Q N N # 0. However, one has N C P and consequently 0 # QNN C QNP
and this implies that M is essential over P. Moreover, by assumption the module P
is injective. Consider the following exact sequence:

0O—P—M-— M/P.

By the injectivity of N this exact sequence splits, i.e. there exists an R-module T such
that M =P@ T and PN T = {0}. However, the module T is a submodule of M and
M is essential over P. Consequently, T = {0} and therefore M = P. O

The injective hull of an R-module M is an interesting object.
(4.9) Lemma

An injective hull of M is unique up to isomorphism.

Proof
Let M, M, be two injective hulls of M. Consider the following diagram.

id

0— MM My

i

M,

By the injectivity of M, there exists a map x : M; — M; be such that the diagram
commutes. First let n € M such that x(n) = 0, i.e. m € M Nker(x). The diagram
commutes and consequently one has m = x(m) = 0 and therefore M Nker(x) = {0}.
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The module ker () is a submodule of My and M; is essential over M, i.e. ker(x) = 0.
This implies that x is injective. By the homomorphism theorem one gets

My = im(x)

i.e. im(x) is injective, and one has the chain of inclusions M C im(x) C M. More-
over, the module M, is also essential over M and by previous considerations one
gets im(x) = M, and therefore y is also surjective. O

Consider the following lemma which will play an important role in this chapter.

(4.10) Lemma
Let R be a domain. The injective hull of R is its quotient field Quot(R).

Proof

If one treats Quot(R) as an R-module it is torsion-free. Therefore, Quot(R) is injec-
tive if and only if it is divisible. Let r € R\ {0} and s := % € Quot(R). Choose
the element t := Si—lr and this implies that - t = s. By these calculations the mod-
ule Quot(R) is divisible and hence injective. Next one has to prove that Quot(R) is
essential over R. Let ; € Quot(R) \ {0} and choose 0 # t € R. This implies that
t-§=s¢& R\ {0} and therefore Quot(R) is essential over R. The claim follows by
Lemma 4.9 and Lemma O

(4.11) Definition (injective resolution)
Let M be an R-module. An exact sequence

fo f f2

0—M— P >y Py — - -

/Pl

is called an injective resolution of M if P; is an injective R-module for all i. Further-
more, the resolution is called minimal if Py is an injective hull of M and P; is an
injective hull of ker(f;) for all i > 1.

(4.12) Lemma
A minimal injective resolution is unique up to isomorphism.

Now let M be an R-module, fix an ideal I C R and consider the following set
FM):=F(M):={xeM|IneN:I"x =0}.

Obviously, F;(M) is a submodule of M and moreover it gives rise to a functor
between R-modules. Let M be the set of all R-modules. Denote

Fr: M —)M,MH.F(M)
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(4.13) Remark
Let My, M be two R-modules and ¢ : M; — M be an R-module homomorphism.
The functor F maps ¢ to

F: Fi(My) = Fi(Mp), x — ¢(x).

Let x € Fj(M;), that is x € M; and there exists n € IN such that ["x = 0. By
definition of ¢ the element y := ¢(x) € M, and one gets

R-linear

0=¢(I"x) " =" I"¢(x) = I"y

ie. y € Fi(My,). Therefore, the map F¢ is well-defined. Consequently, the functor
JF1 is covariant.

(4.14) Lemma
The covariant functor F is left-exact, i.e. if

0 > My
is exact, the sequence

F F
0— .F[Ml Lfl} .F]Mz ;f% .F]Mg,

is also exact.

Proof

Let x € FrM;j such that Ffi(x) =0, i.e. fi(x) = 0. By the injectivity of f; this yields
x = 0 and therefore Ffj is injective. By the same calculations im(F;f1) C ker(F;f2).
Now let a € ker(Fif2), i.e. f2(a) = 0. By the inclusion ker(f,) C im(f;) there exists
b € M; such that a = f1(b). By the choice of a there exists m € IN such that I"'a =0
and consequently 0 = I"a = f1(I™b). By the injectivity of f; one has I"'b = 0 and
thus b € F;M;. Thus the claim follows. O]

Now let

fo f fa

>y Py — -+

0 > M > Py > Py

be a minimal injective resolution of M, apply the functor F, and ignore the term
F M. This yields the complex

0 — by 28 Fp, T Fp, TR
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The defect of exactness is given by the modules
H}(M) := ker(F fi41)/ im(F f;)

if j > 0 and
HY(M) := ker(Ffi)

if j = 0. By left exactness of functor Fe one gets the isomorphism HY(M) =~ FM.
Consider the following example.

(4.15) Example

Let R := K[x| be the polynomial ring in the variables xq,..,x, and I := (x) :=
(x1,...,xn). The ring R is a domain and by applying Lemma the injective hull
is given by Quot(R). Of course Quot(R) is an R-module and R is a submodule
of Quot(R) and this implies that Quot(R)/R is divisible. If R is a principal ideal
domain it is clear that Quot(R)/R is injective. In case n = 1 a minimal injective
resolution is given by

0 — R — Quot(R) — Quot(R)/R — 0.

Furthermore
Fi(R)y={x€R|IneN:I["x =0} = {0}

because R is a domain and by the same reason one gets F(K) = {0}. Therefore,
one has H}(R) =0 for all j # 1. If j = 1 the result is H}(R) = F(Quot(R)/R). Now
concentrate on this module:

F(Quot(R)/R) = {[ﬂ € Quot(R)/R|IneN: I" [ﬂ = 0}.

However, I = (x) and therefore

n

F(Quot(R)/R) = { 7] € Quot(R)/R | In e N [ﬂ] _ 0} |

S

Now let [f] # 0 and ged(r,s) = 1. Obviously, the equality [%] = 0 means that
x"r € (s) and consequently s € I, i.e. there exist m € IN and p € R with p(0) # 0

such that s = p - x™. Considering the prime factor decomposition p must be a divisor
r

of r. By these considerations one gets [£] = [%} ,1 € Ng and t € R appropriate. Of

S
course each element 4 € R[x"!]/R is an element of F(Quot(R)/R) and therefore
F(Quot(R)/R) = R[x~']/R.
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(4.16) Remark
If n > 1 the polynomial ring R is no principal ideal domain and consequently the
calculations presented in can not be transferred. However, the module H} (R) is
given by

H}'(R) = R[x; !, ..., x; 1/R,

see [15].

§4.2 Local cohomology and standard bases

In this chapter the objective is to compute standard bases for a special class of ideals
by using local cohomology. All results and ideas presented in this chapter derive
from the paper Change of ordering for zeroAmdimensional standard bases via algebraic
local cohomology classes written by Katsusuke Nabeshima and Shinichi Tajima and
published in 2015 (see [24]).

(4.17) Lemma
Let R := K[x| and I := (xy, ..., x,). This implies

H}(R) = lim Ext%(R/IF,R) (1)

where the limit is the direct limit of the K-vector spaces Ext II‘{ (R/I¥,R). Furthermore,
each element can be represented as a finite sum of terms

Ay | —
a+1 |7/
a€Ng X

a, € K.

The case n = 1 was already addressed in Example To compute the modules
Ext®(R/IF, R)

for n =1 consider the following example.

(4.18) Example
Let R := K[x], I := (x) and My := R/I*. First of all compute Ext&(R/I*,R). If k = 1
one gets a free resolution of M; = R/I by

7T

0—R—-3RZ M —0
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where i is given by
i:R— R, r—r-x.

This yields the complex
0 —» Hom(R, R) —— Hom((x),R) — 0.

By using the isomorphisms
Homg(R,R) =R

one obtaines the complex

where 1 = i* is given by
¢ :K[x] — K[x|,pr—x-p.

Therefore one has Extk(R/I,R) = R/I. If k # 1 one has gets by similar considera-
tions the result Ext& (R/I,R) = 0.

(4.19) Remark

In the following substitute all elements of the form [ L

m] by the polynomial y*, i.e.

thesum ) a4 [ﬂlﬁ] will be transformed to ) a,y*. The transforming map will
a€ING a€ING

be denoted by Y. Moreover, by the structure of the local cohomology which was

discussed in Example for n = 1 one uses the following multiplication:

x"‘*yﬁ = yﬁ_"‘

if B >w « and zero otherwise.

In order to describe the following algorithms the next remark will be useful.

(4.20) Remark

Let < be a monomial ordering on Mon(y) and let f = azy* + ¥ 4,y* be an element
a<i

of H ?X> (K[x]),i.e. Im(f) = y?, lc(f) = aa. The set of all monomials in f with nonzero
coefficients will be denoted as Term(f) and all lower terms in the representation of
f as lowerterm(f) C Term(f). If F C K]y| is a non empty finite set of polynomials
the set of terms is the union of all terms in the representation of each f € F and the
same holds for the lower terms. Furthermore, let m := y* € K[y| be a monomial.
The set of neighbours of m is given by

Neighbour(m) := {m-y; | 1 <i <mn}.
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Now let F := {f1,..., fi} C CJ|x] be a set of polynomials such that there exists a
neighbourhood, with respect to the euclidean norm, U of the origin such that

{wel| fiw) =0v1<i<l}={0} @
Now define the set
Hp = {ge Hl\y (KIX]) | g#fi =0V 1< i < l}

which is a C vector space. The idea is to compute a generating set of Hr with respect
to a local monomial ordering < on Mon(y) and finally one can use this generating
system to compute a standard basis of (F) with respect to the inverse monomial
ordering <~ 1.

(4.21) Definition

Let @ # F := {f1,...,fs} C K[x]. Denote by T a interreduced standard basis of
Term(F) and let M be the set of standard monomials of (T). Define the set MB(HF)

MB(H) := ¥ (M).

The next two results are essential for the algorithm ‘LocalCohomology’.

(4.22) Theorem

Let G be an interreduced standard basis of (F), @ # F = {f1,..., fs} C K[x] and
F finite, with respect to a local ordering <. Moreover let T be the set of standard
monomials of (Lead(G)), {y*,...,y*} = ¥(T) \ MB(HF) and let c) g denote the
coefficient of the monomial x? in the representation of

xT + Z c ;wx/\.
xA<x¥
This implies that for each i € {1, ..., k} there exists v; € K[y| such that

o fix¢;=0forallje {1,..s}, where ¢; := y* — Yy C,\,l,él.yA +v;
x*i€Term(G)\Lead(G)

e Im(v;) > a;.

(4.23) Lemma
Let ¢ € My := {91, ...,;} C K[y] and define M, := {p € M; | P > ¢}. The relation
y* € lowerterm(¢) implies

if a; > 1 then y* % € MB(Hr) U Term(My). 3)
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Algorithm 4: LocalCohomology(F.G,<)

Input: Given F := {fi, ..., fi} C C|x| fulfilling property 2| a local monomial ordering
< and an interreduced standard basis of F with respect to <, called G.

Output: A basis of the vector space Hr.

M := Compute MB(Hp);

T := Compute a standard monomial of (Lead(G));

S =g

@ = ¥(T)\ M;

U := Neighbour(¥(T)) \ ¥(T);
LList := &;

NC := {y* € U | y* fulfill condition } ;
while ® # & do
y* := the minimum of & w.r.t. <1
Q:=0\{y'Lp:=y" - L bg.ayP;
y*€Term(G)\Lead(G)
CL:={y” e NC |y” > y*} ULList;
p=p+ L ¥y, ¢, €GC
y?7eCL
fixp =0forall 1 <i <[ = solve the system of linear equations;
LList := LL(¢) ULList;
NC := NC\LL(¢);
NC := NCU{y" € Neighbour(LL(¢)) | y” fulfill condition 3]};
S:=SU{¢};
end
return S U M;

The algorithm will become clear in the next example.
(4.24) Example
Let f = xy? + 1> + x%y and

A 2, .2
F'_{ax'ay} —{y +2xy,2xy + 3y° + x }

Moreover, let < be the negative degree reverse lexicographical ordering. First com-
pute a standard basis G of F. Using Singular a standard basis of F with respect to

<gsis G = {Zﬂ +y% 2+ 2xy 4+ 3% 0 } Therefore, one gets the sets:
o Term(F) = {y? xy,x*}
* Lead(G) = {xy,x%,4°}
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¢ Initialization:
- M:={Ly1,y2}
T:={1,xyy*}

-S=0

- @ := {3}

- U= {y5y13}
— LList:= &
_NC:=o

e while ® # @ do

-y =y
- =g
-CL=9v

= ¢= Y3+ e + 3
— ¢ already satisfies f;x¢ = 0.

¢ Reinitialization

- 5:= {3+ v+ 33}
Finally, the result is {1,y1,yz, y3 — %ylyz — Zy%}.

Using a basis of the vector space Hr Katsusuke Nabeshima and Shinichi Tajima
present a possibility to compute a reduced standard basis of F. In their paper they
provide the following definition.

(4.25) Definition (the transfer)
Let < be a global monomial ordering on Mon(y) and A C H?x> (K[x]) be a finite

subset. Moreover, let f := y* + Y az.y* € A, f not a monomial, and B C Mon(y).
y — a4 y

>
The transfer of yf is defined as

SBA(yﬁ) = X’B — Z aﬁc,axa
y*€Lead(SL(A))
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if y* € lowerterm(A) and
SB 4(yF) := xP

otherwise.

Now one can compute a standard basis of a given set F C K[x| satisfying 2| by using
the following algorithm.

Input: Given F := {fi, ..., fi} C C|[x| fulfilling property [2| local monomial orderings
<1, <2 and an interreduced standard basis of F, called G, with respect to <1

Output: A reduced standard basis of F w.r.t. <;

y := LocalCohomology(F, G, <1);

compute a vector v which is built by the elements of Term(y) \ MB(HF) ordered

w.rt. <, 1 ;

A :=coefficient matrix of Term(¢y) \ MB(HF) w.r.t. v;

B :=row reduced echelon matrix of A;

¢ = By;

¥ := ¢ UMB(Hp);

@ := minimal basis of Neighbour(Lead(¥)) \ Lead(¥) w.r.t. <, ;

S := SBy(®);

return S;

(4.26) Example
Again consider f = xy? + 1 + x%y, <1=<ys, <2=<Js,

_Jof ol _y. 2 4 .2
F.—{ax,ay}—{y + 2xy,2xy + 3y +x}

and
G:= {ny + 2, 22 + 2xy3y?, y3}

By using Example one has

1
p = {Lyl,yz,y% = SY1y2 - Zy%} -

Moreover, Term(y) \ MB(Hr) = {3, y1y2,¥3} and therefore v = (y3, 112, ¥3). Next
compute the coefficient matrix.

Vi vz Y3
A= (-2 -3 1)
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Vi oy 3
B:= (1 ; -3)

¢ = Bo = (i + 3y1y2 — 303)-

¥ = {1y vi+ e — 33) |

® = Neighbour(Lead(¥)) \ Lead(¥) = {y1y2,¥3, 43}

S = {xy — }lleyz + %xz,x3}.

By the previous algorithm S is a reduced standard basis of F w.r.t. <j;.

(4.27) Remark
The Algorithm 4 and the algorithm 5/ has been implemented in the computer algebra
system Singular by the author of this thesis, see

§5 Flat embeddings

Most of the ideas in this chapter come from the book A Singular introduction to com-
mutative algebra written by Gert-Martin Greuel and Gerhard Pfister, chapter 6 about
complete local rings and chapter 7 about flatness (see [13]). Let K[[x]] be the ring of
formal power series. The goal of this chapter is to prove that the embedding

K[x]xy € K[[x]] is faithfully flat, i.e. K[[x]] is a faithfully flat K[x])-module. First
of all, it is helpful to recall some facts concerning the tensor product and m-adic
completions.

§5.1 The tensor product

(5.1) Lemma
Let R be a commutative ring and M an R-module. The following statements are
equivalent.

e M is flat.

e For all ideals I € R: The map I g M — M, r ® m > mr is injective.

(5.2) Lemma
Let R be a commutative ring, N an R-module and M a flat R-module, i.e. the functor
F := e ®@g M is exact. Then the following statements are equivalent:

e FN=0 = N =0forall N.
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* FN =0 = N =0 for all finitely generated N.
* FN=0 = N =0 for all cyclic N.
* M is faithfully flat.

(5.3) Lemma
Let R be a commutative ring, M an R-module and I C R an ideal. This implies:

R/I®@rM = M/IM.

Proof
Consider the mapping b : R/I x M — M/IM, ([r];,m) — [rm] ;.
b is well-defined: Let r € I and m € M. This implies rm € IM, i.e. [rm];,, = O.
By the universal property of the tensor product there exists a unique R-linear map
¢p: R/ITQR M — M/IM, [r]; @ m — [rm] ;.
¢y is surjective: Let [m];,, € M/IM, m € M. Obviously, ¢;,(][1 ] m) = [m]IM.
¢p is injective: a := Y [rj], ®@ m; € R/I®g M such that ¢ (a [ i i
]

Equivalently, this means ) r;m; € IM and therefore there exist s; € I and m € M
j
such that ) rjm; = }_symy. One gets the following calculations:
j k

. [rj], @mj= Zf] @mj =} [1]; ®rjm;

] ]

= 1 I®Zr]m] = [1]1®25k”~1k
i k

Z |; ®@my = 0.
kS~
Consequently, the mapping ¢ is an isomorphism. O

The next lemma will give a criterion to verify faithfulness.

(5.4) Lemma
Let M be a flat R-module.
M is faithfully flat if and only if mM C M for all maximal ideals m C R.

Proof
First assume that M is faithfully flat and let m be a maximal ideal in R. This implies
that the module R/m # 0 because R/m is a field, by the maximality of m. The
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fact that M is faithfully flat implies that the tensor product M ® R/m is not zero.
By using the previous lemma one concludes that M ® R/m = M/mM is not zero.
Therefore mM C M.
To prove the other implication one may assume by using Lemma that M is a
cyclic module, i.e. M = Rq, g € M. Only the case M # 0 is mterestmg Consider the
epimorphism N
¢:R— M, r—r1q.
The kernel of ¢ is annRM(q) := anng(gq) which is an ideal in R. The isomorphism
R/anng(q) = M #0

implies that anng(g) € R and, as a result, there exists a maximal ideal m C R such
that anng(q) € m. This implies M anng(q) € Mm C M and one gets

M®r M= M®gR/anng(q) = M/Manng(q) # 0.
This proves the lemma. [

(5.5) Example
Consider R = Z and M = Q. Let I C Q be an ideal, i.e. I = Zb, b € Z appropriate.
The mapping Q ®z I — Q, g ®r — q - is injective. To see that let g; := % € Q
and bs; € Z, s; € Z and let
b- Zqisi =0.
1

In the case b = 0 the map is of course injective. If b 7 0 one has b - }_g;s; = 0. Now
i

let 0 # B :=J]B; and consequently }_;s; =0, 7; := Bgq; € Z. This yields
i i

Y qi®@bsi =) bgi®s;
z' i

i 1
=) b ®si=) b-®s;
; ﬁ 1 ; ﬁ 11

1

=bz®) 7isi =0
5
N o’
=0

Consequently, the mapping is injective and using Lemma this implies that Q is a
flat Z-module. However, let m := Z2 the maximal ideal generated by the element 2
and let 7 € Q. Of course, one gets 2 - 5= = * and therefore mQ = Q. By the previous
Lemma Q is not a faithfully flat Z-module.
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§5.2 The m-adic completion

Let R be a Noetherian local ring with maximal ideal m and M an R-module. To
define the completion of M one needs the definition of a stable I-filtration, see Defi-
nition The following Lemma is of particular importance.

(5.6) Lemma
Let {My},cn, and {Nu}, o, be two stable [-filtrations of a S-module M. This im-
plies the existence of an index kg € INj, such that

Mn+k0 C Nn
N]’l—l—ko g Mn
for all n € INy.

Proof

First of all, consider the special stable I-filtration P, := I"M. By assumption there
exists ny € INg such that M, 1 = IM,, for all n > ny. Therefore, IM;, = M, 41 and
by induction this implies I"M;, = My,+, for all n € INg. This implies further that
Myy1n = I"M,, € I"M = P,. On the other, hand from the inclusion IM, C M, 4
one can derive by induction P,4,, C P, = I"M C M, for all n € Ny. In particular,
the lemma is true if one takes a stable [-filtration {M, }, ), and the special filtration
{Pn}nelNo' That means there exists /[y € INg such that N,,;, € P, and P,1;, € N;. By
defining the maximum m := max {n, [y} one may assume that ny = Iy without loss
of generality. Then one gets the following steps:

Mn+2n0 — InJrnoMnO — InoMnoJrn g Inopn — In+n0M — anrnO g Nn
Nn—i—Zno — In—H/loNnO — IﬂoNﬂ(ﬁ_ﬂ C ITloPn — In—i—ﬂOM — Pn—i—no C Mn

for all n > 0. A possible choice for the index ky is 21y and the claim follows. (]

Now consider the following definition.

(5.7) Definition
Let M be an R-module and {M,},, a stable m-filtration of M. The set

MMW = {(ml,mz,...) c HM/M] ‘ my —mj € Mk, Vi > k}
i=1

]

is called the completion of M with respect to {My },,c,-
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Of course, M is an R-module. Due to Lemma the definition of M is independent
of the stable m-filtration.

(5.8) Lemma
The R-module M does not depend on the stable m-filtration.

Proof

Take two m-filtrations {My },,c, and {Nu},,cn, of M. By Lemma 5.6/ there exists an
index ng € N such that M;;;+» € N, and Ny 4+, € M, for all n > ny. By using this
inclusions the following sequence of canonical mappings is well-defined:

71.’1, 7'(2,
M/Mn+2n0 —n> M/Nn+n0 4 M/Mn/
where 71, and 71, , are projections. It is easy to extend this sequence to the sequence
N o~ o o~
Mpy, — MN, — Mp,,

where the mappings 711 and 71, are given by

(771 ((m1, ma,..))); = 701 j—no (M my), jzmo+1
] 71,1 (M2ny41) (mod Nj), j < ng

and
(72 ((n1,nz,---)))]- = 702,j(Nug+j)

respectively. Now compose these two mappings:
(2 (701 (m1,m2,...))); = [m2n0+j}Mj = [mj}Mj'
since 2ng + j > j. On the other hand, one gets:
(711 (712 (”1,142,---)))]' =m ((ﬂz,l(”noﬂ)z 7T2,2(nn0+2)/-"))]'

[”3n0+1]Nj ] < ng

[”2no+j] N] /j > no + 1 .

Of course, one has n; — nz,11 € N; for all j < ng and 71y, j — 1,11 € N; for all
j > no + 1. Therefore, the equalities 7rj o 71 = idg and 7 o 711 = idy; are verified
and the claim follows. Ll

Because of the previous lemma it is convenient to write M instead of Myy,. The
following lemma will show that exact sequences remain exact sequences if one con-
siders the sequence of completions.
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(5.9) Lemma
Let M, N, P are finitely generated R-modules such that the sequence

p

o

0O—N—M—P—0
is exact. Then the induced sequence
0N mp o0

is also exact where

and L R
B: M — P, (my,my,...)— (B(m),B(ma),...).

Proof
Without loss of generality let N be a submodule of M and a(n) = n, i.e. « = idy.
The set {miM}i N, 18 stable m-filtration with respect to the R-module M. By the

Lemma of “Artin Rees’ the set {miM NN }1. €Ny is a stable m-filtration of N and the
inclusion m'M N N C m’M holds anyway. That is why the mappings

¢y N/ (WMON) — M/mIM, (1] ey = g
are well-defined and injective. Moreover, the induced map
i M/WM — P/0/P, [m]ypg = [B(m)]p
is well-defined and surjective for all j. To see that i; is well-defined let m < m' M.
Then B(m) € B(m'M) = m'B(M). Furthermore, let f(m) € m'P, i.e. there exists

——
=P

¢ € m'M such that B(m) = B(c). This implies:
m —c € ker(B) = im(a).
Therefore, there exists n € N such that m — ¢ = n and in conclusion
(1] qis € iM(N/ (mMON)).
On the other hand,

¥i(¢;i([n])) =

ﬁ(«x(n))] =0.
N——

=0
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This proves that the sequence
0— N/ (mem N) I M/miM -2 P/mlP — 0

is exact and, moreover, the induced sequence

=)

0-—N-“m-sp

is exact because by using the Lemma 5.8 the m-adic completion does not depend on
the stable filtration. The last step is to prove that the mapping B is surjective. Let
p = (p1,p2,..) € P and let my, my € M such that B(m;) — p; € m'P which exist by
the surjectivity of B. By definition p; — pp € mP and this yields

p(m1) — B(mz) = p(7)

for some T € mM. This implies m; —my — 7 € ker(B) = im(a) and there exists
n € N such that m; — mp = T+ n. Now define m}, := my + n. By definition

mhy—my =my—m +n=—T€mM
and
Blmz +n) —p = B(ma) —pa+ Pla(n)) €m*M.
——r
=0 (exactness)
Iterating this procedure one gets an element m := (my,m}, m},...) € M such that
B(m) = p holds. O

(5.10) Lemma
The map

~\Nn o~
P : (R) — R,
((my1,mi,...), ., (My1,My0,..)) — (M1, ., My 1), (M2, .., My 2), ...)

is an isomorphism.

From this lemma one can deduce a very useful corollary.

(5.11) Corollary
Let M be a finitely generated R-module. This implies the isomorphism

M®R§§]\7I.
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Proof
The R-module M is finitely generated and R is a Noetherian ring, i.e. M is finitely
presented. Let M = R"/AR™ and A € R"*™. That gives the exact sequence

7T

R" A5 R M — 0,

where 7 is the projection mapping. Then by Lemma [5.9 and keeping in mind that
the functor e ®r R is right exact one gets the commutative diagram

R R M 0
¢1[ ¢2T lPT
R"®@g R—=R"®@g R—> M ®g R——=0

with exact rows. The map ¢ is given by
P: MRy R— Mme (r1,12,...) — (mry,mry, ...).

The maps ¢; and ¢, are isomorphisms. By diagram chasing this implies that ¢ is
also an isomorphism. O]

(5.12) Theorem

Let M;, M; be two finitely generated R-modules and f : M; — M, be an injec-
tive map. The module R is flat as an R-module with respect to finitely generated
modules, i.e. the induced map

f®idﬁIM1®RR\—>M2®R§
is injective.
Proof

The sequence
00— M| — M,

is exact and by conclusion the sequence
0 — My — M,
is also exact. Using Corollary one gets M; = M; ®g R, i € {1,2}. In other words,

the map f ® idy is injective. O]

The next question which arises is whether the functor @ @ R is faithful. Actually, it
is convenient to use Lemma 5.4/ and that is why the maximal ideals of the ring R are
of interest.
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(5.13) Lemma
The ring R is a local ring with maximal ideal

m:= {(ml,mz,...) eER|m = 0}.

Proof

Let n := (ny,ny,...) € R such that n; # 0, i.e. n; ¢ m. The ring R is local, i.e. nj is
a unit. Moreover, n; —n; € m for all j > 1. The fact n; € m would imply n; € m a
contradiction. In conclusion, nj € R* for all j > 1. Therefore, n € R*. This implies
that R is a local ring with the maximal ideal m. ]

Furthermore, by using Lemma 5.4]the following lemma proves that @ ® R is faithful.

(5.14) Lemma
The extension of m with respect to R is not equal to R, i.e. mR C R.

Proof
By Lemma [5.13| the maximal ideal of R is equal to

m:= {(ml,mz,...) ER|m = 0}.
Letr:= (r,12,..,) € R and m € m. Then:

m-r=(mry,mry,..) €M C R 4)
——

em
Now let 6 :=}_ m;r; € mR, mj € mand r; € R. By inclusion (4) it is clear that § € @
j

and this implies mR CmC R and the claim follows. O

As a special case consider R = K][x] (), where K is a field. The maximal ideal is
m = (X).

(5.15) Lemma

The completion of R is given by K[[x]].

Proof
Consider f € R, ie. f = g with p,q € R and g(0) # 0. Without loss of generality the
polynomial g has the structure

g(x1, . xpy) =1 — Z Ay x™
aeN™\{0}
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and the set {« | a, # 0} is finite. By using the geometric series it is clear that the

equality
- j
Py, y Y a
q j=0 \ aeN™\{0}

is true in K[[x]]. That means that one has the inclusion K[x] C K[[x]] =: S. The
next step is to construct an isomorphism. Consider the following R-linear map:

Y5 — R f(x,mxn) = Y bpxf s <f0 ), fot+ fi + <x>2,...),
BEN™

where bﬁ € K,

{Blbg#0}| € Npand f; = Y bﬁxﬁ. The map Y is well-
BEN™, |B|=j
defined, because choosing j > i one observes that

j i .
I;Ofk—zfz: Y bgxP € (x)'

1=0 BeEN", i<|B|<]
holds. ,
J :
Y is injective: Let ¥(f) = 0, i.e. one has Y f; € m/*! for all j > 0. However,

k=0
tdeg(fx) < j+1forall k < jand this implies f; = 0 for all k < j because

W= (7] |y =j+1}).

In conclusion f has to be zero.

¥ is surjective: Let p := (p; +m,py +m?%,...) € R. Without loss of generality it is
possible to choose p; € K[x] by using the geometric series. Considering equivalence
classes it is convenient to represent p as

p = (poo+m, pro+pi1+ m?, P20+ P21+ P22+ m°, )

with tdeg = j for all monomials in the representation of py ; or py ; is equal to zero.
However, the fact p € R implies p1; + pio — poo € m. This implies poo = p1,
~— ~— ~

tdeg=1 tdeg=0 tdeg=0
because p;;; € m. By induction it is evident that py; = pyy1,; for all k and for all ;.
Therefore, one can represent p as

p = (poo+m, poo+pia+m poo+pia+pa2+m’.) =YY pi)
=0

This proves the claim. O
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In conclusion, using the previous lemma, the embedding
KX ) € K[[x]]

is faithfully flat for all finitely generated K][x]-modules.

(5.16) Lemma

The embedding

Kx](x) € KI[[x]]
is faithfully flat for all K[x]-modules.
Proof

Let I C K[x]y =: R be an ideal. The ring R is Noetherian and consequently I is
a finitely generated R-module. Of course, R itself is a finitely generated R-module
and by Lemma one has the injective mapping
N—_——
=R
where f is the natural embedding
f:I1—R, qg—q

which is injective. The ideal I C R was arbitrary and by applying Lemma [5.1] this
yields that R is a flat R-module. By using Lemma the embedding is faithful. []

This fact will be very important for studying Bernstein-Sato ideals and the Bernstein-
Sato polynomial respectively.

§6 The Weyl algebra

This chapter will summarize some important facts about the Weyl algebra, especially
the polynomial Weyl algebra (for more see [18]).

(6.1) Definition
Let K be a field. The Weyl algebra is the non-commutative ring

., 0 ., 0
Dn = (K[X])[al,ld, a—xl] s [an,ld, E]

Another common notation is
D, =K <X, d | ala] = 8jal-,xix]~ = x]-xi, ajxi = xia]' + (5(1,])> ’

where 4(i, j) denotes the Kronecker-Delta.
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The following lemma gives some properties of D,

(6.2) Lemma
e The set B := {xi‘l X -8’?1 e 85" | ag, B1 € ]No} is a K-basis of D,,.
e D, is a Noetherian domain.
e If char(K) = 0: Dy, is simple and Z(D,) = K.
* D, 2Dy ®k - @k Dy

'

n times

§6.1 Standard bases in D,

This chapter will always deal with left ideals, i.e. one talks about left division, left
standard bases and left S-polynomials. Moreover, the definition of standard basis
will be generalized to the non-commutative case. The set of monomials in D, is
Mon(x,d). Let < be a total ordering on Mon(x, d). Given a polynomial f € D, one
can define the leading monomial, the leading coefficient, the leading exponent and
the leading term of f as usual.

(6.3) Definition
Let hy, hy, hs € Mon(x,d). A monomial ordering < on Mon(x, d) has the following
properties:

* < is a total ordering
* ] <hy = Im- (hghl) < Im- (l’l3h2)

e 1 <hy = Im. (h1h3) < Im- (hzhg)

The following lemma presents a monomial ordering with a special property.

(6.4) Lemma
Let f,g € Dy \ {0} and let < be a monomial ordering on Mon(x, d) with the addi-
tional property

Im - (9;x;) > 1,

i.e. Im<(0;x;) = x;0; for all i. This implies:

Im (f - g) = Im <(Im <(f) - Im <(g)).
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(6.5) Remark
Let f,g € D, such that Im_ (f) = x*1 - 9 and Im_(g) = x*2 - 3f2. Lemma [6.4] yields

1m<(f . g) — xmta, gbitp2

Since there exists a one to one correspondence between monomials in D, and tuples
in N3" a monomial ordering on D, can be encoded by a matrix, see Theorem 3.2 for
the commutative case. Moreover, the concept of monomial orderings in local Weyl
algebras like

0
(D= Kixy (2 | 3if = for+ 3,
Xi
where p C K[x] is a prime ideal, is similar to the commutative case as well.

(6.6) Example
Let n = 1 and consider the matrix

X Oy

0 1
am (01)

This matrix induces a monomial ordering < as in the commutative case. The expo-
nent vector of the monomial xd, is v1 := (1,1) and v, := (0,0) of the monomial 1.
This implies:

A.v; = (1,1) >l][J (0,0) = A1

and therefore xd, > 1.

(6.7) Definition
Let

0# f =x"19P1, ¢ = x29P2 € Mon(x,d)
be two monomials. One says that f is left divisible by g if
ay <ew &1 and ,32 <cw ,31-

A common notation is g | f.

By using this definition one can define standard bases.

(6.8) Definition
Let 0 # I C D, be a left ideal and < be a monomial ordering;:
A finite, non-empty set G is called a standard basis for I with respect to < if:
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e GCI
* V0 # f €I 3g € G withlm.(g)|lm<(f).

One possibility to compute standard bases will be presented in the following lemma.

(6.9) Lemma

Let G C D, be a finite subset, | := (G) and < be a monomial ordering. Furthermore,
assume that one has a normal form algorithm NF. to divide a polynomial by a given
set of polynomials.

G standard basis of [ <= NF (spoly(g,h)|G) =0 forall g,h € G, g # h.

(6.10) Remark

The method of Lazard introduced in chapter 3/can be modified to compute standard
bases in the non-commutative case (see [9]). The technique of homogenization is
similar to the commutative case, one, however, has to use a modified relation, i.e.

aix]' = x]'al' + 2. 5(1,])

To finish this section have a closer look at the following example.
(6.11) Example
Let F := {x0%2 + x%0y,02 4+ 9, } C Dy and I := (F) C (D1) (x)- Furthermore, choose

X Oy

0 1
A<= (—1 0)

and let < be the monomial ordering on Mon(x,dy) induced by the matrix A, i.e.
the variable x is local and the differential operator dy is global. One can compute a
standard basis by using homogenization and the method of Lazard. The homoge-
nization of F looks as follows:

i = {xa§ 4 %29y, 0% + 0y - t} .
The following code calculates a standard basis of F in Singular.

LIB "nctools.lib";

intmat m[3] [3]=1,1,1,
0,1,0,
-1,0,0;
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ring r=0, (t,x,dx) ,M(m);
matrix c[3][3];
c[2,3]=t*t;

def S=nc_algebra(l,c);
setring S;

poly f=x*dx*dx+x*x*dx;
poly g=dx*dx+t*xdx;
ideal I=f,g;

ideal G=slimgb(I);
//G[1]=dx~2+t*dx
//G[2]=x"~2*dx-t*x*dx
//G[3]=2%t~2*x*dx-t~3*dx
//G[4]=t~4xdx

By Lazard a standard basis of I is given by
{a§ + 9y, X%y — XDy, 229 — O, ax} .

Another, obviously more simple, standard basis is {9y }.

§7 Bernstein-Sato ideals

§7.1 General observations

This chapter will summarize some ideas of the paper "Remarques sur 1'idéal de Bern-
stein associé a des polyndmes" written by Joél Brian¢on and Philippe Maisonobe (see
[7]). Let K be a field of characteristic zero and D,, the n-th polynomial Weyl alge-
bra. This chapter deals with Bernstein-Sato ideals and Bernstein-Sato polynomials
respectively.

(7.1) Definition

Let Dys] := Dyls1,.,5m| := Dy @k K|[s1,...,sm| and f1, ..., fm € K[x1, ..., x4]. Define
the set

I :=If, f,
m . m

= {b(Sl,...,Sm) € K[Sl,...,Sm] | dP € Dn[Sl,..,Sm] : P.]‘_[fisiJr — bl—[flsz}
1 i=1

i=1

This set is an ideal in K[sy, ..., s;;] and is called the global Bernstein-Sato ideal or the
global b-function.
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Consider a short example.

(7.2) Example
Let n =1 and f = x%. Consider the following calculations:

dre Sl =(s4+1) -2«
e fil=s(s+1)- fFlax? 4 2(s+1)- ff = (4s(s+1)+2(s+1)) - f°.

In conclusion, choosing P := }18326 one has:

Pefl=(s"+ s+ )fs (s+1>-(s+%)fs.

This polynomial is monic and the one with smallest total degree having the desired
property. Therefore, the global Bernstein-Sato polynomial is by = (s +1) - (s + 3).

(7.3) Lemma ([81],[19])
Iy,,..r, # 0.

First, consider the case m = 1, i.e. there is one polynomial f € K]xy, ..., x,] and there
is one variable s. The symbol f* is the generator of the module

1
Sms 7 If°

K[x1, e X1, 81, e

which is a free 1
—]-module.

Sml f

K[X1, e X, 51, oo

The module 1
Smy ?]f ’

can also be interpreted as a module over the Weyl algebra by using the following
relations:

1. x; og(s,x)f5+j =x; - g(s,x)fsﬂ
2. seg(s,x)ft =s-g(s,x)ft
3. 91 0 8ls,x)f T = B (s + f)g o, x)

The element g is a polynomial in the variables x,s and the number j is an integer.
Especially the case m = 1 will be studied in more detail. In this case the polynomial
ring K([s] is a principal ideal domain, i.e there exists a unique monic generator of the
ideal If. This element is called the global Bernstein-Sato polynomial and will be de-
noted by by. The following lemma presents an approach to compute this polynomial.

K([x1, . X1, 81, e,
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(7.4) Lemma
With the notations above one has the equation
(ann p, g () +p, 5 (F)) NKIs] = (by).

Proof
By definition of the global Bernstein-Sato ideal there exists an operator P € Dy]s]
such that

Pefth=be(s) f°.
In particular, this implies (P - f — by) ® f = 0 and consequently

by € (amen[s](fs) +,[s] (f)) N K[s].

On the other hand, assume there exist P, Q € D,[s| having the property

Q+P-fe (annpn[s}(fs) +D, 5] (f)) N Kls],

i.e. there exists a polynomial & € K[s| such that Q + P - f = h. Now interpret both
sides as operators and let them act on the symbol f°.

(Q+P-f)ef =h(s)-f°
— Qe f tPef T =h(s)
=0
=Pe T =h(s) - f°.
Concluding h(s) € Iy = K[s] (b(s)). This proves the claim. O

This lemma provides a possibility to compute the polynomial by in three steps.
* Compute annp, (g (f°).
* Add the polynomial f to annp, i (f°).
¢ Eliminate the variables x, d from the ideal

ann p, (5 (f°) + Dhuls]f.
(7.5) Remark
Consider the product 9; e f5*1. One gets the following computations:
of
axi

<=>(8if—(s—|—1)§—£)of5:0.

dief T =(s+1)f°
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Consequently, the ideal
d .
Dy ls] <{aif— (s+1)a—£ 11<i< n}>
1
is a subset of ann p 5 (f*).

(7.6) Remark
Assume that s = —1. By the existence of the global Bernstein-Sato polynomial there
exists an operator P € D,[s| such that

(Pof s =by(-1)- 7

If f € K[x]\ K the right hand side has to be zero because it has a non constant
denominator and the left hand side has not. Consequently, one gets bs(—1) = 0.

So far the the discussion dealt with the global Bernstein-Sato ideal and the global
Bernstein-Sato polynomial respectively. Actually, there is a local analogon. Let p C
K[x] be a prime ideal and consider the algebra

(Dn)pls] = (Du)p ©x K]s),

with (Dy), = K[x]p <a | [9;, f] = §—£>. This set is called the geometric localization
of the Weyl algebra or the local polynomial Weyl algebra. As described in the global
case one gets the following definition.

(7.7) Definition
The set of polynomials in K[sy, ..., Sy]

Iplflr"-/fp = p/f
m

= {b(sl,...,sm) € K[s1,...,Sm] | AP € (Dn)p [$1,.,Sm| : P ol_[fl.strl = bﬁff’} .
i=1

i=1

is called the local Bernstein-Sato ideal with respect to p.

The next lemma gives a relation between the global and the local case.

(7.8) Lemma (Brian¢on-Maisonobe([7]))

= (1 b= (1 Infife

peSpec(K[x]) m maximal

47



Ore Localization with applications in D-module theory §7 Bernstein-Sato ideals

Proof

Consider the sets D,[s]f* and D, [s]f* as K[x]-modules. Furthermore, let p € K[x]
be a prime ideal and b(s) € K]s] a polynomial. By using Lemma one gets the
following isomorphism:

(b(s)—pn[s]fs > %Jb(s)—((D
p

an [S] fs—i—l

If b(s) € I then b(s) DD’EJ]Sf]Sfil = 0. This implies, by using the above isomorphism,

that b(s)% = 0 for all prime ideals. In conclusion, b(s) € I, is true for all

prime ideals and therefore b(s) € N Lyg.
peSpec(K[x])
On the other hand, let b(s) € N I, ¢, i.e. by using the isomorphism in the
p€eSpec(K[x])

DZZFJ]Sf]:il>p = 0 for all prime ideals p C K|[x|. Now the

Lemma [2.14] says that b(s)%

using [2.14] one can replace the interection over all prime ideals by the intersection
over all maximal ideals which completes the proof. O]

other direction one gets (b(s)

= 0 and therefore one has b(s) € I;. Again by

In the case m = 1 it is again clear that K[s] is a principal ideal domain. Now assume
that K = C and let m be a maximal ideal in K[x]. Obviously, the maximal ideal has
the form m =: m, := (x; —ay,..., X, — ay), where a := (ay,...,a,) € C" is a point.
The unique monic generator of the ideal I, y will be denoted by by ,. The following
lemma is the local analogon to Lemma

(7.9) Lemma

(am‘ (D) g5 ) (D), 15 <f>> NK[s] = (bfa)-

mal

The proof is quite similar to the proof of Lemma Similar to the global case, one
has the following lemma:

(7.10) Lemma
Let f € C[x] and a € V(f). Then:

(S + 1) I bf,a-
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Proof
There exists an operator P € (Dj,)m,[s] such that

Peftl =bg,(s)f". (5)

Now let s = —1. Multiplying both sides of equation (5) by f and replacing s by —1
yields

f' (P.fs+1)|5:—1 = bf,a(_l)'
By assumption, f ¢ (C[x]m,)" and consequently no denominator in the representa-
tion of P contains f. Therefore, br,(—1) has to be zero. O

(7.11) Remark
Leta & V(f),ie. (f € K[X]m,)". Consider the operator P := f~!:

Pe fs+1 — fs.
Therefore, the local b-function in a is given by
bra=1.

The next theorem contains a very useful result because it describes a relation between
the global Bernstein-Sato polynomial and the local Bernstein-Sato polynomials.

(7.12) Theorem (Briancon-Maisonobe (unpublished),Mebkhout-Narvaez ([23]))

b= lem by,
I aesing(s) 1

It is proven that the polynomials by, are not zero and by the previous theorem the
global Bernstein-Sato polynomial is not zero either. Now consider that the coeffi-
cients of the differential operators are not fractions but holomorphic functions with
coefficients in C.

(7.13) Definition
The ring of holomorphic functions from C” to C will be denoted as Ocn.

Similarly to the case of fractions one has the following definition.
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(7.14) Definition
The algebra
Den [S] = Dcn Q¢ C[S]

is the Weyl algebra with holomorphic functions in C" as coefficients.
Furthermore, let 2 € C" be a point. Define

DC”,ﬂ [S] = DC",a &c K[S]
The coefficients of the differential operators are functions which are holomorphic in

a neighbourhood of a with respect to the Euclidean topology.

Of course, it is again possible to define the Bernstein-Sato ideal.

(7.15) Definition
Let a € C" be a point and define the analytical Bernstein-Sato ideal with respect to
a:

Tognat = {b(s) € K[s] | () € Do a[s]f 1}

There is an amazing relation between the analytic and the local algebraic situation.

(7.16) Lemma (Brian¢on-Maisonobe([7])
Let a € C". Then one has the following equality:

Lot = T, t-

Proof
Without loss of generality let a = 0. Remembering the section about flat embeddings
(see chapter [5)), the embedding

ClxX](x) € Ocnp

is faithfully flat. Now let M; — My — M3 be an exact sequence of left C[x] -
modules. By definition of flatness the sequence

M ¢y, Ocno — M2 Ocly,, Ocno — Mz B¢y, Ocro

is also exact. Consider two left C[x] <x>-modules My and M, with M; € M. One
gets the exact sequence

0 > My > M> ‘Mz/M1—>0.
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Therefore, the sequence
0 — My ®C[x] " OC",O — Mp ®C[x]<x> Ocnpg — Ma/M; ®C[x} - Ocng — 0

is also exact. Using the exactness and the homomorphism theorem leads to the
isomorphism
M3 ¢y, Ocno

M; ©cx,, Ocro

M/ My @cly,,, Ocno =
Choose My := (Dp)m,[s]f™ and My := (Dy)m,[s]f. In conclusion, there is the
isomorphism

M ®cly ,, Ocn 0
M @cpy,, Ocro’

b(s) - Ma/ My Q¢ Ocno = b(s) (6)

Moreover, the tensor product M; Q¢ ” Ocn  is isomorphic to the module

Den o[s] 5.

To visualize this, remember that an element in K[x|y,, is a rational function and the
denominator does not vanish in a € C". In particular, this element can be interpreted
as an holomorphic function in an appropriate neighbourhood of a. If one considers
the module M and gets a similar result. Now let b(s) € Ip, q¢ i-e. the module

Dcn,a [S] fs
Dcr g[s] £+l

b(s)

is equal to zero. By the isomorphism (@ and the fact that the functor Ocn, ¢y 0 ®

is faithful it follows that .
(D,)m, [s]f

") D, ls]

is equal to zero which is equivalent to the statement that b(s) € I, ¢ The other
implication includes the same considerations. [

(7.17) Lemma ([5])
Let f1, ..., fm € K[[x]] and uy, ..., u, € K[[x]]*. This implies:

Ito = Ly.£0-
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Proof
The key element in this proof is the following consideration:

ai ° (fs+1 . uS)

= is'auj 149, eff™| us.
= T9x; 7

Moreover, let P = Y f(x)0" € K[[x]] <8 | 0;f = fo; + > Then

a€Ng
die((Pe £+ %) = (00 (Pe £51))u® + (Pefsl). (0j e u®)

=((0;P) o £ )u® + (P e ) (Z sku—la”k>

m
Now define Py :=9d;P and P := ) spu; 132"P then one gets the equality
k=1

dje (Pef™u®) = ((P+Py)ef ') v
By an easy induction one gets the inclusion
My =Dy s]  (F1u%) C (Dyfs] o £+ = My,

To prove the other inclusion consider the following calculations:

aj ° (fs—i-luS) — (3]' ° fs+1> cus + (aj .uS) . fs+1
——— —_———
EMl 6./\/11
(0;0k) o (FFH1u®) = dje((Oxe £571) . u%) 4 9j e (0 e u®) - £511)
E?Ql

= (a]-ak ° f"ﬁl)uS + (O ® fs+1) . (8]- ou®)

(.

~~

eMy
Foje (Bpeu) £,

7
~
eM;

Again by an induction it is obvious that (P e fS“)uS € My forall P,ie. M, C M;.

Now consider the functional equation:

Peftl = p(s)fS.
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Let u be a unit. Using the result M, = M, this implies that there exists an appro-
priate Q:

b(s)fu® = (P.fs—H) w*=Qe (qus—H)
= (Qu—l) ° (fu)SH.

This implies Ify C I.£0. Analogous calculations lead to the other inclusion. U

Consider a short example.

(7.18) Example
Let f=x*+y*22 + 22 e K[x,y,z and u =1+ x+y+z € (K[x,,2] ()"

a—zx
of _,.2
@—Zyz
of 5 2 2
aZ—ZZy + 3z

The singular locus is given by

Sing(f) = {(0,¢,0) | ¢ € C}

and hence (0,0,0) is not an isolated singularity. Using Singular one gets the follow-
ing results:

LIB "dmod.lib";
ring R = 0, (x,y,2),dp;
X2+y2z2+23;

poly £
bfct (£) ;
Singular calculates the global Bernstein-Sato polynomial:

//1]:

// _[1]=-1
// _[2]=-4/3
//  _[3]=-3/2
//  _[4]=-5/3
//12]:

// 3,1,1,1
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The global Bernstein-Sato polynomial of f is

b= (s+1)° (s+5) s+ 2) - (s+2).

Now let Singular calculate the local Bernstein-Sato polynomial of f in the point
a:=(0,0,0).

LIB "standardweyl.lib";
ring R = 0,(x,y,2),dp;
X2+y2z2+z3;

poly £
bfct(f);

vector v=[0,0,0];

number n=-1;

checkrootlocal(f,v,n);

//Singular checks whether -1 is a root and calculates its multiplicity.

//T1]:

// 1
//12]:
/2

This procedure can be replicated to check the other roots of the global Bernstein-Sato
polynomial. By Lemma it is clear that this suffices because a € Sing(f). Finally,

the result is: A 3 5
— 2, ). ). -
beo=(s+1) (s+3) (s+2) (s+3).
Now apply the same procedure to u - f and check if —g is a root.

LIB "standardweyl.lib";
ring R = 0, (x,y,z) ,dp;
(x2+y222+2z3) * (1+x+y+2z) ;

poly £
bfct(f);

vector v=[0,0,0];
number n=-5/3;
checkrootlocal(f,v,n);
//[1]:

/] 1

//12]:

/] 1

Repeating this again one gets the same local Bernstein-Sato polynomial.
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§7.2 Connections between the global and the local world

There are some important facts that connect the global and the local case. First of all
consider the set
S :=K][x,s] \ <x,s>K[

x,s]

This set is a multiplicatively closed set in D, [s].

(7.19) Lemma
The set S is a left-Ore set in the n-th polynomial Weyl algebra.

Proof
Let u € S and p € Dy[s]. One has to prove that there exist elements v € S and
g € Dy|s] such that
g-u=uv-p.
An equivalent assignment is to find v € S and g € D, |s] such that

q:v.p.uf

Without loss of generality let u = 1+ f(x,s), f € K[x,s] and f(0) = 0. Consider the
following calculation:

The partial derivative of f is an element of K[x,s|. Given a general differential
operator 9%, & € IN?, all denominators of the element 9" - % will have the form u™
where m € INj is bounded by |a| + 1. In conclusion, an appropriate choice of v is
ul®*1, Thus v - p - u~' € D, [s] which finishes the proof. O

Consider the following example.

(7.20) Example
Letn = 2and p = 9,9y and u = 1+ xy +s5, ie. f(x,y,5) = xy + 5. Based on the
previous lemma one has to compute
1 1 1
Py =0 =2 )

1 1 1 1 1

Now choose v = 13 and the result is ¢ = u?9,dx — u - ydy — u - X5 + 2 - Xy — u.

55



Ore Localization with applications in D-module theory §7 Bernstein-Sato ideals

Define the set
S = K[xq, .., xn] \ (x1, “"x”>K[x1,...,xn} )
In the local case a possible approach computing the local Bernstein-Sato polynomial

is to compute anng.-1p, () (f°) which is well-defined using the previous lemma. The
next lemma will reduce the problem to the global case, also see [19].

(7.21) Lemma
anng ip (g (f$) =61 annyp, (5)(f°)

Proof
Let ulp € anng_ip, (g (f%), i.e. (u=1p) @ f¢ = 0. Therefore, there exists v € S such
that

v (pef)=0.
By definition v # 0 and p e f° € K]x,s], i.e p e f° is equal to zero. This implies
ulpeStanny, 5] (f*). The other inclusion is a similar calculation. O

One step in the algorithm to compute the b-function is the elimination of differential
operators. In fact, there is the possibility to eliminate the variables xj, ..., x, in the
polynomial Weyl algebra.

(7.22) Lemma
Let I be a left ideal in Dy[s] and S := {f € K[x,s] | f(0) # 0}. Then the following
equality is true:

S7ID,[s]INSTIK[x,s] = STH(D,[s]I N K[x,s]).

Proof

First of all, let t1h € S~Y(D,[s]I NK[x,s]), h € Dy[s]INK][x,s] and t € S. This
implies t'h € S'Dy[s]I and t~'h € S71K][x,s].

On the other hand, let u=!¢ € S™1D,[s]IN S~ !K]x,s], i.e. there exist r € I, v1, v; € S
and h € K[x, s] such that

ulg=0vlr=0v,"n € ST'K[x,s].

Consequently, there can not be a differential operator in the representation of r.
Otherwise, this would contradict the fact

v, 'r € STIK[x, 5]

Therefore, r € K[x, s| and that finishes the proof. O
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Consider the next example:

(7.23) Example
Let n = 2 and [ = Dy ((1 —xy) - dx,0x +y). In order to eliminate the differential
operators choose the following ordering.

x y Dx Dy
0o 0 1 1
M= ( dp ) '
Using the computer algebra system Singular a Grobner basis of I with respect to the
ordering <, is given by

¥,y +Dy}.
Obviously, the reduced Grobner basis is given by

{y, Dy} .

This shows that S~1(D,I N K[x,y]) = (y).
On the other hand, take the ordering

x y Dx Dy
o 0 1 1
m= (" o )
Now the variables x, y are local. The following set is a standard basis of I:

{v,y + Dy} .

The reduced standard basis is given by

{y, Dy} .
Therefore, one gets S~1D,1 N S~ 1K[x,y]) = (y).

§8 Localization

§8.1 Another approach to compute the local b-function

In the literature on can already find algorithms which compute global Bernstein-Sato
respectively local Bernstein-Sato polynomials
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(see for instance [2],[1],[5],[21]). However, all approaches assume that the variable
s is a global variable. In this chapter we will investigate the geometric localization
with respect to s. Let A := K]xy,...,xs] = K[x], where n € IN and K a field with
char(K) = 0, be the polynomial ring in the variables xy, ..., x,. In most applications
the choice will be K € {IR,C}. Moreover, let a := (ay,...,a,) € K" be a point which
can be associated with the maximal ideal m, := (x1 +ay, ..., x, + ay) K[x C K|x|,
if K = C. The fact that m, is a prime ideal leads to the fact that the set S :=
{feK[x]| fé&ms} = {f €K[x]| f(0) #0} is a multiplicatively closed set having
the property 1 € S. From now on the study of the localization

R:=S57Kp = {g7'f | f.8 € KD, 8(0) # 0} = Kixlm,

is an important objective. The elements of the localization R will be the coefficients of
the differential operators 94, ..., 9. More precisely, one is interested in the algebra

0
Dn’a = R <al,..., an | a,f — fal + a_:){, f c R>
1

which is nothing else but a different presentation of Dy,,. Next D, , will be tensored
with the polynomial ring in the variable s and one defines the algebra D 4[s| :=
D,,,a ®k K[s]. The following question arises:
Let I C D, 4[s] be an ideal. What is I N K][s]?
At first, one observes that K[s] is a principal ideal domain and, consequently, one has
INK]s] = {0} or there exists a unique monic generator b € K[s] having the property

INK]s] = <b>K[s]’ Let b = ﬁ (s + oaj)y“i(b) be the factorization of b in C, i.e. a; € C
j=1
and pq;(b) € N. The following steps will supply a solution

Step 1:

The ring D, 4[s] is not commutative whilst the ring K[x]m,[s] is still commutative. For
this reason it is natural to eliminate the differential operators 9y, ..., 0,. The variables
91, ...,0 are global, i.e. 9; > 1, and the variables x1, ..., x,, are local, i.e. x; < 1. First of
all, it would be interesting to compute I N K[X]u,[s]. For this purpose it makes sense
to choose the following monomial ordering:

'xl x2 . e xﬂ al az s an S
0 0o --- 0 1 1 1 0
/-1 =1 - =10 0 --- 0 O (2n-+4) x (2n+1)
M = 0 o --- 0 0 0 0 1 €Q .
dp

The abbreviation dp denotes the graded reverse lexicographical ordering. By this
choice it is obvious that all monomials xéaf are global if k > 0. Moreover, one has
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the relation xéaf > s if k > 0. Thus this monomial ordering provides the opportunity
to eliminate the variables 9, ...,d,. The first three rows of M are important. The
other rows can be different, but the matrix M must have full column rank. In order
to compute I N K[x|m,[s] it is possible to use a standard basis algorithm with respect
to <1, the monomial ordering which is induced by M. One possibility to compute
a standard basis is the method of Lazard introduced in chapter Of course, the
standard basis has finitely many generators fi, ..., f, and one has to filter with respect
to the leading monomials to get a generating system concerning I N K[x|m,[s]. Now
define the ideal

] = <f1""’fV>K[X]ma [s] = <P>K[x]ma [s]

Step 2:
If INK][s] # {0} there exists 1 <i < r such that

Im <, (fi) € {s” [ v € No} := (s) -

Without loss of generality this element is unique by the standard basis property.
However, the following problem still persists:

Let fr € F such that Im-(fx) € (s) and f = p(s) + q(x1, ..., xn,s). By the special
choice of the monomial ordering the inclusion

INK[s] C (p(s))

holds.

To see this let ¢(s) € K[s] and ¢(s) & (p(s))gy,- If tdeg(¢) < tdeg(p) the normal
form of ¢ with respect to I is not zero because I is a standard basis. Assume that
tdeg(p) < tdeg(¢) holds and let

p=a-ptr

where a,r € K[s], ¥ # 0 and tdeg(r) < tdeg(p). By the choice of <, all monomials
of the form s™x; where m € INg and [ € IN are local, i.e. s x; < 1. Therefore, one has
the equality

0:=NF_, (¢(s)|I) =r—a-q(x,s) #0
where Im_,,(0) = Im.,,(r) Furthermore, tdeg(Im,,(r)) < tdeg(p) and consequently
it is impossible to reduce ¢ by I. Therefore, ¢ ¢ I.
However, equality is not to be expected.
Choosing the monomial ordering <y the variable s is global. Another approach is to
choose an ordering, treating s as a local variable. This changes the situation because
now one has to consider the algebra

Dralsl(s) = T Dy [s].
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The set T C Dy, 4[s] is multiplicatively closed and has the form
T := {gq € K][s] | q(0) # 0}. Observe that 1 € T. A possible choice concerning the
monomial ordering is for example:

X{ Xp -+ Xy 01 O3 -+ Oy S
0 0o --- 0 1 1 1 0
B -1 -1 -+ =1 0 0 --- 0 0 (2n44) x (2n+1)
N:= 0 o .-+ 0 0 0 0 -1 cR .
dp

A standard basis with respect to <y is again computable by using the method of
Lazard. Hereby, one gets a generating system of IDy (s N T~ (K[X]m,[5]), ie.
elimination of the differential operators is possible. However, it is necessary to have
a closer look at T~! (Ap,[s]) -

(8.1) Lemma
One has the isomorphism

T (K[Xmols]) = (S-T) " Klx,s]
with S- T := {f € K[x,s] | f(x,s) = g(x) - h(s), f(0) # 0}.

Proof
The mapping
P T (K[xJmo[s]) = (S T) 7" K[x,s]

v (@) -

f € K[x], g € K[x]\mp, h € T, is well-defined and bijective because K is a field
implying that K|[x, s] is a domain. O

with

Instead of calculating the polynomial b € K]s], it is also possible to verify if a com-
plex number B € C is a root of b. In Lemma [8.1| the choice of my is not restrictive
because the mapping x; — x; — a; is bijective. For the same reason, one can set
B = 0. The following theorem gives some important facts by the calculation of
Dials](s) N K]s](s)-

(8.2) Theorem
Let I C D, 4[s] such that
INK][s| = K][s] (b)
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where b # 0. Furthermore, let
J = IDualsliey N T~ (Am,[8]) = (€1, &) 71 (4, [5])

where g; = s;'r; € Dy, [s](s)-
Then one has the following statements:

(00 =0 = Ky = ()

(i) b(0) £0 = 1€ ]

Proof
Let b(0) = 0 and yo(b) € N be the multiplicity of the root. By factorization one has

b(s) = ﬁ(s + oc]-)y“f(b) eJ.

=1

If one treats b as an element of K[s], all factors except s#0(b) are units and con-
sequently s#(") ¢ J. The ring K[s] is a principal ideal domain and so is K[s] (s)-

There exists ¢ €1 f:8 € Kls] and g(0) # 0 such that ] N K[s];) = <§>K[S]<s>. 1t

f(0) # 0 the element f is a unit and this implies 1 € J. Otherwise, f(0) = 0 and
there exists v € IN such that | = (s7) K[s] - Independently of both cases there exists

(b

v € Ny, with the property | = (s7) K[s), By using s"0() € J one concludes that

s>.
v < up(b). Assume that v < p(b), i.e. s7 € J. Then there exist elements %,. Pt

1Y al
pi € K[x,s](, .. x,y and g; € T such that:

L p;
V=), 8
=1 qj

t
Multiplying both sides by Q := ]] g; - s; one gets
j=1

Obviously, one has Q € K]s] and Q # 0. By using (7) there exists q € K]s] such that:

5 (b)
stqu:ql—[(s_i_“])]’ltxj .
j=1
Comparing the prime factor decomposition this implies 7y > pi4;(b) which is a con-
tradiction because the assumption was y < ja;(b). Using contraposition of the first
statement the second one is obvious. [
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Next, one is interested in computing | N K[s] ), i.e. the task is:

Given: an ideal I = (fy, ..., f) € T~ (An,[s]), fi € Als].

Objective: calculate I N K]s] ).

The next lemma will show that it suffices to find a polynomial f € I with a special
structure.

(8.3) Lemma
Let I N K[s];y # {0} and let v € INg be minimal with the property: There exists
p € K[x,s] such that

(i) p(0) #0
(ii) s7-pel
This implies: I N K]s] (s) = (s7) K[5]<s>

Proof
By assumption there exists a f € Ny such that I N K[s];, = (sP). Assume that
B > 7. Without loss of generality the element p is monic and its representation
looks as follows:
p(x,s) =1+ ) 5 - X"
(a,0) NG\ {0}

and the set
supp(p — 1) := {(zx,é) e N" | a5 # o}

is finite. The fact p(0) = 1 implies that (0,0) ¢ supp(p —1). The inequality § >
implies that there exist a* € INjj and 6* € IN such that a, 5 # 0. Otherwise, there
would not be any monomial in the representation of p such that § > 0. But this
implies 1 € I which is a contradiction. Furthermore, the inequality p > 7 implies
that sP~1 . p € I. One gets the following considerations:

5/371 . p — Sﬁfl . (1 + Z alx’(s . .X'“S(s)

a€ING,06€Ny

=sF1. 14 Z ago-x* | +sP7L. Z (g5 X80
(a,0)esupp(p—1),0=0 (a,0)esupp(p—1),6#0

Consequently,
sP~1. Z fy5- X% €1
(a,6)€supp(p—1),67#0
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because sP € I. One has the relation s~! - p € I and this yields:

P11+ ) ago-x" | €L
(a,0)€supp(p—1),6=0

However, the term in brackets is a unit because one has p(0) = 1 by assumption. In
conclusion, this implies sP~1 € [ which is impossible since

INK[s] ) = <sﬁ>.

Hence B < 7 and the equality must take place. O]

The result is surprising because the polynomial p € K]x,s| does not have to be
a unit because applying Lemma each unit can be factorized in a term which
only depends on x and another term which only depends on s. The assumptions
in Lemma are much weaker. From this lemma one can deduce the following
corollary.

(8.4) Corollary
Let I C Dy, 4[s] such that

INK[s] # {0}.

One gets the following equivalence.
sTel <s7 ¢ (I—i— (x157, ..., xns"Y>KM< >) )
X1,...,Xn,5

Proof
The implication from left to right is obvious. Let s7 € (I + (x157, ..., x,457)), i.e. there
exist elements p1, ..., pn € K[x,8](y, . x, s such that

n,S
n
s7 - <1 +) pixl-) c L (8)
=1

Consequently, there exist polynomials g1, ..., g» € K[x, s] with the property

n
sT- |1+ Z gixi | €1
:,1_/
=p
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and p(0) # 0. To see that let p the product of all denominators of the elements p;.
Obviously, one has p(0) # 0. Multiplying equation (8) by p yields:

n
sT-lp+), ppi x| €l
=1 ~—~—
€K[x,s]
However, p # 0 and consequently p has a constant term not equal to zero which can
be chosen as 1. In conclusion, one gets s7 € I by the previous lemma. [

After eliminating all differential operators it suffices to work with the ideal

I+ (x187, ..., xns7>K[x]<
X1t 5)

which has a more simple structure. Furthermore, there is a procedure which only

checks whether § € C is a root or not. The disadvantage hereof is that the algo-

rithm does not compute the multiplicity. However, the advantage is that one has an

additional assumption which provides an easier structure.

(8.5) Lemma
Let I = (f1, ., fr) C (Duls])(xs) be an ideal and assume that I N K[s|] # {0}. Then:

le(I+(s))<=1€el

Proof
The direction "<" is clear. Proving the other equation requires again the assumption
that I N K[s] # {0}, i.e. there exist a;,b € (Dy|s]) x5y such that

1= (Zﬂifi> +b-s )

and there exists a v € Ny such that I N K[s] = (s7). If v = 0 the result is clear. So
assume that y # 0. Multiplying equation @ by s7~! one gets

sT71 = (Zs71aiﬁ> +b:s7
i

el

[\ J/
-~

el

and consequently s7~! € I which contradicts the choice of v. Therefore, y has to be
Zero. U
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Consider the following example.

(8.6) Example
Let f = x?yz +y3z — x22% + xy> + v® € K[x,y,z] and p := (—4,0,0) € Sing(f). The
global Bernstein-Sato polynomial is

bf:(s—i—l)z-(s—l—g)-(s+g)-(s+g).
5

Now verify whether —? is a root of the local Bernstein-Sato polynomial in p.

LIB "standardweyl.lib";

poly f=x2yz+y3z-x2z2+xy2+y3;
vector v=[-4,0,0];

number n=-5/6;
checkrootlocal(f,v,n,1);
//[1]:

// 0

//[2]:

// 0

In conclusion, —g is not a root.

The following algorithm provides a possible procedure to decide whether the equal-
ity b(0) = 0 holds under the assumption I N K[s] # {0}. Let D, be the n-th polyno-
mial Weyl algebra.

(8.7) Algorithm

Given:

I:=(f1, . fr) Dnalsl(s), fi € Dnls].

First step:

Compute a standard basis F := {g1, ..., ¢} of the ideal I N T~! (Ap,[s]) by using the
method of Lazard with respect to the monomial ordering <.

Second step:

Find g; € F with the property Im,(g;) € (s) with a minimal exponent. In the case
that Im,(g;) = 1, one concludes that 1 € I and, as a consequence, b(0) # 0.

In the case that Im, (g;) = s7, ¥ > 0 one checks whether one has

sT € KX, 8] (x,,.xns)

by using a normal form algorithm. If NF., (s7|I) = 0 the algorithm terminates.
If that is not the case one increases the exponent. The algorithm terminates after
finitely many steps because there exists a f € IN such that s € I.
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The described algorithm is already implemented in the computer algebra system
Singular and will be discussed next. For a given polynomial f € C|x], a point

v e smg(f) =V, oL, 2L

and a number B € C the procedure ‘checkrootlocal’ computes whether B is a root of
the local Bernstein-Sato polynomial in the point v. In the case that § is a root the
procedure also returns the multiplicity. Now consider some important steps in the
implementation. The algorithm requires four input arguments, a polynomial f, a
vector v, a complex number n and a number m € C. The first step in the algorithm
is to compute a Grébner basis of the ideal annp, ( (f°). For this purpose one has to
specify the ring and one uses the following commands:

LIB "dmod.1lib";
def D=Sannfs(f);
setring D;

LD=groebner(LD) ;

Next, one has to define an algebra with variables xi, ..., x4, dxy, ..., dx;, s and make
sure that the relations of the Weyl algebra are met as well. The variable s commutes
with all variables.

int nn=nvars(BB);
ring r=0,(x(1..nn),dx(1..nn),s),dp;
matrix cc[2*nn+1] [2*%nn+1];
int bb;
for (bb=1;bb<=nn;bb++){
cc[bb,bb+nn]=1;
}
def Z=nc_algebra(l,cc);
setring Z;

Now transform all calculations to the origin by using the following commands:
map trans;
int j;

for(j=1;j<=nn;j++){
trans[jl1=x(j)+v[j];
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}
for(j=1;j<=nn;j++){

trans[j+nn]=dx(j);
}

trans [2*nn+1]=s+n;

If the user chooses m = 1 one wants to test whether the complex number # is a root
independent of the multiplicity. The procedure also takes less time. Taking this into
consideration, the element s is added to the ideal I = annp, i (f*) + (f)-

if (m==1){
I=1,s;
}

Now the procedure ‘eliminateNC’eliminates the differential operators.
I=eliminateNC(I,nn+1..2*nn);

The result is a Grobner basis that only contains the variables x1, ..., x;;, s. The last step
is to find out the multiplicity by adding elements of the form x15/, ..., x,,s/, s/ 1 to the
ideal I. For better understanding consider the following example.

(8.8) Example
Consider the polynomial f = x? +y?-z2 + z% € C[x, y, z] and the point p := (0,0,0),
see Example Using the previous algorithm it is possible to compute the local
Bernstein-Sato polynomial in p. The global Bernstein-Sato polynomial of f is

4 5

bf:(s+1)3-(s+g)-(s+§)-(s+§)

First, the algorithm checks the root —1. By using Singular a Grobner basis of the
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ideal annp, (5 (f*) C Ds[s] with respect to the monomial ordering dp is given by:

— 2x*Dy?* — 122°Dzs + 142° Dz + 4x*Dz — 322%.

In the next step the polynomial f is added to the set of generators and one has to
eliminate the differential operators. Again using Singular a generating system of
I+ (f) NK[x,y,2,5] = ] is

222+ 2+ 2,

xs,

yz%s,

2y°zs + 32%,

2%,

322¢% + 2225,

4y°s* + 6yzs® + yzs,

6yzs° + Tyzs® + 2yzs,

12y%s% + 8y?s? 4 1825 + 15zs> 4 2zs,
18zs* + 27253 + 13z5% + 2zs,
18ys® + 27ys* + 13ys® + 2ys?,
185° 4 275° + 13s* + 25°.

It is known that the multiplicity of —1 is at least one. Therefore, the algorithm adds
the elements xs,ys, zs,s?> to check whether the multiplicity is equal to one. Now
Singular computes a standard basis of | + (xs, ys, zs, s> ) with respect to the ordering
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ds. The result is:
x* 4 2% + yzzz,
xs,
ys,

zZs,

s2.

Consequently, the multiplicity is greater than one because
s¢ ]+ <xs,ys,zs, sz> .

Now the algorithm computes a standard basis of | + <xsz, ysz, zs2, 53>, i.e. it verifies
if the multiplicity is two. Now the result is

2453 +yzzz,
XS,
ys,

zs,

52,

which proves that the multiplicity is equal to two because
$2 e ]+ <xsz, ysz,zsz, s3> .

which differs from the global multiplicity.

At the end of this subsection, it might be interesting to see that the localization at
the variable s is natural. To see this one has to consider the ‘subcentral character
decomposition’, see [19]. Let f € K[x] be a polynomial,

k

bf — H(S — lxl-)y(“i)

i=1

be the b-function and
Dy |s]

M :=
ann p, (5] (f*) + Dulslf
be a D, [s]-module. Consider the exact sequence
Dyls] f Dyls]
annp, ) (f**1)  annp, (f%)

00— T M — 0.
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In [19, THEOREM 3.5.18.] it is proven that
ann p, 5 (M) = Du|[s]bg(s)
and M has a decomposition of the form

M= & M~

Xa,xEC(M)
where
xp:K[s] > K, s—pB
for B € K,
C(M) = {B € K|bs(B) =0}
and

MX .= {meM|Vp€K[s] HkEN:(q—x(q))k-m:O} M
which is a Dy [s]-submodule of M.
(8.9) Lemma
Let B € C and moreover let
S50 i= {f € KIS\ {0} | £(8) # 0} = KIs)\ (s~ B).
Then:

p
0, B & C(M).

STIM =

{s—lMXﬁ, B e C(M)
B

Proof
Let B,a« € C and «a # B. Furthermore, let m € MAX«, i.e. there exists k € IN such that

(s —a)m=0.

In conclusion, this yields
<(s - ,x)k> C ann ¥, (m)

and hence an exact sequence
0— <(s — oc)k> — ann%s](m).

However, Localization is exact and consequently

Sgl <(s — zx)k> C Sgl ann%s](m) =ann ’ ) (17 m).
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By assumption, one has « #  and therefore the element s — « is a unit in SglK [s]
and hence
Sp' MM = 0.

Now let B € C(M). This yields the following calculations:

-1 -1 «
SgM=5;" P M~
Xa,xEC(M)

= @ spMe=5TM.
X,k EC(M)

If B ¢ C(M) one gets by similar calculations

-1 _ 1 agXa —
Sﬁ M= EB Sﬁ MAx =0
XaINEC(M)T

and the claim follows. U]

(8.10) Remark
In the situation of Lemma [8.9 one has the equation

-1 _ c1amx
Sﬁ M—Sﬁ MAB

if B € C(M). Therefore, one has

ann g1 (SrglM) =anng g (SlglMXﬂ).
It is proven that anngs) (M) = K(s] <(s - [5)“(5)>, see [19]. Therefore, one has
S/EIK[S] <(s — ,B)V(ﬁ)> C ann SglK[S}(SglM).

It is not clear whether the other inclusion is true.

§8.2 Localization in an algebraic, non-rational point

The reason for dealing with algebraic localization is illustrated in the following ex-
ample.
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(8.11) Example
Consider the polynomial

f::(x2+;y2+22—1)3—x2-z3—%-y 3

The partial derivatives of f are given by
oxf = (6x - (chjt?l 22 —1)% - 2x2°
27
If =~

9 27
9:f = 6z- (x*+ 1 Y 428 —1)2 = 3x%2% — %yzzz.

9 9
(T 1)) - oy

By calculation, the relation p := (/45 -i,1/3%,0) € Sing(f) is true. Furthermore, if
z = 0 one has the ellipse

x2+z-y2+22—120

and consequently p is not an isolated singularity. Now it would be worthwhile to
compute the local Bernstein-Sato polynomial in p. The difficulty now is to calculate
with algebraic, non-rational numbers. In this chapter the objective is to develop an
algorithm computing the local Bernstein-Sato polynomial in such cases. Finally, it
will be possible to prove that the local Bernstein-Sato polynomial of f in p is

bf,p:(s+1)2-(s+§)-(s+§)-(s+§).

Actually, all components of a point are complex numbers. However, it is possible
treating them like variables. Some computer algebra systems like Singular can not
directly compute with non-rational, algebraic numbers. Consider some important
points in the following example.

(8.12) Example

Let f = > x+x+y € Q[i,x,y]. One wants to simulate a calculation with the
complex number i, i.e. one has the relation i> + 1 = 0. Perform some computations
with Singular.

ring r=0, (i,x,y),dp;
poly f=i"2x*x+x+y;
leadmonom(f) ;

//i"2x
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Of course, that computation does not simulate the calculation with i. If one takes
f € Clx,y] the leading monomial is y. Consider the following calculations:

ring r=0,(i,x,y),dp;
ideal I=i~2*x+x+y,i~2+1;
std(I);

//_[1]=y

//_[2]=i2+1

Consequently, one has in mind a possible strategy to simulate the calculation with i
by adding the minimal polynomial to a given ideal. Obviously, one needs a compat-
ible monomial ordering which guarantees that the leading monomial of f € Q[i,x]
is equal to the leading monomial of f € Q(7)[x].

In the following let K[x,a] the polynomial ring in the variables x, ..., X, a1, ..., am
and K,[x| the polynomial ring in the variables x1, ..., x, with parameteres ay, ..., an
which satisfy algebraic relations. Moreover, let f, denotes a polynomial where a are
parameters and f := f(a,x) a polynomial where a are variables. In order to get a
compatible monomial ordering consider the following lemma.

(8.13) Lemma
Let fa € Ka[x], i.e. a1, ..., 4y, are parameters. The monomial ordering < induced by

the matrix
X a

X 0
e (30
where <4 a global monomial ordering has the properties:

e g, >1foralli

* (Imcy (f))a = Im<y(fa).

Proof
By assumption the monomial ordering < 4 is a global ordering, i.e. all variables are
global and therefore a; > 1 for all i. To prove the second statement let

fa= 2 cyxV,

HEING

73



Ore Localization with applications in D-module theory §8 Localization

where ¢, € K. Denote the leading monomial by x*" and the leading coefficient by
cy. By the block structure of the matrix M one first compares the part which only
depends on x. Consequently,
xH >y xt (10)
for all p € INjj such that ¢, # 0. In conclusion, if one treats the parameters a; as
variables one has
(Im <), (f))a = x".
O

Obviously, the leading term can be totally different because the inequality is not
strict. In the following let R C K][a] be the ideal which contains all relations of the
given algebraic numbers, i.e. the generators of R are the minimal polynomials.

(8.14) Remark

The ideal R C K]|a] is zero dimensional and a prime ideal by construction. As an
example let a(1) := i and a(2) := v/2, K = Q. As mentoined above the ideal R looks
as follows.

R:= <a(1)2 +1,a(2) —z> C K[a(1),a(2)]

This ideal is of course a prime ideal and zero-dimensional, since
dimg(K[a(1),a(2)]/R) = 4.

Obviously the ring K, is nothing other than the field K[a]/R.

By using the previous lemma one gets the following result.

(8.15) Lemma

Let I C K][x,a] an ideal which contains the ideal R. Let G be a standard basis of
I = (G) with respect to <j;. This implies that G, is a standard basis of I, C K,[x]
with respect to <x.

Proof

Let G = {g1,...,§t}. By assumption the set G is a standard basis, i.e. forall f € I
there exists ¢ € G such that Im,,(g)|Im,,(f). One has to show that for all f € I,
there exists ¢ € G, such that Im.,(g)|Im<,(f). Let0 # f € I, ie. f ¢ R and
let Im—,(f) = x* the leading monomial and lc, (f) = b, the leading coefficient.
Furthermore, denote by a the leading monomial in the representation of b, with
respect to < 4. By assumption a’" ¢ R. All generators of R are irreducible because all
relations of algebraic numbers are given by their minimal polynomial. In conclusion,
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K, is a field and consequently the element a*" is invertible. Moreover, the inverse
has a representation in K, and therefore the element f is also an element of I, since
R C I. One may assume without loss of generality that lc.,,(f) is equal to one,
since all elements except zero have an inverse with a polynomial representation and
R C I. For this reason, by the choice of <j; and the fact that G is a standard basis of
I there exists a ¢ € G such that Im,,(g) € Mon(x) and Im.,,(g)|x*". All variables
ai, ..., an are global and by Lemma 8.13]lm ., (ga) = Im<,,(g). This implies that there
exists a § € G, such that Im., (g)|Im<, (f). This finishes the proof. O

Consider the following example.

(8.16) Example
Let f = (x* 4+ y)?-x* € K[x,y]. Using Singular one computes annp, j(f°) in the
following way:

LIB "dmod.1lib";

ring 1=0, (x,y) ,dp;

poly f=(x"2+y) ~3*x"2;

def D=Sannfs(f);

setring D;

LD=groebner(LD) ;

LD;

/ /LD [1]=x*Dx+2*y*Dy-8%*s
//LD[2]=x"2*Dy+y*Dy-3*s

/ /LD [3]=2*x*y*Dy~2-y*Dx*Dy-8*x*Dy*s+3*Dx*s
/ /LD [4]=4%y~2xDy~3+y*Dx"~2*Dy+8*x*Dx*Dy*s
// -16*%y*Dy~2*%s+6*y*Dy~2-3*Dx~2%s+8*Dy*s

Next, one has to construct the tensor algebra.

ring r=0, (a,b),dp;

ring rr=0, (x,y,Dx,Dy,s),dp;
matrix mm[5] [5];
mm[1,3]=1;mm[2,4]=1;

def A=nc_algebra(l,mm);

def B=A+r;

setring B;

B;

//  characteristic : 0O
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// number of vars : 7

// block 1 : ordering dp

// . names x y Dx Dy s
// block 2 : ordering dp

// : names ab

// block 3 : ordering C

// noncommutative relations:
// Dxx=x*Dx+1
// Dyy=y*Dy+1

One has
%:6(x2+y)2~x3+2x-(x2+y)3
ﬂ_ 2 2 .2
ay—3(x +y)° -t

Now, (1/2i)> +2 = 0 and hence point p := (1/2i,2) € Sing(f). Moreover, point p
is not an isolated singularity because each point (a1, ;) € C? that satisfies x> +y =
0 is an element of Sing(f). By using Lemma m it is possible to compute the
local Bernstein-Sato polynomial in p calculating only with polynomials. The global
Bernstein-Sato polynomial is
1 1 2 )

by = (s+§)-(s+§)-(s—l—§)~(s—|—1) .
Next, the procedure ‘eliminateNC ’ eliminates the differential operators 0y, ..., 9,,. The
result is a generating system of I N Q[v/2][x,y]. First, calculate the multiplicity of
s =—1.

poly f=imap(l,f);

ideal I=imap(D,LD),f,a~2+1,b"2-2;
map trans =B,x+ax*b,y+2,Dx,Dy,s-1,a,b;
I=trans(I);
I=eliminateNC(I,3..4);

ring R=0, (x,y,s),ds;

ring S=0, (a,b),dp;

def T=R+S;

setring T;

ideal I=imap(B,I);

ideal J=I,x,y,s;
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std(J);

//_[1]1=a2+1

//_[2]=b2-2

//_[3]1=x

//_[4]=y

//_[5]=s

J=I,xs,ys,872;

std(J);

//_[1]=a2+1

//_[2]=b2-2

//_[3]=s

//_[4]=64x3-48x2yab+12xy2a2b2+2y3ab-112x4ab+72x3ya2b2+30x2y2ab
-2xy3a2b2+76x5a2b2+78x4yab-12x3y2a2b2-x2y3ab+50x6ab
-18xbya2b2-3x4y2ab-8x7a2b2-3x6yab-x8ab

The previous considerations reveal that the multiplicity is one. Repeating this pro-
cedure with the other candidates the local Bernstein-Sato polynomial in p is

bf,p:(s-l—%)-(s-i—%)-(s-!-l).

(8.17) Corollary
Let f € Q[x] and p € V(f) € Q". Let I C Q[x] be the maximal ideal such that p € V.
Then for all g € V(I) one has

by g(s) = by, (5).

(8.18) Remark
The Corollary [8.17|induces a certain symmetry. For a better understanding consider
again the polynomial

9 9
fr= 2 -1 =22 - ey 2 €Qlry, .

By Example 8.11|it is known that p := (/{5 1,1/ 15,0) € Sing(f). The ideal con-
taining all important relations is represented by

R:= <a(1)2 + % iy, a(2)? — \/% _. ]/12> C Qla(1), a(2)].

Furthermore, the number of solutions of R, i.e. the number of solutions of the system

1 =0
pz =0,
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is equal to 4. That is why, one has four symmetric points which are located on the
ellipse defined by the equation

9
2 2
-y =1.
x+4y

In order to determine those points one has to compute the roots of y; respectively
up and the result is

1 . 80
pl _( E 1, mlo)
1 . 80
p2 :=(— T m,O)
1 . 80
p3 = Than mro)

pe =\ qg 71

In general one has to consider the zero-dimensional prime ideal mentioned in Corol-
lary which describes all relations. Consequently, the number of symmetric
points is equal to the number of solutions.

Consider another example in Singular.

(8.19) Example
Let f = (x® +3y?)? and let a := v/3. Computing the partial derivatives yields

of 5 2/3 2
3 3x°(x° 4 3y°)
of _ 3 2
oy 6y (x° 4 3y~).
This implies

V3

p1 = (“/i)/ p2 = (_% + TDCZ’Z) € Slng(f)

Moreover, point p; is not an isolated singularity because each point (81, 82) € C? that
satisfies x> + 3y? = 0 is an element of Sing(f). The global Bernstein-Sato polynomial
is

by = (s 1)(s + ) (s + ) (s + 22) (s + 12) (s + 12).

By using Singular, the procedure ‘checkrootalgebraic’, and the library ‘standardweyl.lib’
one gets the following computations.
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ring 1=0, (x(1),x(2),a(1),a(2)),dp;
poly f=(x(1)"3+3*x(2)"2)"2;

number n=-5/12;

vector v=[a(1),a(2)];

vector w=[a(1)"~3-3,a(2)"2+1];
checkrootalgebraic (f,v, n, w);
//[1]:

// 0

//[2]:

// 0

Checking the other roots in the same way the local Bernstein-Sato polynomial is
given by

1
bfrPl = bf,Pz = (s+1)(s+ E)

The number of symmetric points is equal to the number of solutions of
Ri= (¥ +1,y>~3) CK[x,y]

which is equal to 6.

§9 Conclusion

The last chapter presents a possibility to compute the local b-function by localizing
the variable s. The main objective was to show that this localization is a natural one,
especially see Moreover, this thesis provides an algorithm to realize the calcu-
lations with algebraic, non-rational numbers only by calculating with polynomials
and by choosing a special monomial ordering, see chapter Of course, there are
other ways to realize those calculations which are more sophisticated. The approach
presented in this thesis only provides an alternative solution and is realized in the
computer algebra system Singular. Furthermore, by applying this alternative solu-
tion one has a nice symmetry condition discussed in Remark and Example
Unfortunately, all considerations in chapter (8| are restricted to the case K[s], i.e. only
one variable. If one has to work with Bernstein-Sato ideals it is still possible to treat
the variables sy, ..., s;; as local ones. However, the property “principal ideal domain’
is lost and consequently Lemma [8.3|is inapplicable.
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§ A Procedures

The following procedures are written in the computer algebra system Singular and
they need the Singular libraries "ncpreim.lib","nctools.lib","dmod.lib","primdec.lib".

(A.1) Remark
Furthermore, one needs the library ‘standardweyl.lib” which is not published yet.
However, the library will be available soon.

(A.2) Algorithm (checkrootlocal)
The procedure ‘checkrootlocal’decides whether a rational number is a root of the local
b-function in p where p is a vector which contains rational entries, see

proc checkrootlocal (poly f, vector p, number n, number #)
"USAGE: checkrootlocal (f,p,n,m);
f a polynomial, p a vector, n a rational number, # a number
ASSUME: f a polynomial in the polynomial ring K[x1,...,xn],
Ox K the field of rational numbers
p a vector with rational entries which describes the
localization in p
Ox n a rational number which is a canditate for the root
of the local b-function in p
# a number which should be different from 0O
if the user is not interested in the multiplicity
RETURN: list of integers
0x* The first entry of the list is 1 if n is a root and O if
n is not a root of the local b-function in p
Ox If # is not equal to O the second entry is O because
the multiplicity is not of interest
Ox If # is equal to O the second entry is O if n is not a root.
Otherwise the second entry is the root’s multiplicity
PURPOSE: Decides whether a rational number is a root of the local
b-function in p and computes the multiplicity

n

(A.3) Example

ring R = 0,(x,y,2),dp;

poly f = 400%(x2y2+y2z2+x2z2)+(x2+y2+z2-1)~3;
vector v=[1,0,0];
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number n=-1;
checkrootlocal(f,v,n,0);
//[1]:

// 1

//[2]:

// 1

Consequently s = —1 is a root with multiplicity 1.

ring R = 0, (x,y,2),dp;
poly f = 400%(x2y2+y2z2+x2z2)+(x2+y2+z2-1)~3;
vector v=[1,0,0];

number n=-1/2;

checkrootlocal(f,v,n,1);
//[1]:
// 0
//[2]:
// 0

Consequently s = — 1 is not a root, also see

(A.4) Algorithm (checkrootalgebraic)

The procedure ‘checkrootalgebraic” decides whether a rational number is a root of the
local b-function in p where p is a vector which contains polynomials in the ring

Q[all"'lam]l

see Furthermore, the procedure requires a vector w which contains polynomials

in the ring

Q[al,...,am].

The entries represent the minimal polynomials which are needed to simulate calcu-
lations with algebraic numbers. For a better understanding consider the following

example.

(A.5) Example

Assume that p := (\/E -1, \/5), i.e. one has three algebraic, non-rational numbers.

Therefore one has to define the polynomial ring

Qlay, az, a3]
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where a; represents \/2, a; represents i and a3 represents v/3. The minimal polyno-
mials of /2 ,i and /3 are given by

yﬁ::a%—Z
pi=a3+1
yﬁ::ag—&

Therefore, one has
w = [a3 —2,a5+1,a% — 3]

and
p = a1 -ay, a3l

proc checkrootalgebraic
(poly f, vector p, number n, vector w, number #)
"USAGE: checkrootalgebraic (f,p,n,w,m);
f a polynomial, p a vector, n a rational number,
w a vector, m a number
ASSUME: f a polynomial in the polynomial ring K[x1,...,xn],
K the field of rational numbers
0x* p a vector with polynomial entries which describes the
localization in p
©x* n a rational number which is a candidate for a root
of the local b-function in p
©x* w a vector which contains algebraic relations which
simulate the calculations with algebraic numbers
over K
the ideal generated by these elements should be
zero-dimensional and prime over K
©x* # a number which should be different from O
if the user is not interested in the multiplicity
RETURN: list of integers
ox The first entry of the list is 1 if n is a root and O if
n is not a root of the local b-function in p
Ox If # is not equal to O the second entry is O because
the multiplicity is not of interest
Ox If # is equal to O the second entry is O if n is not a root.
Otherwise the second entry is the root’s multiplicity
PURPOSE: Decides whether a rational number is a root of the local
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b-function in p and computes the multiplicity

n

(A.6) Example

ring 1=0, (x(1),x(2),x(3),a(1),a(2)),dp;

poly f=(x(1)"2+9/4%xx(2)~2+x(3)"2-1)"3-x(1)"2%x(3)"3
-9/80%*x(2) ~2*x(3)~3;

number n=-1;

vector v=[a(1),a(2),0];

vector w=[19*%a(1)~2+1,171*a(2)~2-80];

checkrootalgebraic(f,v,n,w,0);

//[1]:

// 1

//[2]:

/2

Consequently s = —1 is a root with multiplicity 2.

(A.7) Algorithm (Moradivision)
The following algorithm ‘Moradivision” computes a weak normal form of a polyno-
mial f in the local Weyl algebra

D := Q[x]m, (9)
where a € Q" is a point and
my, = (Xy —ay,...,Xp — an)

with respect to an ideal, based on [12]. Let f € D be a polynomial and I :=
(fi,--,f1i) € D a left ideal. A standard representation of f with respect to I has

the structure l

uf = EZaLﬂ—%h

i=1
where u is a unit in D, a; € D represent the linear combination and / is a weak
normal form, i.e it can not be reduced by the ideal I. The monomial ordering is
given by the following matrix:

X] Xp ... Xy, 01 02 ... Oy
o o ... 0 1 1 ... 1
(1 -1 ... -1 0 0 ... O)

dp

If a # 0 one has to shift the variables xy, ..., x, to the origin.
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proc Moradivision (poly f,ideal I)

"USAGE: Moradivision (f,I); f a polynomial and I a left ideal

ASSUME: f a polynomial in the local Weyl algebra and

@x* I a left ideal in the local Weyl algebra

O K the field of rational numbers

RETURN: 1list of polynomials

PURPOSE: The first entry of the list is a weak normal form of f
with respect to I

©x* The second entry is an ideal where the generators
represent the linear combination in the
standard representation of f

©x* The last entry is the unit in the
standard representation of f

(A.8) Example

intvec w1=0,0,1,1;

intvec w2=-1,-1,0,0;

ring rr=0, (x(1),x(2),dx(1),dx(2)), (a(wl),a(w2),dp);

matrix e[4][4];

el1,3]=1;e[2,4]1=1;

def A=nc_algebra(l,e);

setring A;

poly f=x(1)*dx(1)+x(1)~2*dx(1)-x(2)-x(1)*x(2);

poly g=x(2);

ideal I=f,g;

poly h=x(1)*dx(1)+x(2);

Moradivision(h,I);

//[1]:

// 0

//[2]:

/7 _[1]=1

// _[2]=2+2xx(1)
//[3]:

// 1+x(1)

(A.9) Algorithm (LocalCohomology)
The algorithm ‘LocalCohomology” computes a basis of the vector space MB(HF), see
The monomial ordering should be local and F should fulfill condition

proc LocalCohomology (ideal F)

86



Ore Localization with applications in D-module theory

§ A Procedures

"USAGE: LocalCohomology (F); F an ideal

ASSUME: F is an ideal in the polynomial ring K[x1,...,xn]
©x* K the filed of rational numbers

@x* 0 has to be an isolated root of V(<F>)

©x* The monomial ordering should be local

RETURN: ideal

PURPOSE: The procedure LocalCohomology computes a basis
of the vector space H_{F} w.r.t. a local
monomial ordering

(A.10) Example

ring r=0, (x,y),ds;

poly f=x"3*y+x*xy~4+x~2%y~3;
ideal I=diff(f,x),diff(f,y);
LocalCohomology (1) ;
//_[11=-4x3-2/3x2y+xy3
//_[21=-1/3x2y+y4
//_[31=x3-1/3x2y2+y5
//_[4]1=14/33x3+4/3x4+5/33x3y-14/99x2y2-1/3x2y3+7/33xy4+y6
//_[5]=y3
//_[6]=xy2
//_[71=y2
//_[8]=xy
//_[9]=y
//_[10]=x2
//_[11]1=x
//_[12]=1
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