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Abstract

Global and local Bernstein-Sato ideals, Bernstein-Sato polynomials
and Bernstein-Sato polynomials of varieties are introduced, their
basic properties are proven and their algorithmic determination
with the method of Briangon/Maisonobe is presented. Stratifica-
tions with respect to the local variants of the introduced polyno-
mials and ideals with the methods of Bahloul/Oaku and Levan-
dovskyy/Martin-Morales are treated and the method of Bahloul/
Oaku is generalized. Moreover, factors of local Bernstein-Sato ide-
als for disjoint varieties of components, common factors of com-
ponents and transversally intersecting varieties of components are
given. Furthermore, the connection of multivariate and univariate
Bernstein-Sato ideals and polynomials By, . ) and by,. .z is ex-
amined. Budur’s approach to determining upper and lower bounds
of Bernstein-Sato ideals is presented. Finally, as an application, the
computation of annp, (f*) for f € Clz]” and a € C” is described.
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Introduction

This thesis deals with the topic of Bernstein-Sato ideals which are connected to both
algebraic geometry and D-module theory, the theory of modules over rings of differential
operators. Many properties will be shown by geometric proofs and interpretations, e.g.
through tangent spaces and smoothness of varieties.

After clarifying some notations in Chapter [1, we deal with different definitions and
variants of Bernstein-Sato ideals and polynomials in Chapter We define Bernstein-
Sato ideals as global objects associated to a tuple f € Clxy,...,z,|". Similarly, local
Bernstein-Sato ideals in a point p € C" can be defined via localizations. We describe an
algorithm that computes the Bernstein-Sato ideal in Section

In Section [2.2] we learn about the concept of stratifications and introduce an algorithm
to determine a specific stratification with respect to Bernstein-Sato ideals which provides
information about the local Bernstein-Sato ideal in p € C", given the stratification. For
this stratification, we will use primary decompositions. A byproduct of the stratification
is a different proof of a fact about the connection of global and local Bernstein-Sato
ideals by intersections.

In Section [2.3] we generalize the concept of local Bernstein-Sato ideals which corre-
spond to points or maximal ideals to local Bernstein-Sato ideals which correspond to
varieties or prime ideals.

For Bernstein-Sato polynomials, which are a special case of Bernstein-Sato ideals, more
effective stratification algorithms are known than the one for Bernstein-Sato ideals. One
of those will be presented in Section [2.4]

A different approach to the generalization of Bernstein-Sato polynomials to the mul-
tivariate case f € Clxy,...,x,|" other than Bernstein-Sato ideals are Bernstein-Sato
polynomials of varieties which are presented in Section These can be defined such
that they only depend on (fi,..., f.). However, their definition requires more sophis-
ticated constructions than Bernstein-Sato ideals. In Section different variants of
Bernstein-Sato polynomials for varieties are compared. Both stratification algorithms
presented can be applied to stratifications with respect to Bernstein-Sato polynomials
of varieties which will be done in Section 2.7

All stratifications using primary decompositions presented up to this point have a
very similar structure such that we can introduce a generalized type of stratification in
Section

In Chapter our objective is to develop an understanding of the form of local
Bernstein-Sato ideals in certain standard situations. For this, we first examine the role
of units for Bernstein-Sato ideals in Section which allows us to recapitulate some
well-known facts about local Bernstein-Sato ideals. In Section statements about the
Bernstein-Sato ideals of f € Clzy,...,z,]" with disjoint V(f;), common factors of f;, f;
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and some kinds of intersecting V(f;), V(f;) are shown.

Next, we recall a conjecture about the connection of certain multivariate and univari-
ate annihilators and examine its significance for Bernstein-Sato ideals in Section

In Chapter [4] we present a relation that has various computational implications be-
cause it allows us to determine Bernstein-Sato ideals up to powers in a more effective
way.

The concluding Chapter [5| deals with an application of Bernstein-Sato ideals, the
computation of the annihilator of complex powers of polynomials, which is interrelated
with the roots of the Bernstein-Sato ideal.

In Appendix [A] some of the algorithms presented are given in a SINGULAR implemen-
tation. Appendix |Bf gives examples of computations in SINGULAR.



1. Notations

We denote the set of positive integers {1,2,...} by N.
By 9;; we denote the Kronecker-Delta with

1 i
b=
0, i#7.
In the following, we will work over the field of complex numbers C and consider the

polynomial ring in n € N variables Clz]| := Clzy, ..., x,] and the corresponding nth Weyl
algebra with polynomial coefficients

D = Dn = C(ml,...,xn,al,...,ﬁn\
&-xj = (L’jai + 51‘7]-,1‘1-1‘]‘ = xjxi,@-@j = @& for all 1 S Z,] S n>

The polynomial ring C|z| becomes a D-module by the interpretation of the elements of
D as differential operators

n n

Qi _ a;—1 Qj Qi _ .ol aj ; n

&OH:CJ- = a,z;" ij , xionj =" ij forall 1 <¢<n,a e Nj.
j=1 i =1 J#i

Remark 1.1. The above definition of D,, implies the Leibniz rule 0; @ fg = (0; ® f)g +
f(0;eqg) for 1 <i<nand f, g€ Clz].
Furthermore, for f € Clz] and i € {1,...,n} the action of 0; on f corresponds to the
1th partial derivative of f, i.e.
of

8.731' )

We will denote all module actions considered by e.

For « € C" and 8 € Z", f € Clz|" we denote powers in multi-index notation by
fo=fo o fer gl =gl aPrand 98 =00 .- 9P,

In examples, we will often use the polynomial rings Clz,y] and C|x,y, z| instead of
Clx1, z2) and Clxy, 22, x3].

We use the Lie bracket [a,b] := ab — ba for ring elements a, b.

For a ring R, an R-module M and m € M we denote the annihilator of m in R by

Oie =

anng(m):={re R|rem=0}.
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We work with the Krull dimension of a commutative ring R and an ideal I C R,
defined as

krdim(R) :=sup {¢ | Ipy, . .., ps prime ideals in R with pg C ... C p,},
krdim(7) :=krdim(R/I).

For reasons of space we will often denote column vectors v from C* = C**! or from
C" as row vectors v = (vy,...,v,) or v = (vy,...,v,), respectively.
By e; we denote the ith standard basis vector (0,...,0,1,0,...,0) of the complex
——
i—1 times
vector spaces C" and C" respectively.
The quotient I : h for an ideal I C R and a ring element h € R is defined as
I:h={feR| fhel}. Wewillonly use this notation for h that are contained in the
center of R.



2. Bernstein-Sato ideals and
polynomials

In the following, let f € C[z]" for a fixed r € N and denote the product of the components
of f by F =1I[_, fi-

We work only over the field of complex numbers since it is algebraically closed and
has characteristic zero but many of the statements shown can be generalized to other
cases.

Furthermore, we will work with symbolic powers f* := fi* - ... f¥ by consider-
ing the module Clz,s,+]f* over the ring Clz,s, =], where Clz,s,+] = Clz,s]lr =
S~1Clz,s] C C(z)[s] denotes the localization of Clz, s] at the multiplicatively closed
set S := {F7 | j € Nyg}. Here, the f are treated as formal symbols. Only in the follow-
ing D-module structure of Clz, s, %]fs do we find the interpretation of f° as a power,

since we set
Oio [ =s;f; 7 (0@ f;) = s S (Dio ),

die [*= (Z S @i;.fj)) I

j=1

and otherwise continue the structure of C[z, s] as a D-module with the Leibniz rule.
For terms in the symbolic powers, we use the following intuitive notations:

Py S Si— 1 s
fs+1 = Ff* fiﬁl =il 1 L= 7f2

Working with symbolic powers, we can introduce Bernstein-Sato ideals.

Definition 2.1. The Bernstein-Sato ideal of f is defined as
B:=B;:={beCls] | b(s)f* =d(s) e f* for some § € D,[s]} .

Remark 2.2. For f € C[z]", it holds that B # {0} (compare e.g. [Sab87| and [Lev15]).
The defining functional equation for Bernstein-Sato ideals can be reformulated by

beB 30 € Dy[s] : bf* =de fH
o€ Dyls]: (b—0F)e f*=0
36 € D,[s]: (b—6F) € annp, (5(f*)

b € (annp,(f*) + b, (F)) N C[s],

S I



Bernstein-Sato ideals, associated stratifications, and computer-algebraic aspects

SO

B = (annp, [y (f*) + p,s(F)) N Cls].

The differential operators ¢ from the definition of Bernstein-Sato ideals are also called
Bernstein-Sato operators.
Other variants of Bernstein-Sato ideals include

By := (annp,((f*) + D, (/1 -5 fr)) N Cls]
and
B = (annp,(f*) + p,1s1(fi))) N Cls] for 1 <@ <r.
The elements by, € By, and bg;) € By;) can also be described by the functional equations

by f* = Z&Z—fi o f* for some 0y,...,6, € Dy[s], by f*=4fie f° for some 6 € D,[s].
i=1

In the following we will mainly work with B.

The three variants are connected by the inclusions B C B;) C By, since for b € B
with bf* — 6 e f*+1 one has bf* — (5%) o fif* and for b € By with bf* = 5 e fif* it
holds that bf* = (6 fi+3>_,,,0e f;)f°.

Example 2.3. For f = (x,y) € C[z,y|?, the Bernstein-Sato ideal is B = ((s; + 1)(s2 +
1)). A Bernstein-Sato operator corresponding to the generator of B is d(s) = 0,0,.

Furthermore, By = (s; + 1) with Bernstein-Sato operator d, and By = (sy + 1) with
Bernstein-Sato operator 0. Lastly, By, = (s1 + 1,52 + 1).

Remark 2.4. This example and the other ones presented in this thesis were computed
with the help of the library dmod.1ib (|[LM15]) of the computer algebra system SINGU-
LAR/PLURAL (|[DGPS15]/|GLMS15]).

Now we want to consider local Bernstein-Sato ideals, i.e. we want to replace C[z] by
Clz], for some p € C", where C[z], denotes the geometric localization at the point p
with denominator set S, := {f € Clz] | f(p) # 0} = Clz] \ cw(®1 — P15+ - Tn — Pn):

Clz], := S, 'C[z] C C(a).

We also consider the Weyl algebra with coefficients in C[z], as a sub-algebra of the nth
Weyl algebra with rational coefficients

)
D, :=D,, = S;an = {5 | g € Clz], g(p) # 0,0 € Dn} cC W,

::C<§,3i

1<i<nfeCllgeCll\{0}, L =L+ L),

where 0; ® 5 denotes the derivative action of 0; on §=

f_0eflg—[f0eg)

8i0—:
g g*
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Definition 2.5. The local Bernstein-Sato ideal at the point p € C" is defined as

B, = (annp, ,5)(f*) + b, (F)) N Cls].

Remark 2.6. This definition can again be equivalently rewritten as a functional equa-
tion by defining B, as the ideal of all b(s) € C[s] such that

b(s)f* = d(s) e f5 for some d(s) € D, ,s].
Remark 2.7. Similarly as in Definition 2.5 we may also define

BE,p = (annDn,p[§]<fs> + Dn,p[§]<f17 ) fT>) N C[ﬁ]

and

B(i)vp = (annDn,p[ﬁ}(fS) + Dnyp[§]<fl>) m C[é]

Lemma 2.8. For a multiplicatively closed set S C C[z] of the form S = C[z] \ p for a
prime ideal p C Cl[z] it holds that

anng-1p,5)(f°) = S~ annp,(f*).

Proof. In [Lev15l 1.4.10] it is shown that S is also an Ore set suitable for localization in
D,, and thus also in D, [s], which makes both terms in the equation well-defined.

The inclusion ‘O’ obviously holds. For ‘C’) let § = ZaeN(; g—z@"‘ € anng-1p,g(f°)

with f, € Clz] non-zero for only finitely many « and g, € S. We choose a common
denominator g € S as the product of all g, with f, # 0. Then g6 € annp,4(f*), so
6 € S tannp, 4 (f*). O

Corollary 2.9. For the denominator set

Sp=A{f €Cla] [ f(p) # 0} = Clz] \ {z1 = p1,- -, 20 = pn),

we obtain
annp, 5 (f*) = S, annp, 5 (f°)
and thus
B, = (8, (annp, g (f*) + b, (F))) NCls].

This hints at a connection between global and local Bernstein-Sato ideals.

Proposition 2.10 (|[BM02]). For local and global Bernstein-Sato ideals of f € C[x]" it
holds true that
B= () B,

peCn
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Proof. For b € C[s| we define the C[s]-module
Mb = (bDn[ﬁ]fs)/Dn[§]fs+l

With this definition, we have b € B if and only if M, = {0}. Analogously, we define the
C[s]-module
My, = (bDn,p[ﬁ]fs)/Dn,p[§]fSH

with b € B, if and only if M,, = {0}.
The exactness of the localization functor applied to the exact sequence

0 — Dy[s]f*" — Dyls]f* — Dyls]f*/Dals] £ — 0

yields S, My, = M,,, for all b € C[s],p € C".
Now, the claim follows together with the fact that the property ‘= {0} of a module
(over a commutative ring) is local, since

beBe My={0} < M, ={0} forallpeC" < be ) B,

pe(Cn

Remark 2.11. Analogous statements hold for By and B;.

Specializing the theory developed to the univariate case r = 1, i.e. f € C|z], we obtain
a principal ideal B C C[s]. We denote its monic generator by bs(s) or by ,(s), respectively,
and call it the Bernstein-Sato polynomial of f or the Bernstein-Sato polynomial of f in
p. Proposition over the principal ideal domain C[s] becomes

lempecn (byp(s)) = by (s).

In this case, the different concepts B, By, B(;) coincide, so all three of them can be
regarded as natural generalizations of the Bernstein-Sato polynomial which (especially
in the local variant) is far better researched than Bernstein-Sato ideals.

Remark 2.12. The original object of interest was the Bernstein-Sato polynomial and
not the Bernstein-Sato ideal. Bernstein introduced it in order to examine the meromor-
phic continuation of f*® as a function in s € C, where f* is originally only defined for
real part $(s) > 0 (see [Ber'72]).

It can also be used to find rational solutions of holonomic systems of differential
equations by finding upper bounds of the denominator degree of solutions which can be
determined by roots of the Bernstein-Sato polynomial (see [OTT01]).

In Chapter[5] we will see another application of Bernstein-Sato ideals, the computation
of annp, (f*) for a fixed a € C".
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2.1. Computer-algebraic aspects

In this subsection we shall briefly recall an algorithm from [BM02| which allows for an
algorithmic determination of B. For details on Grobner bases we refer to [Lev05l [Cas84)
Gal85| and for details on the algorithm and a comparison with another algorithm to
[UC04]. We follow the approach of [UC04].

The equality B = (annp,[g(f*) + p,s(F)) N Cls] hints us at an algorithm for deter-
mining B. We can use Grobner bases in D, [s] and this equality in order to determine
B. Here, Grobner bases are applicable in large parts analogously as in a commutative
polynomial ring, in particular because the non-commutative relations 0;x; = x;0; + 1 do
not change the leading term with respect to total degree (with 0; and z; both of degree
1).

Two problems arise when calculating B: First, we need to determine annp,(f*)
algorithmically and then compute the intersection with the commutative ring C[s].

An algorithm by Briancon and Maisonobe solves these problems by means of elimina-
tion orderings.

We introduce additional variables ti, ..., t, for the computation of ann(f*).

Definition 2.13. By D, (s,t), we denote the ring
D(s,t) == Dn(s,t) := (Dy[s])(t)

with additional non-commutative relations (besides those of D,,[s]) given by s;t; = t;s;+
(31"]‘751‘.
The D, [s]-module C [g, s, %} f* becomes a D, (s, t)-module via

1
tie g(s) fP=—g(s1,---,8i-1,8 — 1,841y, 80)Si—f°
~—~ fi
€Clz.s, +|

forie {1,...,r}.
Remark 2.14. For the elements of D, (s,t) we can assume a standard representation
Z caﬁmg:paaﬁt”sd
a7/87’y75

with ¢, 5,5 € C. This can be shown by induction on the total degree using the fact that
all non-commutative relations do not change the total degree. Analogously as in the the
commutative case, the total degree (with x;, 0;,1;, s; all of total degree 1) is well-behaved
in the sense that

tdeg(d - v) = tdeg(d) + tdeg(7).

Iterated application of the module action yields

* 0 g(s)f* = (~1)lg(s — ) <H<sz- =) ) =

for g(s) € Cla, s, 5], @ € Nj.
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Theorem 2.15 (|[BM02, [UC04]). The annihilator of f* in D, (s,t) is given by

annDn@L)(fS) = <Sj +fjtj7a +Z .fl

=1

ied{l,...,n},j€ {1,...,T}>. (1)
Proof. First, we check ‘2’ For j € {1,...,r}, i€ {1,...,n} it holds that
(sj + fit;) o f* = sif* = [js;

and

(aﬁz(ai-fz)tl) (Zsk (i 1) Z(&-ﬁ)m)-fs

=1
= (; Skﬁ(az‘fk) - 1_21( ; ® fl)slfl> fP=0.

For ‘C’, let § € annp, (sy(f*). Denote by J the ideal on the right hand side of ().
Let ¢’ be the normal form of 0 with respect to the ideal J and the lexicographic ordering
< with

v <tj <Oy <s foralli,ke{l,...,n},5le{l,...,r}.

By the form of the generators of J, it follows that §' € Clz,t]. For all a € N, for
o' = zaeNg,ﬁeNg Cap2t? we have

defr= Y coprt’ef’

aeNY,BeN]

= > Capr® (-1 (H(si—ﬁi— 1) s> % s

a€eNp,BeNy i=1

- ([ 5 X s

BENG i=1

By equating the coeflicients in s, we conclude that anncy, 4 (f*) = 0, since c, 3 does not
depend on s, so ¢’ = 0, which implies § € J. H

Using this statement, annp, [y (f*) = annp, s (f*) Dy [s] and the following definition,
we obtain an algorithm for computing B.

Definition 2.16. We define <; to be an elimination ordering on D, (s, t) with respect
to the t;, i.e. <; is a monomial ordering and additionally s;,z;,0; <; t; for all ¢,k €

{1,...,r}, je{1,...,n}.
Analogously, <, shall denote an elimination ordering on D,[s] with respect to the
.’L‘i,ai with s; <, Ij,aj for all ¢ € {1, .. ,7’}, j S {1, e ,n}.

10
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Remark 2.17. The orderings <; and <, are called elimination orderings because from
Grobner bases with respect to these orderings we can easily eliminate the variables ¢;
and z;,0; from ideals I C D,(s,t) and J C D,[s], respectively, i.e. we can compute
I'NnD,[s] and JNCJs].

This classical application of Grébner bases is due to the fact that if ¢, appears in a
leading term of an element of a Grobner basis of I with respect to <;, then this element
plays a role as a generator of I only for elements of higher degree with respect to <
which also have a leading term in a ¢;. The analogous procedure works for <.

For <;, <s; we may choose block orderings. More precisely, we can extend any mono-
mial ordering <p, 5 on Dy,[s| and <c on C[t] to an elimination ordering <, via

e e’
l’aaﬁSvts <t xa/aﬁ/s'ylts/ <= t <(C[ﬂ t I apl A o
e=¢ and 270757 <p, g ¥ 07 s7.

Analogously, we can construct <.

Algorithm 2.18 ([BMO02]).
Input: f € Clz]".
Output: the Bernstein-Sato ideal B of f.
1: Set I :=(s; + fit;, 0+ > _ (e fi)ti |ie€{l,....,n},5€{1,...,7}).
> I =annp, s (f°)

2: Compute a Grobner basis G of I with respect to <;.

3: Set J :=p,15(9 € GN Dyls)). > J = annp,[5(f°).
4: Set J = J + Dn[§]<F>- > J = annDn[é](fs) + Dn[§]<F>-
5. Compute a Grobner basis H of J' with respect to <.

6: return (h € H N Cls]). > (h € HNCl[s]) = B.

Remark 2.19. The correctness of the algorithm follows from Theorem which
justifies the assignment in the first step, and the choice of elimination orderings <,
<4, which make sure that in the third and sixth step we really compute the desired
intersections.

Analogously, we can compute B and By by altering the fourth step to J := J +

pusl(fi) and J := J + p,g(f1,-- ., fr), respectively.

2.2. Stratifications with respect to local
Bernstein-Sato ideals

In order to develop the concept of a stratification with respect to local Bernstein-Sato
ideals, first we are concerned with a primary decomposition of B.

Definition 2.20. Let R be a commutative ring with 1 and I C R be an ideal. We call a
decomposition into primary components Q; (i.e. for fg € Q; we have f € Q; or ¢ € Q;
for some j € N) of the form
1
I=a
i=1

11
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a primary decomposition of I.

Remark 2.21 (compare e.g. [Eis95]). Over a Noetherian ring, any ideal has a finite
primary decomposition. It can be algorithmically computed.

Instead of choosing the direct way of determining a primary decomposition of B, we
instead decompose @ = (annp,5(f*) + p.is(F)) N Clz, s], following the approach of
[BO10Q]. In the following, we fix a primary decomposition of @ as

14

Q=@

i=1

In this primary decomposition, we still have both sets of variables {z1,...,z,} and
{s1,...,8-}. We denote the intersections with the corresponding subrings by [; :=
Qi N Clz] and B; := @Q; N Cls]. Indeed, (), B; and (), I; are primary decompositions
of B =Q NClz,s|] and Q N C[z], respectively, which is a consequence of the following
lemma.

Lemma 2.22. Let S C R be an extension of commutative rings with 1, I C R be an
ideal and I = ﬂizl Q; a primary decomposition. A primary decomposition of I NS is
given by 1N S =N, (Q:N59).

Proof. Obviously, ﬂézl(Qi ns) = <ﬂ§:1 Qi> NS =1N.S. Furthermore, for Q; primary

and fg € Q; NS with f,g € S we have fg € Q;, 50 f € Q; NS or ¢ € Q; NS for
some j. O

Remark 2.23. If we choose an irredundant primary decomposition [ = ﬂézl Q; with
Qi # Q; for alli # j in Lemma[2.22] we do not necessarily obtain an irredundant primary
decomposition NS = ﬂizl(Qi NS), which can be seen in the example (z, zy, xz,yz) =
(x,y) N {(x, z) C Clz,y, z] which after intersection with C[z] becomes (z) = (x) N (x).

We include the following result since it is applicable in a more general setting than
for the primary decompositions we are interested in.

Lemma 2.24. Let B C A and C' C A be extensions of commutative rings. Furthermore,
let Q C A be a primary ideal and p be a prime ideal in B. We define the multiplicatively
closed set S := B\ p.

e If p O QN B, the equality (S7!Q) N C = Q N C holds.
e If p 2 QN B, the equality (S7'Q) N C = C holds.

Proof. We show the first claim.
The inclusion ‘D’ obviously holds. For ‘C’, let % =h € (S7'Q)NC with f € Q and
g € S C B. We have to show that h € Q.

12
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Assume towards a contradiction that h ¢ Q. Since hg = f € @ and @ is primary, we
conclude that ¢ € Q for some i € N. But then ¢ € Q N B C p, so also g € p, which
contradicts g € S = B\ p.

For the second claim, let ¢ € (QNB)\p CS. Then 1 = g € S71Q, which implies the
claim. O

The following proposition will be the basis of a stratification associated to Bernstein-
Sato ideals.

Proposition 2.25 (|[BO10|). For any p € C",
N B
i:pGV(LL')

Proof. We have

B, =(S,'Q)NC[s] = ( ﬂQ)ﬂC <ﬂle>m<C[]

and
S, Qi =S, 'Clz,s] & S, ' I; = Clz], & p ¢ V(I),

which implies

B,=| ) S,'Qi|NnCls.
:peV(I;)
From Lemma with A = Clz,s], B = Clz], C = C[s], Q = Q; and p = (z7 —
P1,- -, Tn — Pn) it follows that (S,"Q;) N C[s] = Q; N Cls].
Thus, the generation over the ring Clz], does not contribute anything to B, and we
conclude

B,=| () @|ncCls= () B

:peV(I;) :peV(I;)
]

Remark 2.26. In fact, Proposition 2.25] gives another proof of Proposition [2.10]
(B = Npecn Bp). Tt follows directly from the former proposition that B C B, for all
p € C" and thus B C N becn Bp- On the other hand by Hilbert’s Nullstellensatz we
can find p; € V(I;) for all 1 < i < ¢ and for these p; it holds that B,, C B;, which
implies B 2 (), By,. If, on the other hand, p ¢ V(Z;) for all ¢, this 1rnphes B, = (1) or
equivalently p ¢ V(f).

Proposition induces the following partition of C™.

13
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Theorem 2.27 (|[BO10|). For J C {1,..., ¢} we set

W, = (ﬂ V(Q)) \ U vy

jed Jgd
Then, {W, | J C{1,...,¢}} is a partition of C" and B, = B, for all p,q € W.

Proof. The claim follows from Proposition In particular, Wy = C" \ U, Ws by
the definition of the W; and W; "W, = @ for J; # Jo, which shows that the W define
a partition. N

The W; have a structure that can be described by the following definition.

Definition 2.28 (|[Gor76]). A finite stratification of a closed subset M of a topological
space is a decomposition

M= Jw;
jeJ
with a finite index set J and W; C M which fulfill the following conditions:
o All W; are locally closed, i.e. W; = U N A for an open set U and a closed set A.
e The W, are pairwise disjoint, i.e. for j # ¢ it holds that W; N W; = @.

e For all j # i the condition of the frontier holds: If W; N W, # @, then W; C W.
Here = denotes the closure with respect to the topological space.

The W; are called strata.

Remark 2.29. We will only work with C", the affine space of dimension n over the
complex numbers, and the Zariski topology (compare e.g. [Har77]).

If for all j € J a map P(-) is constant on W, i.e. [{P(x) | x € W,}| = 1, we call the
stratification a stratification with respect to P.

Lemma 2.30. The set {W; | J C {1,...,¢}} with the W, from Theorem defines
a finite stratification of V(F') with respect to the local Bernstein-Sato ideal. Here, B, is
regarded as a mapping of p,

B.: C"— {I CC[s] | I ideal}; p— B,.

Proof. Obviously, U, Wy = C", since Wgy = C"\ U, W

As a set difference of two finite intersections of Zariski-closed sets, the W are locally
closed.

Let J; # Jo, e.g. i € J1 \ Jo. Then W, C V(I;) and V(I;) N W, = &, so the W are

pairwise disjoint.

14
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Now let J; # Jy such that Wy, N Wy, # @. By the irreducibility of the V(I;) (as
varieties of primary ideals) and the properties of the Zariski topology (compare e.g.
[Har77]), we conclude that

Wi, = (ﬂ VUJ)) VU v ) =) va).

JjEJ2 j¢J2 JjEJ2

Together with
Wy, = (ﬂ V(Q)) \ [ U vy
JEN j¢n

we conclude that J, O J; and thus W, C Wy,.
It follows that {W, | J C {1,...,r}} defines a stratification. Theorem shows that
the stratification is indeed a stratification with respect to local Bernstein-Sato ideals. [

Example 2.31. Consider f = (z? — y,4*) € C[z,y|>. We obtain the following primary
components of the primary decomposition of (ann(f*) + (F')) N Clz, s]:

Qi B =Q;NC[s] I; = Q;NClz]
Q1= (s1+1,2° —y) By = (s1+1) I = (2% — y)
Q2= (sa+1,y%) By = (sy+ 1) I = (y?)
ng <2$2+1,y> 63: <282+1> ]3: <y>
Qs = o 2 3
Qs = (251 + 452+ 3,y,x) Bs = (251 + 452+ 3) Is = (y,x)
Qﬁ - <281 + 482 + 77 y37 $927 Bﬁ = <2$l + 432 + 7> 16 = <y3a xyza x3y7 l’5>
dx’ysy + 422y + y?, 4asy + 22 +
3y, 2%y, 2°)

We remark several points about the possible structure of the primary components: There
may be primary components that are not prime, see e.g. (3 with radical /Q2 = (s2 +
1,y) # Q2. Here, /I, # I5. There are also other examples in which B; # +/B;. We may
also find i # j with \/I; = \/I; (and consequently V(I;) = V(I;)), but \/B; # /B;, see
e.g. I, I3 or Iy, I5, Is. There may be cases in which Q; # Clz, s|B; + Clz, s]I;, see e.g.
1 =4.

The stratification obtained consists of the strata C\ V(F), V(2? —y)\ {(0,0)}, V(y)\
{(0,0)} and {(0,0)}.

Remark 2.32. Absolutely analogously, we can construct stratifications with respect to
the local Bernstein-Sato ideals By, B, by computing primary decompositions of the
ideals

Qs = (annp, i (f*) + p.(f1- - fr)) N Cla, 5]

(here, we allow the trivial decomposition @y = C|z, s] with one component) and

Qe := (annp, [y (f*) + p,1(fi)) N Clz, s].

15
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V(z* —y)

Figure 2.1.: The stratification from Example and Example [2.33

Example 2.33. Consider again f = (22 — y,9?) € C[z,y]®>. The primary components
obtained for Bs; are:

Qi B =Q.NCls] I; = Q;NClz]
Q1= (251 +4s9 + 3,2, y) By = (281 + 459 + 3) I = (z,y)
Q2 = (259 + 1,5 + 1,27, y) By = (259 + 1,51 + 1) I = (2% y)
Q3= (s2+ 1,81+ 1,9% 2% —y) Bs = (s2+1,s1+1) Iy = (y*, 2% —y)
Qi= (4se+ 3,51+ Ly*ay, 2 —y) | Bi=(4sa+ 3,51+ 1) | IL = (y*,xy,2* — y)

Although these primary components differ a lot from those obtained for B in Exam-
ple 2.31] we remark that we can find the inclusion B C By, in the primary components.
Yet, we do not have a relation of the form By, | B, i.e. we cannot write B in the form
B = BsxI for some ideal I. We notice that the strata obtained are those from Exam-

ple [2.31

The primary components obtained for By are:

Qi B, =Q;NC[s] I; = Q;NClz]
Q= (s1 +1,2° —y) By = (s; + 1) I = (z* —y)
Qg = <281 + 482 + 3,3:,y> 82 = <281 + 482 + 3> _[2 = <I,y>
For B(g) we get:
Qi B, = Q;NC[s] I; = Q;NClz]
Q1= (s2+1,9°) By = (sa +1) L= (y*)
Q2= (250 + 1,y) By = (25, + 1) I = (y)
= (251 + 459 + 5, 9%, vy, 42%5(2) +
@ = 21’22 +y,gjc3> ! 2 B3 = <251 + 459 + 5> I3 = <$37$y792>
Qs = (251 + 452+ 3,y, ) Bs = (2s1 + 452+ 3) Iy = (z,y)

We remark that B C B(;) C By. In contrast to By, the B(;) are principal in this example.
The corresponding strata differ from the ones from Example since for the B(; one
of the components plays a more important role than the other one.

We can give an algorithm for determining the primary components B;, I; by modifying
Algorithm in the appropriate places. We need three additional elimination orderings

16
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because we are now also interested in intersections with Clz, s] and Clz].

Definition 2.34. We define <, ; to be an elimination ordering on D, [s] with respect to
the 0;, l.e. x;,5; <, O forall i, k e {1,...,n}, j€{1,...,r}

By <, and <, we denote elimination orderings on C|x, s| with respect to the s; and
x;, respectively, ie. x; < 54, 85 <p x; foralli e {1,....,n}, je{l,...,r}.

For the computation of primary decompositions (which is also algorithmic in C[z, s]),
we refer to [DGP99].
Now, we can adapt Algorithm to our requirements.

Algorithm 2.35 (see [A.1).
Input: f € Clz]".
Output: compatible primary decompositions of (annp,y(f*) + p,s{(f*)) N R for
R € {Clz, 5], Clz], C[s]}.
Step 1-4: as in Algorithm set J := annp, (5]([*) + p.s (F)-
Compute a Grobner basis G of J with respect to <, ;.
Set @ = cs(9 € GNClz, 5]). > @ = (annp, [ (f*) + . (f)) N Clz, 5].
Determine a primary decomposition ) = ﬂle Q;.
Compute Grobner bases H,; and H,; of (); with respect to <, and <, respectively,
fori=1,... 0
9: Set B; := ¢y (h € Hy; NCls]), I; := ¢z (h € Hyy NClz]) for all 1 <i < L
10: return (Qq,...,Qy), (By,...,By) and (I, ..., ).

Remark 2.36. The algorithm relies on the elimination orders and the algorithm for
primary decomposition. A typical bottleneck of computational complexity is the com-
putation of a primary decomposition.

Now, we examine the Krull dimension of the primary components through which we
obtained a stratification. As we work with ideals in C|z, s], C[z] and C[s], respectively,
we can work with the Krull dimension of ideals in a commutative ring. A possible
expectation that we could have is equidimensionality of the primary components, but
this does not hold in general, neither for the @); nor for the B; nor for the [;, as we can
see in the following example.

Example 2.37. Consider the example f = (z,2* + y* + 222%°) € C|z,y, 2]* =: C[z]?,
taken from [BO10|. In the primary decomposition of @ = (ann(f*) + (F')) N Clz, s], we
find primary components (s; + 1, z) C Clz, s] of Krull dimension 3 and (2s5 + 1,4, x)
of Krull dimension 2. After intersecting with C[z], two components are (z) C C[z] of
dimension 2 and (x,y) of dimension 1. After intersecting with Cl[s]|, we find that two
components are (s; + 1) C C|[s] of dimension 1 and (2s + 3, s1 + 2) of dimension 0.

We conclude that none of the three primary decompositions are equidimensional. On
the levels C[z] and C[s] we can find intuitive reasons for this. Both principal and
non-principal components appear in the B; which implies a difference of dimensions.
Furthermore, some of the I; describe V(f) whereas others describe the singular locus
Sing(f) (cf. Definition [3.22]) which has a strictly smaller dimension than V(f).

17
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2.3. Localizations at prime ideals

So far we have only dealt with localizations at maximal ideals with respect to multi-
plicatively closed denominator set

Sp=A{f € Clz] [ f(p) # 0} = Clz] \ {z1 = p1,. - &0 — pn) =: Clz] \ my,

However, we can localize at S, := Clz] \ p for any prime ideal p. Similarly as in the
definition of D,, , we can define D,, , := Sp’an C W, since Sy is an Ore set in D,, as well.
We are interested in prime ideals with f € p in particular, because these correspond to
irreducible components of a decomposition of V(F') into varieties.

Similarly as in the case of local Bernstein-Sato ideals at a point, we can define those
at a prime ideal or at the corresponding variety.

Definition 2.38. The local Bernstein-Sato ideal of f at the prime ideal p C C[z] or at
the corresponding variety V(p) is defined as

B, = (annp, 1 (f*) + b, 1 (F)) N C[s].

Remark 2.39. Applying Lemma we conclude that

B, = (S, '(annp, (f°) + b, (F))) N Cls].

The following lemma can be seen as a variant of Proposition [2.25] since it reduces the
computation of local Bernstein-Sato ideals to primary decompositions and the compu-
tation of global Bernstein-Sato ideals. For notations compare Section

Lemma 2.40. For a prime ideal p C Clz],
B,= ) B.
i:p2VT;
Proof. For the primary ideals I; and the prime ideal p the following equivalence holds:

LCp < VLCh
Now the claim follows completely analogously as in the proof of Proposition O

A conclusion from Proposition and the fact that S, = Clz] \ p D Clz] \ m =: Sy
for all prime ideals p and maximal ideals m with p C m is that

B= () B,
p:Fep

Moreover, we can now show the following corollary.

B,= () By

peEV(p)

Corollary 2.41. It holds that
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Proof. The claim follows from Proposition [2.25] and Lemma [2.40] since both use the
same primary decompositions and it holds that

(@1 = D1 T —pa) 20 2V = peV(p) C V(L)
which implies that

]

This corollary gives us an interpretation of the localized Bernstein-Sato ideals at prime
ideals that we can use in the following example.

Example 2.42. Consider again f = (x,y,x + 1) € C[z,y]® and the prime (but not
maximal) ideals p = (y) and q = (z). We obtain

By = ((s1+ 1)(s2 + 1)(s3 + 1)),
By = ((s1+1)(s2+ 1)).

2.4. Stratifications with respect to local
Bernstein-Sato polynomials

For Bernstein-Sato polynomials, more effective algorithms for stratifications are known
which do not rely on primary decompositions. Here, we want to examine the approach
of [LM12] (a similar approach has been used in [NN10]). In this subsection, let f € C[z],
ie.r=1.

The general procedure here is to find an upper bound of the local Bernstein-Sato
polynomial by, e.g. the global Bernstein-Sato polynomial b (see Proposition [2.10),
factorize it and then to check whether the roots of the upper bound are roots of the
local Bernstein-Sato polynomial as well and, if so, which multiplicity these roots have.
In practice, this method is more effective because the typical bottleneck here, finding
the roots of the upper bound, is oftentimes less expensive than the computation of a
primary decomposition of (ann(f*) + (f)) N C[z, s].

The practical approach is due to the following theorem.

Theorem 2.43 ([LM12, 2.1]). Let ¢(s) € Cls], R be a C-algebra whose center contains
C[s] (e.g. R € {Dy][s], Dy p[s]}), and I a left ideal in R with I N Cls] # {0}. It holds
that (1 + n(a())) O Cls] = 1 Cls] + o (a(5))-

Proof. Obviously, ‘2" holds. For ‘C’, let I N Cl[s] = ¢[q(b(s)) and f + gq(s) € (I +

r(g(s))) NC[s] with f € I, g € R. Multiplying f + gq(s) by d := sk € Cls], we

get
d-(f+gas) =df +g  dg — €INCls]=(b(s)).
€INC[s]=(b(s))
This implies f + gq(s) € (")) = (ged(b(s), q(s))) = I N Cls] + crq{a(s))- 0
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Remark 2.44. Although this result is very intuitive, it is unclear whether it can be
extended to the multivariate case for C[s], since the proof relies heavily on the work
over a principal ideal domain. At least in this generality, a counterexample is given by
I = ps1,52(0151 + 1, 59), q(s) = s1, where

(I + p.(a(s))) NC[s] = C[s] # cig(s1,52) = I N Cls] + (5 (q(s))-

Applying Theorem to I = anng(f®) + g(f) and a factor ¢(s) of bs(s) yields the
following corollary.

Corollary 2.45 ([LMI12, 2.4]). Let o € C be a root of bs(—s) of multiplicity m,,
0 <i < n. The following are equivalent:

(i) mq > 1.
(i) J; := (annp, (%) + s (fs (s + @)™)) N Cls] = ¢ ((s + a)™1).
(111) (S + a)i ¢ annDn[s](fS) + Dy 3] <f7 (5 + a)i+1>'

Proof. Rewriting (i) with Theorem [2.43) (I = annp, 1 (f*) + p,5(f), ¢ = (s + )?), this
equality now reads

cis)((s+ )™ = (annp, (5 (f*) + o (fs (s 4+ )T NCls] = ¢ by (s)) + s (s + )™,

which is obviously equivalent to (i).
We may reformulate the condition in (iii) with Theorem as

(s +a)" & (annp,(f*) + b, (f, (s + @) ™) N Cls] = ¢ (bs(s)) + cps{(s + )™,

which directly implies ‘(i)=-(iii)’, since (s + «)"*' divides the right hand side of this
reformulation if (i) holds. The implication ‘(iii)=-(ii)" can be concluded from the fact
that the generator of J; must have the form (s + )/ for j < i+ 1 and (iii) implying
j=i+1,ie. (i). O

These results allow us to algorithmically check for candidate roots of the Bernstein-
Sato polynomial and their multiplicity by means of GGrébner bases.

The following theorem hints toward a stratification, as it determines vanishing sets on
which the local Bernstein-Sato polynomial does not vary.

Theorem 2.46 ([LMI12, 2.14]). Let L := annp,y(f*) + p,s(f) and « be a root of
bg(—s) of multiplicity m,. Denote by m,, the multiplicity of a as a root of by ,(—s).
For 1 <i < m, we define I,; := (L : (s + a)") + p,5(s + a). It holds that

o (s+a)[bsp(s) = peV((L+p,ls + @) NClz]),

o My, >1iepeV(l,, NClz).
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Proof. By Corollary 2.9, we know that (bs,(s)) = (S, L) N Cls].
Now for the first claim.
For p € C" it holds that (s + «) { by,(s) if and only if ged(s + o, brp(s)) = 1 or
equivalently
1 =ged(s+ o, brp(s)) € (Sp_lL + D s(s+a)).

In this case we can equivalently state that 1 € (S; 'L+ p, (s + @) N C[z], which is
equivalent to
(L + Dafs) (s + O‘)) NS, # {0}

by choosing a common denominator. This is equivalent to p & V (L + p,5(s + a)),
which shows the first claim.

For the second claim, we proceed analogously. We have m,, > ¢ if and only if
ged(byp : (s + @), s + ) # 1. With analogous steps as in the proof of the first claim,
this holds if and only if 1 ¢ Sp_lfa,i or, equivalently, S,NI,; = @orp € V(I,,NC[z]). O

Based on the varieties V,; = V(I,;), we obtain a stratification with respect to
Bernstein-Sato polynomials.

Corollary 2.47 ([LM12, 2.14]). Let bs(s) = Hle(s — a;)™i. We set [, = @ for all
roots o and k > m,. Then

C" = U U ( m V(]amjai)\V<Iai,jai+1>>7

Jay =0 Japy=0 \1<:i<{

(. J

7777 Jaé)

Jouy yeesd

and the W; o) [ulfill the first two conditions of Definition of a stratification
with respect to local Bernstein-Sato polynomials by ,(-).

Proof. Obviously, U(jal,...,jaz) Wijayriay = C, since

We...00=C"\ U Wiy somsiong)-
(jalr"vjaz)#(of'ﬂo)

As finite intersection of set differences of two Zariski-closed sets, the W(; are
locally closed.
Let (ars-- s Jag) # (Kars -5 Kay)s €8 Jou < Koy Then W, ko) € V(lay 1, ) and

V(I ko) "W @, so the W; are pairwise disjoint. O

aq 041:"'7ja[) -

aq 7“'7j0/2)

aq 7"‘ajocg)

We do not consider the condition of frontier here because it is much more intertwined
with the properties of the Bernstein-Sato polynomial and those of the singular locus,
but does not contribute to the properties we are actually interested in.
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2.5. Bernstein-Sato polynomials of varieties

Let again f € Clz]", F =[[,_, fi and f*=T[;_, f7*. At this point, we consider another
generalization of the Bernstein-Sato polynomial introduced in [BMS06] which preserves
the principality of the ideals associated to polynomials.

We need some preparations in order to define this generalization.

Definition 2.48 (JALMO09]). We define
C<S> = C<Si’j | Z,] € {1, . ,T’} , [Si,ja SkJ] = 05kSil — 5i,l3k:,j>

and
D(S) := D,(S) := D,, ®c C(S5).

Remark 2.49 (JALMO09, BMS06]). The ring C(S) is the universal enveloping algebra
of the Lie algebra gl,,(C).
It can also be obtained as a subring of

C<Si,ti, tl_l | thi == (Si + (SZ'J‘)tj, S5iS; = SjSi,titj = t]tz for Z,j € {1, e ,7"})
generated by s, ; := s;t; 't; for 4,5 € {1,...,r}. With this construction,

Sij Skl — Skl Sij = Sit;lt‘jSktlzltl _ Sktlzltlsiti—ltj
= ity (sn + Oy )ttt — suty (s + 0ttt
= si(sk + O,j — ivk)t;ltjtlgltl — Sk(s; + 041 — 5i,k)tlzltlt;1tj
= Opysity 'ttt — Oigsity it 't
= Opysity 't — Ouusity, 'ty = 0 kSit — OiiShy

as desired.

Now we want to extend the D-module structure of Cz, s, =] f* to the structure of a
D(S)-module.

Definition 2.50 ([ALMO09]). The D-module C[z, s, %] f* becomes a D(S)-module with
the application of differential operators and

€Clz,s, 5]
fori,j € {1,...,r}, where t; @s; =s;+0;; fori,j € {1...7}.

Remark 2.51 (JALMO09]). The module action of s, ; is given by

S - fl S S
sii® g(s) f7=sig(t; 1tz‘°3)—f = si9(s)f”,
€Clz,s, ¥
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so it coincides with the multiplication with s; and we can identify s;; and s; by formally
working over D, (S)/(s;; —si |1 € {1,...,1}).

Using the construction from Remark with ¢;s; = (sj+0,,)t; and t;@s; = s;+ 0, j,
we can again develop a more intuitive understanding of this statement, since

sii @ g(s)f* = sit; 't @ g(s)f* = si @ g(s)f* = sig(s) [°.
Finally, we can define the Bernstein-Sato polynomial of f.

Definition 2.52. We define the (generalized) Bernstein-Sato polynomial bs(s) of f such
that after substituting s — s11+...+s,, the polynomial bs(s;1+...+s,,) is the monic
generator of

(annD<S>(f5) + D<S><f1a ce fr>) N C[SLl + ...+ Sr,r]-

Remark 2.53. The subring C[s;; + ... + s,,] is central in D, (S) which makes the
definition also computationally implementable.

We find a monic generator bs(s) because C[s11+...+s,,] is a principal ideal domain,
which makes bs(s) well-defined.

Again, we can reformulate the definition as a functional equation of the form

by(si+...+s)f =D _6if:) e f°
=1

for some 0; € D(S).

It is due to [BMS06| that we know that bs(s) # 0.

For r = 1, i.e. f € C[z], this definition of the Bernstein-Sato polynomial coincides
with the classical Bernstein-Sato polynomial of f as a polynomial, since in this case

C(S)/(sii—si|ie{l,...,r}) = Cls11] = C[sy].

While the Bernstein-Sato polynomial for f € C|z]” resembles the Bernstein-Sato poly-
nomial by this connection and the principality of ideals, it also carries resemblance with
By, since we add the ideal p(sy(fi,..., f;) before intersecting with the principal ideal
domain. Later, we will see that By, displays rather untypical behaviour in comparison
with B and B(i).

In order to motivate the term ‘Bernstein-Sato polynomial of a variety’, we need a
preliminary definition.

Definition 2.54. Let f € C[z]. The codimension of V(f) C C" is defined as

codimen (V(f)) :=n — kedim((f1, ..., f))-

The following definition allows for a deeper insight into the nature of the polynomials
that we defined.
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Definition 2.55 (|[BMS06]). We define the (generalized) Bernstein-Sato polynomial of

(f) as
bis)(8) = bigy,... ) (8) = by (s — codimen (V(f)))-

Remark 2.56. In [BMS06, 2.5], it is shown that the Bernstein-Sato polynomial by is
independent of the generators of (f) := ci{(f1,-..,fr). This justifies the term chosen
to describe the polynomial.

For algorithmic aspects, this result has severe implications, since we can arbitrarily
choose generators of (f). Here, we find a similarity to By, since for 1 € p,(f), we
have By, = (b(y)(s)) = (1). This trivializes the determination of both By and by (s) for
examples like f = (1 —x + y,z — y).

However, the optimal choice of generators is not always clear, but one goal in such a
choice can be the minimization of the number of generators.

Remark 2.57. Another important computer-algebraic aspect is the computation of
annp, sy(f*) and of the intersection of annps)(f*) + pis)(f1,-- -, fr) with Cls11 +... +
s.»]. For a solution to the first problem we refer to [ALM09], where Algorithm is
generalized, and for the latter problem we recapitulate their approach here.

The necessary algorithms are implemented in the PLURAL (J[GLMSI5|) library
dmodvar.1lib (JALMI5]).

The problem of intersection with C[>_, s;] can be tackled with the following algorithm.
Here NF(a, G) denotes the normal form of the element a with respect to the Grébner
basis G.

Algorithm 2.58 (JALMOQ9, 4.11]).
Input: h € D(S) and an ideal J C D(S) with J N C[h] # {0}.
Output: a generator of J N C[h| as an ideal in C[h].
1. Set ¢ := 1 and choose a Grébner basis G of J.
2: while {0} = kerc(NF(h',G),...,NF(h,G),NF(1,G)) C C""! do
3: Set 1 :=1+ 1.
4: end while .
5. return h' + Z;;t 1 for some

(ais .. ., a0) € kere(NF(h',G), ... ,NF(h,G),NF(1,G)) \ {0} .

Remark 2.59. The algorithm can be generalized to arbitrary fields % instead of C and
other associative k-algebras instead of D(S), as long as there is a k-linear, algorithmically
treatable normal form.

The correctness of the algorithm follows from the iterative procedure such that the
element found is of minimal degree in h and the fact that ¢ € (G) < NF(g,G) = 0
together with C-linearity of NF (-, G) up to elements of (G).

Applying the algorithm to h = >";_, s; and J = annps)(f*) + psy(f1, - - -, fr) allows
to compute the intersection we are interested in.
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Since the non-commutative structure of C(S) does not interfere with the z;, i.e.
xisjk = s;pv; for all 1 <@ < n,1 < j,k < r, we can completely analogously define
local versions of the structures used.

Definition 2.60. For p € C" we define D, ,(S) := C|z], ®c[y D(S).
With this, we can also define local Bernstein-Sato polynomials of f and (f).

Definition 2.61. We define by, (s) € C[s] such that
(aDIanyMs)(fs) -+ Dn,p<5><f17 . ,f7->) N (C[Sl,l + ...+ S,,.’r] = <bf’p(81 4+ ...+ ST)>

and b5y ,(s) € C[s] by bipy p(s) := bsp(s — codimen (Ve (f)))-

Remark 2.62. In the definition of by ,(s) we use the same shift as in the global
definition. We do this in order to maintain the connection between local and global
polynomials by the least common multiple.

2.6. Other variants of Bernstein-Sato polynomials for
varieties

In the definition of Bernstein-Sato polynomials for varieties we have considered

(annD<S>(fS) + D<5><f1, cee fr>) N C[Sl,l + ...+ ST,T]?

which is a construction in analogy to By. We will now consider variations that rather
resemble B and B(;) by defining by ri(s), by,)(s) € Cls] for i € {1,...,r} such that

(brr(si+ ...+ s.)) = (annpsy (f*) + pesy(fr----- fr)) NCls11+ ... +5,,] and
(b, (s1 4 ...+ 50)) = (annps) (f*) + pesy(fi)) NCls11 + ... + 800

Analogously as in the definition of by, we define bisy 1(s) = byu(s — codimen (V(f)))
and b<f>7(i)(8) = bf,(l-)(s — COdim@n (V(f)))

We see the strengths of the definition of b; in the weaknesses of these constructions.
The ideals we deal with are principal ideals, but the independence of generators of (f)
does not hold any longer.

Example 2.63. Consider f = (1 — x,7) € C[z]*> and ¢ = (1) € C[z]. Tt holds that

<f> = <g> but b(f)jH(S) =s—+1 75 1= b(g),H-
In the example f = (1 —2?,2%) € Clz]* we have by ) = s+ 1 # (s+1)(s+3) = by o),
especially the by ;) are now dependent on the generators and even on their order.

In [BMS06], another variation of the Bernstein-Sato polynomial for varieties was in-
troduced which incorporates a different polynomial g € C|x].
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Definition 2.64 ([BMS06]). The Bernstein-Sato polynomial of f € Clz]|" and g € C|z]
is defined as the monic polynomial 0 # by 4(s) € C[s] of minimal degree such that

bf»Q(Sl TSy gfs = (Z 5zgfz>

where §; € D(S) for all i € {1,...,r}.

Remark 2.65. In [BMS06|, the existence of by, # 0 was shown.
Similarly as for the other constructions we introduced so far, we can reformulate the
problem of finding by, as

r

((annps) (f*) + p(s)(9frs - 9f) NgCls1 + -+ 50]) 1 g = cpsrrs (rg(d i),

i=1

However, it is not clear how we can compute the intersection with gC[s; + ... + s,].
We modify Algorithm in order to solve this problem.

Algorithm 2.66.
Input: h € D(S), g € C[z] and an ideal J C D(S) with J N gC[h] # {0}.
Output: a generator of (J N gC[h]) : g as an ideal in C[h].

1: Set 7 := 1 and choose a Grébner basis G of J.

2: while {0} = kerc(NF(gh',G),...,NF(gh,G),NF(g,G)) C C™*! do

3: Set i :=1+ 1.

4: end while

5. return h' + Zz =t h7 for some

(ai,...,a0) € kerc(NF(gh',G), ... ,NF(gh,G),NF(g,G)) \ {0}.

Remark 2.67. The correctness of this algorithm follows analogously as that of Algo-
rithm by using that

—_

i—1 i—

NF(ghi + Y %ghj, G) =NF(gh',G) + S ZNF(gh!,G) = 0.

%

8

Il
=)

j=0 " J

The application of this algorithm to J = annps)(f*) + psy(9f1,---,9fr), h = s1 +
..+ s, and the given g solves our problem of computing the intersection for determining
by, and at the same time allows us to compute the quotient.
For determining annpsy(f*), we can again use the methods from [ALMO09].

Example 2.68. We consider f = 22 € C[z] and g = x € C[z]. The Bernstein-Sato
polynomial of f is given by bs(s) = (s+1)(s+2) with corresponding operator 92, whereas
with the same operator we obtain the Bernstein-Sato polynomial b ,(s) = (s+2)(s+3).
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2.7. Stratifications with respect to local
Bernstein-Sato polynomials of varieties

In [LM12], the applicability of the results from Section to the case of Bernstein-Sato
polynomials of varieties, by, was shown. From the upper bound by or b, one can find
factors of the respective local Bernstein-Sato polynomials.

The approach via primary decomposition can also be used to find a stratification with
respect to local Bernstein-Sato varieties by decomposing

(annD<5>(fS) + D(S><f17 BRI f?‘>) N C[@wgl + ...+ Sr]

and intersecting the primary components with Clz] and C[s; + ...+ s,].
However, it is not clear how those two methods can be applied to by 4. If we want to
use primary decompositions for this task, we cannot directly use the defining equation

r

(annD(S)<fs> + D(S) <gf17 cee 7gfr>) ﬂgC[sl 4+ ...+ Sr] g = C[31+.‘.+s7~]<bf,g(z 51))

d i=1

—L
but have to reformulate it as

(LNgClz,s1+ ...+ 5]) : g)NCls1 + ...+ 8r] = oyt (brg(s1+ ...+ 5:)). (2)

—Q
The intersection needed here to determine () can be computed by adding an additional
variable s with the relation s = s; + ... + s,. Then, we can compute the intersection
with an elimination ordering.
At this point, we have a similar situation as for the stratification with respect to to
Bernstein-Sato ideals. We can decompose @) = (), Q); into primary components (); and
then use the intersections of the @; with Clz] and C[s; + ...+ s,]:

(bY) = Q;NC[sy + ...+ s,] and I; := Q; N C[z].

With analogous arguments as in the case of Bernstein-Sato ideals we obtain
clbrn() =[] cwlly’) ie. byyls) =lem(@}) | p € V(L)).
i:pEV(IZ‘)
for p € C", since .
0 by &1 ¢ S'Q; & pe V().
The approach by |[LM12] is still feasible. This is due to the fact that Cls; + ... + s,]
is contained in the center of D(S), since

T T T
Si.j (Z Skz) =Y sk = Y SkkSit (8558051 5i5) + (500815 —505) = (Z Skz) Sij
k=1 k=1 ke {ij)} k=1
and the z;,0; commute with the s, anyways. Now, Theorem [2.43] and the resulting

algorithms can be applied to @ from (2)). Especially, the definitions from Theorem [2.46]
can be adapted as follows in analogy to [LM12) 2.14]:
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Theorem 2.69. Let @ as in (2)) and « a root of b ,(—s) of multiplicity m,. Denote by
Ma,p the multiplicity of « as root of by, ,(—s).
For 1 <i < mg we define I, ; := (Q : (3, si+a)") + ¢y, 5] (s + ). It holds that

o (s+a)|brgp(—s) = peV((Q+cpyr, (> si +a)) NClz]),
o Ma, >i e pe V(I NClz).

This gives the tools for a stratification with respect to local Bernstein-Sato polynomials
bt 4 constructed analogously as in Corollary [2.47]

Example 2.70. Continuing Example with f = 2? € C[z] and g = z € Clx], we
may give a stratification with respect to the local Bernstein-Sato polynomials by, ,,, since

(s+2)(s+3) ifp=0,
bfvg,p = .
1 otherwise.

2.8. Generalized stratifications by primary
decomposition

In all cases where stratifications through primary decompositions have been constructed
so far, we could proceed in analogous constructions. In this section, we want to find out
how these constructions can be generalized.

For this approach, we will in the following consider a Noetherian commutative C-
algebra A and the (commutative) C-algebra R := Clz] ®c A. We start off with a
global ideal Q C R and want to stratify C" with respect to the localized intersections
B, = (S,'Q) N A, where S, := {f € C[z] | f(p) # 0} for p € C".

Since Lemma is applicable in this situation, we conclude that for primary Q C R
it holds that (S;lé?) NA=QnNAforpeV(QnNC[z]) and (S;lé) N A = A otherwise.

In order to be able to work with primary ideals, we again fix a primary decomposition
of Q as Q = N, @:-

This allows us to generalize Proposition to our situation.

Lemma 2.71. For p € C,

B, = m (QiNA).

1:peV(Q:NClz])

Proof. We proceed analogously as in the proof of Proposition [2.25]
From

¢
B, = (ﬂ Sp_le') NC[s] and S,'Q; = S, 'R < p ¢ V(Q; N Clz])
i=1
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we conclude

B,=| ) S,'@i|nA
i:pGV(Ii)
Now, the claim follows from Lemma [2.24] O

In conclusion, we can construct a stratification of C" with respect to B, in analogy to
Theorem and Lemma,

Theorem 2.72. For J C {1,...,(} we set

Wy = (V@;ncClz) |\ [ JV(@ ncClz)

JjeJ 2
The set {W; | J C{1,...,¢}} defines a finite stratification of V(F') with respect to
B,. Here, B, is regarded as mapping of p,
B.: C"—={I CA|Iideal}; p— B,.

Proof. The claim that the B, are constant on W; follows from Lemma [2.71]

It remains to be shown that the W fulfill the requirements of strata. This can be
shown as in the proof of Lemma because here we deal with irreducible varieties
and their differences as well. O
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3. Local Bernstein-Sato ideals

In this section, we want to find out more about the structure of Bernstein-Sato ideals.
In particular, we are interested in factors ¢ of B with ¢/ = B for some ideal I C C[s].

3.1. A tool for undesired factors

Again, we consider f € C[z]" and F = [[;_, f; and want to find polynomials b(s) € C[s]
with the property b(s)f* = d(s) e f5T! for some §(s) € D,[s] or 6(s) € D, ,[s] for global
or local Bernstein-Sato ideals, respectively.

A classical result about Bernstein-Sato ideals is that for p ¢ J;_, V(f;) the local
Bernstein-Sato ideal is given by B, = (1), which can be seen with the Bernstein-Sato
operator § = F~1. In Clz],, F' is a unit since F(0) # 0. We will now introduce a tool
that generalizes thls result and allows to omit factors that do not vanish in a point for
the construction of the local Bernstein-Sato ideal in that point. This gives another proof
of the result that for units uy,...,u, it holds that By = B, ... u. 1), as we will see in
Theorem [3.5] (see [BO10] for the case of us, ..., u,, f1,..., fr € C[[z]]).

Unlike for the definition of Bernstein-Sato ideals, where we could work with the
Clz, s, F] -module C[z, s, %]fs, we now need a more sophisticated structure in order to
formalize the application of differential operators to f°. Consider the finitely generated
module over the ring R := Clz, s, +] defined by

k

v-® @ nlls

k=0 1<i1<..<ip<r j=1

This module can be regarded as an R-submodule of the R-algebra R[f{*,..., fr] with
the natural R-module structure given by 0, 5 = s;f% (0} @ f;) and the Leibniz
rule. We do not work with R[f}*,..., f"] because this polynomial ring is not finitely
generated as an R-module.

The module M has an additional structure induced by R[f*,..., f¥]: For a,f €

{0,1}" with a;3; = 0 for all 1 <i < r, we define fo°. f8s = flatfs,

Remark 3.1. For this structure, it is not necessary to have pairwise distinct s;,, since
the f* are treated as formal symbols, so we may choose s;; = s;, for ji # jg as Well,
which can be used to factorize f;. For example, we could Consider f= fiifiy € Clz]
and the corresponding module M = R® Rf7} © Rf7y © RfY fTh.
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Proposition 3.2. For g € C[z] \ {0} and 1 <7 <r we define the isomorphism of rings
bgsi 2 Dn [g, ﬂ — D, [§, é] (abbreviated as ¢) by

S;
8k'—>ak+—(ak.g), XT; > Z;, S; > S;.
g

For § € Dy[s] and h = [[,<;, f;’ (we may choose f; = 1) it holds that

6o (h-g%)=g" (¢(d)eh) e M.

Proof. We show the claim for 6 = 0, 1 < k < n, which implies the general case by
iterative application. With Leibniz rule and chain rule we obtain

9" - ((Ox) @ h) = g™ - (aﬁ%'(@k-g)) eh="h-s,g"""-(Opeg)+g"-(Oeh)
=h-(Oxeg”)+ 9" (Opeh) =0y (h-g%)

It remains to be shown that ¢ is a bijective homomorphism. We have to show that it

is compatible with the non-commutative relations of D, [§, l]. It holds that

and with [a,b] = ab — ba and

Oneg) _ ((&n *9) 5 o (O:0n ®g)g — (O ® 9)(On 09))
g ' ' g°

ak% (O ® 9) = 5:0k
we obtain
(G(Dk), 3(Dm)] =[O0 + 5 (D@ g), O + g (O ® 9)]

bilingirity [ak’ a ] [ak’ (a . g)]
=0 g

+[j'(3k°g)>a] [g (@'9) (O e g)]

((5‘m°g)a (OkOm ® 9)g — ak-g)(3m°9))+ﬁ,<8k.g)a B
(2 g 2 g m

(
g

Si((a‘“'”amﬂamak'g) (@mw)(@k-g))_ﬁ.(a ® 9)0k
g g "
—s; ((@f@m *9)g— (O ®9)(On e g))
92
s ((&nak-g)g— (8m°9)(8k°g)) o
92
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Furthermore
Si
[9(Ok), Tm] =[Ok + ra (O ®9), T

for k # m.
The bijectivity of ¢ follows with the inverse that maps 0y to 0, — % - (O ® g), which
is a homomorphism as well. O

Remark 3.3. Proposition 3.2 can be generalized to rings D, ,[s].

We now examine how the structural properties of Proposition can be generalized.

Lemma 3.4. We define the mapping ¢ : D, [g, é] — D, [§7 ﬂ by

8k — ak + wg, x; — Xy, S; — S;

for wy,...,w, € D,]s, é]
The mapping ¢ is a homomorphism of rings if and only if w;, € Cls, z, é] and Oy e
Wy — Op @ wy, = 0 for all 1 < k,m < n.

Proof. Three properties need to be fulfilled for all 1 < k;m,l < n, k # m to make ¢ a
homomorphism of rings (and these properties are sufficient):

0= [0(0k), 0(x)] — 1= [0(Ok), x1] — 1 = [Op +wp, 11] — 1 (3)
bilin;arity [wk7 ZL’k] — Wik — TRWE,

0= [¢(Ok), p(wm)] = [9(Ok), Trm] = [O) + W, T (4)
bilingirity [wk7 I'm] — Wy — T W,

0= [¢(9%), ()] = [0k + wi, O + w] (5)

= 0;.@ + 0kwl + wkal + WrW; — Glﬁk — lek — ?Ulak — W Wy

= Opw; + w0, + wrw; — Oywi, — W0 — WWh

The equalities and are equivalent to wy € Clz, s, !%} With this knowledge, we
can further simplify (5] as

0 = Opw; + w0, — Qwyi, — w0 = W0, + O @ Wy + W0 — W0y, — ) ® Wy, — WO
= O, @ w; — 0 ® Wy,
the second condition.

On the other hand, if wy, € C[s, z, é] and J ew,, — 0, ew; = 0, by the same arguments,
¢ is a homomorphism of rings. O
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Theorem 3.5 (see also [BO10, Lemma 10]). For ¢ and h as in Proposition and
1 <i < r with g(p) # 0 it holds that

¢Q,Si (annD'n,p[ﬂ (gsz ' h)) = annDn,p[§](h>‘

In this case, B(f1,~-~,fi71,fi'g,fi+1 77777 fr)p — B(flv--~7fi717fi7fi+l ----- fr)p

Proof. Consider the first claim. For ‘C’let 0 € annp, (9% -h). Then 0 =de (g% -h) =
9% (¢(0) @ h) by Proposition B.2} so ¢(d) € annp, 5 (h).

The other inclusion follows analogously by using the inverse ¢

For the second claim let b € Bt f 1 fig fivafo)ps €8 bg¥ fS = & @ g5t fstl for
b e C[s] and ¢ € D,[s], or equivalently

b—6gF € annp,5(f°g%).
Applying ¢ = ¢, yields
b—6(0)gF € ¢ (annp,y(f7g™)) = annp, 15 (f*)

because ¢(b) = b and ¢(gF) = gF'. It follows that b € B(s, .., 1 fi.fis1,nfo)p- Lhe other
inclusion follows analogously. O]

Remark 3.6. This theorem allows us to omit all those g | F' which do not vanish at p
when determining B, or, in other words, assuming w.l.o.g. that all f considered fulfill
fi(p) =0 and even g(p) =0forall g | f;, 1 <i<r.

More precisely, for (uq fi, ..., u, f,) with units u; € C[z], with u;(p) # 0 and non-units
i we can apply ¢, s, © ... 0 Gy, s, t0 ObLAIN By gy, f) = Bprets)-

3.2. Common factors of generators of local
Bernstein-Sato ideals

In this subsection we are concerned with applying the previously developed tool in order
to obtain partial information of local Bernstein-Sato ideals. In most cases we will show
that for certain polynomials ¢(s) € Cls] it holds that ¢(s) | By, i.e. ¢(s) | b for all b € B.
We start off with a generalization of the fact that (s + 1) | by for f € Clz] \ C.

Lemma 3.7. Let 1 <7 <r with p € V(i) \ V([[, f;)- Then (s; +1) | B,.
Proof. Let b € B, and § € D, ,[s] such that bf* = § e fs*1. We choose s; := —1 and

leave s; symbolic. In this case, with f := [z fjand 8 = (s1,..., 821, 8i41, ..., 5p), the
defining equation of b becomes

b(s S; = —1) »: R An

Qfs =6(5,8=—1)e ft1

fi

for some § € D, ,[s]. Equating the coefficients of f%, the right hand side of the equation
is contained in Sp_lC[g, s]. On the other hand, a factor of f; appears in the denominator
of the left hand side, so it follows that b($,s; = —1) = 0 and thus (s; + 1) | b. O
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Observation 3.8. The claim of Lemma can be transferred to B; in the sense that
under the conditions of Lemma (si+ 1) | Bpiyp-

Proof. For B; and s; = —1 the equation considered becomes

b(s,s; = —1) 4 . 1 A . .

%fs =6(8,8i=—1) e fl 1 f* =5(5,8=—1)e f°

O
For B(;) and Bs with f;(p) # 0, the situation becomes even more comfortable.
Lemma 3.9. Let 1 < j <7 such that p & V(f;). Then By, = B, = (1).
Proof. For the claim about By, set d(s) := fj_l. With this
o(s) e fif* = f*
so B(;) = (1). For the claim about By, we can use the functional equation
=0t efi+> 0ef)f
i#]

to obtain By, = (1). O

The proof of Lemma followed the classical structure of the proof of the fact that
(s+1) | by for f € Clz], but with the use of ¢ from Proposition [3.2] we can show an
even stronger result.

Lemma 3.10. For 1 <4 < r with p € V(f;) \ V([[, fj), we have B, = (by, »(s:)),
where by, ,(s) denotes the Bernstein-Sato polynomial of f; in p.

Proof. Remark tells us that By, = B, 1,1, The functional equation that
needs to be fulfilled for membership on the right hand side is of the form

b(s)fi* = d(s) e ",
which directly implies the claim. ]

Remark 3.11. The analogous result holds for By;, and p € V(f;) \ V(I,_; f;), but not
necessarily for By, see Remark below.

Next, we want to find out how common factors of several of the f; influence the
Bernstein-Sato ideal.

Lemma 3.12. Let f; = fi" ... fia;i‘” for all 1 <4 < r with f;; irreducible for all
1 <v<r1<j <. Furthermore, let 1 <1y < r,1 < j5 < [;, such that the factor
fio.jo appears in this factorization only as f;, j, = fizj = --- = fijo> 1€ fiojo | fi for

i € {ig,...,5} and f j, 1 fi for i & {io,...,i}. Moreover let
pe V(fi(),jo) \V H fi,j
(4,.5)¢{ (10,50, (3e,5e) }
Then ((Zi:o aihjksik) + m) | B, for all m € N with 1 <m < Zi:o iy -
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Proof. Let m be as described and b € B,. We set

l
(Ek:l Qi ik 5ik> +m

iy, jo

Sip &= —

“lk ik
ik

With this, ﬁk = Fi fix_ and f = Higé{il,...,ig} fi the functional equation of b becomes

B 52 _ ((Zk 1 Yig, Jks"k +m 0‘1 Gk Sie 78 Sz
fzojof H * m]o H 1k§kk kf H *

k=1
_ O‘Lo Jjo Sio | | Yig.ig Sig £38 | | FSig
- loJo fwk f f
|| Qig,ig Sig FSip | £8
< lk WJk flk f
k=0

=b(s)f* =d(s) e f
— (5(3) ° fz ((Zk 0 Qi Jk)"rm)-i-Ouo Jof5+1 H slk+1

0,J0
k=0
iy ((Zk 0 Qi ]k)+m)+a70 jo pa+1 7Si,+1 Qi gy, Si Ty,
- (S) ° flodo f H f H fo,]o
k=0

>0

=0(s) e fz‘o,jo (ko Qg f3+1 H Slk"‘l

S7k

Now we equate the coefficients of fs Hk, of The important point here is that f; j,
appears in the denominator on the left hand 51de but not on the right hand side and by
the choice of the s; there is no different denominator on the right hand side. Thus, the
polynomial b(s) vanishes for this s;,, which implies the claim. ]

Remark 3.13. When considering B;, ), for some 1 < k < £, we can show the analogous
result with an analogous proof, but in this case, we may choose m only such that
1 <m < ay,-

For By, the result does not hold, for which we again refer to Remark below.

We can obtain even more information about the primary components of the ideal
Q := (ann(f*) 4+ (F)) N C|z, s] from the following proposition.

Proposition 3.14. For g € () in the situation of Lemma and 1 <m < Zi:o a,

5Tk
it holds that ,
<(Zaik7jksik) —l—m) lg or fi'ilg
k=0
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Proof. Let g € @ with P = ((Zi:o aik,jksik) +m> 1 g. As g € @, it holds that
ge f*=gf €(F)f* eg gf =de [ .
We apply the restriction from Lemma 3.12 (s;, := —(Zk:1aik"j’“si’“)+m, s; € N) and

@ig,j0

obtain completely analogously

¢ ¢
_ Y ~Si, (Zi: Qi g )*m £541 ~s;,. +1
afiom FIL A = o(s) e o5 e e L v
k=0 k=0

where f", appears in the denominator of the left hand side but not of the right hand
side. As, by assumption, P { g, by the substitution it either holds that e | g, the
desired statement, or that V(P) D V(g), a contradiction since then P | g. O

Remark 3.15. With an analogous proof we can show the analogous result for B(;,) in
the sense of Remark

The following lemma specifies the relation of the primary ideals B; and I;.

Lemma 3.16. Let 1 < i <7 and B,, = Q,, N C[s] be a primary component such that
there exists b € B,, of the form b = b1by with by € Cl[s;] \ C and by ¢ B,, (i.e. B,, is not
saturated at Cls;]). Then /I, 2 \/(f3).

Proof. We show the claim by a proof by contrapositive.

Assume that /T, 2 v/(fi). Let p € V(I,,) \ V(f;).

As f; is invertible in C[z],, we can w.l.o.g. assume a functional equation of the form
S i j+1
be;Jf; =)e fl,s Hfj’y
JFi JF
and thanks to the ¢y, . from Proposition [3.2] even of the form
i esi ess 41 i +1
o[Lrr=rse 7" & o]l =0l
JF JF J# JF

In this form it is obvious that b and ¢ can only depend on s; through common factors
which can be left out, which implies that B is saturated at C[s;]. In particular, B, is
saturated at C[s;]. O

Corollary 3.17. Let 1 < ¢ < r such that p ¢ V(f;). Then B, is saturated at C[s,].

Proof. Let p be as described. Then, for every primary component (),, that appears non-
trivially in the primary decomposition of (annp, (f*) + b5 (F)) NC[z], it holds that
VI 2 \/(fi), because otherwise we would have 1 € I; C @;. From Lemma we
conclude that B, is saturated at C[s;]. Since m was chosen arbitrarily, this also holds

for B,,. ]

Using Theorem we can prove an even stronger result.
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Lemma 3.18. Let 1 < i < r and p ¢ V(f;). Then B, = ¢g(G1,...,Ge) with
Gl,...,GeEC[Sl,...,Si,175i+1,...787«].

Proof. By Remark we know that By, = B, .fi 1. fier,..fn)- For a polynomial b €
Bfy,...fior fisrsnfr)s it s Obvious that s; can only appear in b by multiplication of another
element of By, . . f.i1....7,) With a polynomial that contains s;. O

'''''

Proposition 3.19. Let f € C[z|" and M C {1,...,r} such that

(U V(fi)) N (U V(fi)) = .
ieM i¢M .

[ N

~
=W =:Va

Then it holds that B = B; - By, where B; denotes the Bernstein-Sato ideal of F; for

| ieM, 1, e
(Fl)i_{l, i¢ M, (Fz)’_{fi, i¢ M.

Proof. Let p € V; = V1 \ Vo. Due to Lemma we can choose a generating set
G, C C[s; | i € M] of B,. On the other hand we can analogously choose a generating
set G, C Cls; | i ¢ M] of B, for ¢ € Vo = V5 \ V;. With this

peV(f) peVL qeV2
= (CE] m C[silieM}<Gp>> N <C[§} ﬂ C[Sii¢M]<Gq>) - Bl : [5,2~
peEVL q€Vs
5 B,

It holds that B; = B, because for p € V; the functional equation

JTLs TLse = TL T

€M igM ieM igM

can be transfered through application of the ¢, s, from Proposition [3.2] for ¢ ¢ M and
right multiplication of ¢ with [, fitto

beiSiniSi:HfiSié'HfisiH & be¢Si=50Hf¢8i+l>

ieM ¢ M ¢ M €M €M ieM

which is the functional equation of By ,. In g € V5, we have B, , = l’;’l,q = (1), so B, = B,.
Analogously it follows that By = By, which shows the claim. n

Now we apply this result to an example.
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Example 3.20. Consider the pair of two cuspidal curves given by

f=E* =y’ (y—1)7°—2°) € Cla,y*.

As V(f1) and V(fy) are connected by a linear transformation, they share the same
Bernstein-Sato polynomial by, (s) = by,(s) = 55(s 4+ 1)(6s + 5)(6s + 7). By Proposition
3.19] the local Bernstein-Sato ideal of f for p not from the four intersection points (in
particular for real p) is given by B, = (by, ,(s1) - bs, »(S2)), which is a principal ideal in
particular.

In order to treat more interesting examples in which the irreducible components of
V(F) intersect, we need to consider tangent spaces in points of intersection.

Definition 3.21. Let f € C[z] and p € V(f). The tangent space of V(f) at p is defined
as
T,(V(f)) := ker(Jy)(p) € C",

where J; denotes the Jacobian matrix J; = (1 e f,...,0, e f) € Clz]"*"™.

For both Bernstein-Sato polynomials and Bernstein-Sato ideals, the singular locus of
f plays an important role.

Definition 3.22. For f € C[z], the singular locus is defined as

Sing(f) :=V({f, 018 f,...,0n e f)) ={p € V() | T,(V(f)) = C"}.

With these concepts, we can give a proof of the following, classical result about
Bernstein-Sato polynomials.

Lemma 3.23. Let F' € Clz]. For p € V(F) \ Sing(F'), the Bernstein-Sato polynomial
of F'in p is given by bp,(s) = s+ 1.

Proof. Let p be as described and v € C" such that v ¢ T,(V(f)) = kerc((Jr)(p)). We
set d(x, s) := > v;0;, a differential operator that is homogeneous of order 1 in the 9,
(i.e. a derivation) and has constant coefficients. Applying § to F*™! yields

Se P = (s + )P (5o f) = (5 + ) F* ((J)(2)o),
unit in Clz],

SO mé is a Bernstein-Sato operator that shows bg, | (s +1). By Lemma , we

know that (s+ 1) | b,, which shows the claim and additionally that the Bernstein-Sato
operator can be chosen to be a derivation in @, C|z],0;. O

Corollary 3.24. Combining the previous result with Lemma we obtain that for
1 <i<rwithpe V(f)\ (U#iV(fj) U Sing(V(fJ)) it holds that B, = (s; + 1). In

this situation, we also have B, = (s; + 1).
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Remark 3.25. This statement does not hold for By, ,. We consider the example f =
(,1 —x). Here, 1 € ¢(f1, f2), so we naturally obtain By, = (1) for all p € C, i.e. in
particular for p € V(F).

The following definition allows us to consider a type of intersection which has more
convenient properties.

Definition 3.26 (|EHI10|). Two vanishing sets V(f),V(g) for f,g € Clz] irreducible
intersect transversally at p € V(f) N'V(g) if

T,(V(f)) @ T,(V(g)) = C".

We extend the definition to reducible f,g by allowing also such f, g with only one
irreducible factor vanishing at p, i.e. f = ff with f irreducible, f(p) = 0 and f(p) # 0
and analogous g.

The following lemma shows that common factors do not directly contribute to a
transversal intersection.

Lemma 3.27. Assume that f € C[z] and g € C|z] have a common factor h € C[z]| and
intersect transversally at p € C". Then h(p) # 0.

~

Proof. First, we define f := £ +and g := ¥. We calculate the Jacobian matrices by the
Leibniz rule as

~

Jp=Jn-f+Jp-hand J, = Jy- g+ h.

Assume that p € V() and f(p) # 0, §(p) # 0. Then the Jacobians become
Jy(p ) Ju(p) - f(p) and Jy(p) = Ju(p) - §(p),
~~ <~

cC eC

but these have the same kernel because the constant factors do not vanish, so the inter-
section cannot be transversal. O

Remark 3.28. For n = 2 and p € V(f1) N V(f3) non-singular on both V(f) and V(f3),
the transversality condition T,V(fi) + T,V(f2) = C" specializes to T,V (f1) # T,V (f2).
In this case, the construction of the proof of Lemma for both f and ¢ allows
us to obtain obtain a shared basis B = {j1,72} C C? such that ¢(j1) = ker(J(p)),
c(j2) = ker(Jy,(p)) and corresponding operators d;(s1) € Clz],[s1](ja (01, 02)T), d2(s2) €
Clz, s1)(jT (01,02)T). Then

01(s51)02(s2) @ [P T f52 T = 61 (s1) @ (Ga(s2) @ [ F f527)
= b1(s1) @ ((62(s2) @ fi*F) - 5274 f7Fh - (Ga(s2) @ f5211))
= d1(s1) @ (f771 - (da(s2) @ f3271))
= d1(s1) @ (f - (b (5)£52))
= bp,(s2)01(s1) @ (S £52)
= bp, (52)((01(s1) @ [P ™0) - f52 4 (61(s1) @ f52) - [i*™)
= by, (52)(01(s1) @ [ ) - f52 = by, (51)bp, (52) [ f5°
= (s1+1)(s2+ 1) 71 3.
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We can generalize this in the following lemma.

Lemma 3.29. Let p € V(f;) N V(fs) such that T,V(f1) & T,V(f2) = C" and consider
f = (flan)‘ Then Bﬁp = <bf1(51)bf2(82)>'

Proof. The claim follows analogously as the previous remark. O]

Remark 3.30. In the more general case with p € (), V(f;), T,V(f;) @ <Zi¢j TpV(fi)) =
C"™ and T,V(f;,) = T,V(fi,) for all iy # j # is, the result still holds as
Bp = <bfj(5j)> 'Bpa

where [;’p is the Bernstein-Sato ideal of (fi,..., fj—1, fj+1.-.., fn) in the variable set
(Sl, ey 851, 8541, - - - 7Sn)-

Remark 3.31. For B(; with 1 < j < r, the statement of Remark becomes simpler,
since then, B, = (1) by Remark and

B, = (by, (s,).

Example 3.32. With the instruments previously developed, we can treat the example
f = (z,y,1 — 2z —vy) € Clz,y| with the points of intersection (0,0) of fi, fo, (1,0) of
f2, f3 and (0, 1) of f1, f3. The tangent spaces are T,V(f;) = C(1,0)T, T,V(f2) = C(0,1)"
and T,V(f3) = C(1,1)" for all p on the varieties, so in the intersection points the two
relevant tangent spaces form a basis. As the f; are smooth, we get

B= () B () B, B 4 ) (se 4 1)(ss + 1)
pev(flf2f3) pE{(0,0),(l,O),(O,l)}

For intersections with each pair of components intersecting transversally, the situation
becomes more complex, which we can see in the following example.

Example 3.33. Consider f = (z,y,z +y) € Clz,y]>. Then
B= 8(070) = <<81 + 1)(82 -+ 1)(83 -+ 1)(81 + 89 + S3 +2)<81 + S9 + S3 +3)(51 + S9 + S3 +4)>

Observations in examples like this one lead us to the following conjecture for a special
case.

Conjecture 3.34. Let n = 2, r = 3, ker(Jy,(p)) Nker(Jy,(p)) = {0} for all i # j and p
a smooth point of V(f;) for all 7. Then

B, = <(51 + 1)(52 + 1)(53 + 1)(81 + So + S3 + 2)(51 + Sg + 83 + 3)(81 + S2 + S3 +4)>.

We can show the following lemma which is a far weaker version.
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Lemma 3.35. Let n = 2, r = 3, ker(Jy,(p)) Nker(Jy,(p)) = {0} for all i # j and p a
smooth point of V(f;) for all i. Then

(s1+1D)(s2+1)(s3+1) [ B,

and for k € {2,3,4}, b(s) € B, it holds that

((52 1b(s) V (—s1—s5—k) | b(s)) A (s3]b(s) V (=s1—s2—Fh)] b(s)))

Vo (s1+s2+s3+k)|b(s).

Proof. The claim about the s; + 1 follows from Lemma We proceed similarly to the
constructions in the proof of Lemma For some 2 < k < 4 we set 51 := —S9 —S3— k
and restrict the other s; to values from N. The defining equation of the Bernstein-Sato
ideal becomes

b(—s2 — 85—k, )27 258 = 6(—s0 — 55— k,...) e fy 2T TR prakl pratl ()

where 0 is without poles at p.

Let the tangent spaces of the V(f;) in the smooth point p be given by ker(Jy,(p)) =
(Ji) € C2.

It holds that g;(t) := fi(p + tj;) € CJ[t] has a root of order at least 2 in ¢ = 0, since
9:(0) =0 and

%gz‘(t) = Jp,(p + i) i

has a root in 0 as well. On the other hand, g;(t) := f;(p + tj;) € C[t] for j # ¢ has
— by assumption — a root of order 1 in 0. We apply this by considering g;(t) :=

filp +t42), g2(t) == fo(p + tj2) and gs(t) := fi(p +tj2). In (6) with = := p; + 7o, and
Y := pa2 + tja 2, there exists an £ € N, ¢ > 2 such that

b(—sy — 53—k, s9,83) gy " 95° 95’
pole of order sa2+s3+k, root of order £sa, root of order s3
. —s9—s3—k+1 so+1 s3+1
=0(—52 — 53— k,59,53) @ g1 9a E]
~ ~ -~ N ~~ S~~~ S~~~
no pole in =0 pole of order s2+s3+k—1, root of order £(s2+1), root of order sz+1

We will now show that there is a 55 for which the left hand side has a pole and the right
hand side has none, implying b(—32 — s3 — k, 32, s3) = 0 as a polynomial. The exponents
have to fulfill

—(sa+s3+k)+lsg+s3<0 AN —(sot+s3+hk—1)+lsa+1)+s3+1>0
& s(l—1)<k A 52(5—1)>k—€—2
& k—l0-2<s(l-1)<
e 4-—1-2<s5(l-1)<
& 2—0<s5(l-1)<
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which is fulfilled for §, = 0. In this case, we obtain b(—38; — s3 — k,...) = 0.
Analogously, we get b(—sg — §3 — k, s9,53) = 0 for §3 = 0, so

S9853 | b(—SQ — 83 — ]f7 S9, 83),

which implies s, | b(s) or, with the substitution of s1, (—s; — s3 — k) | b(s), or b(—sy —
s3 — k, S2, s3) which implies (s1 + so + s3 + k) | b(s), so combined

so|b(s) VvV (=si—s3—k)|b(s) V (s1+s2+s3+k)]|b(s)
and the analogue for s;. O

Remark 3.36. If we use substitutions sy := —s; —s3—k and s3 := —s; — s, — k instead
of s; := —s3 — s3 — k in the proof of Lemma [3.35 for b(s) € B, we obtain additional
results about factors which combined are equivalent to

( (51]b(s)V (=52 —s3—k)[b(s)) A (s2]b(s)V(—s1—s35—Fk)|b(s)) A
(s3] b(s) V (=51 — s — k) | b(s)) ) V (514 82+ 83+ k) | b(s).

In an attempt to eliminate the undesired factors s, s, S3 as options we mention a
conjecture by Budur about the form of the elements of the Bernstein-Sato ideal.

Conjecture 3.37 (|[Budl12]). Let f € C[z],p € C". There exists a generating system of
B such that all generators b have the form

b= H(ai71$1 + ...+ Qi rSy + bl)

with a;; € Ng and b; € Qs foralliand 1 < j5 <.

This would imply that s; and s, are non-viable factors of B,. What is known so far
is the following theorem, which guarantees at least one element of this form.

Theorem 3.38 (|Gyo93|). Let f € C[z],p € C". There exists b € B, of the form

b= H(ai71$1 + ...+ Qi rSy + bl)

with a;; € Ng and b; € Qs forall i and 1 < j5 <.

For the case that we are interested in, we can conclude that sy, so { B,, but this does
not help with the proof of Conjecture|3.34} since s; and s, may still be factors of elements
of a generating system of B,,.

Now, we treat a different kind of intersection in the following proposition which gen-
eralizes Remark [3.28

Proposition 3.39. Let f = (f1,..., f;) € Clz]" such that fi,..., f,. intersect at p € C",
p is a smooth point of V(f;) for all i and the normal vectors of T,,(V(f1)),...,T,(V(f,))
are linearly independent. Then By, = [[,_;(s; + 1).
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Proof. We remark that necessarily » < n since otherwise the intersection could not have
the desired form.

We proceed similarly as in Remark by constructing a suitable basis of C" and an
associated generating system of D,, as C[z]-algebra. For this, we need vectors j; € C"
with j; € T,(V(fi)) forall k # i and j; ¢ T,(V(f;)) for 1 <i <randj; € (_, To(V(fx))
forr+1<i<n.

Since the tangent spaces are hyperplanes in C" and the tangent spaces of the V(f;) at
p are pairwise unequal, we conclude from linear algebra that r — 1 of the tangent spaces
intersect in a variety of dimension n —r + 1. By this, we can construct vectors ji,...,J,
with j; € (. T,(V(f;)) \ T,(V(fi)). We extend them to a basis of C" through vectors

j'r’-i—lv s ajn € ﬂz TP(V(fZ))
From {ji,...,Jn} we construct a basis {di,...,d,} of the C[z],-module

{6 € D,,, | § homogeneous of order 1}
via d; == 34 ()0
From Lemma we conclude that we can choose Bernstein-Sato operators §; €
(s+1)f = b0 f37
for 1 <i < n, because

n

. . Je€Tp(V(£3))
dc L f’L = Z(]C)kakfz = ‘]fz(p)jc ’ = 0
k=1
for all ¢ # 1.
With the Leibniz rule we conclude that
515k0f1fkf8
! 1 r 1 1
-4 '---'(Sk—. 6k.fi8i+1 - + 5k.fisi _s+<5k. Sk+1) .
1 1 ZZI ( N ) fz‘rH Z;—H( N ) fiz k g fkk-i-l
=0 =0 =(sp+1)f >
i flf?
:(Sk+1>(51'...'6k_10f1'...'fk_1fs
and thus inductively
61 e = (514 1) .. - (s, + 1) f°5

]

Remark 3.40. With Theorem we conclude that the analogue of the previous propo-
sition for (f1,..., f.) with V(f1), ..., V(fr) intersecting at p € C" for a smooth p on V( f;)
for all 1 < i < k such that the normal vectors of T,(V(f1)),...,T,(V(f.)) are linearly
independent holds as well as

b(s)=(s1+1) ... (s +1).
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Example 3.41. We can apply these results to the example

f: (x—y7,a:3—y,x2—y3+z) E(C[:L’,y,z]g.

We remark that V(f;),V(fs) and V(f3;) are smooth and their points of intersection
fulfill the requirements of the previous remark. Thus, all local Bernstein-Sato ideals are
principal and their generators are products of s; +1, s+ 1 and s3+ 1, making the global
Bernstein-Sato ideal principal as well with generator (s; + 1)(sg + 1)(s3 + 1).

3.3. Ucha-Enriquez’'s conjecture

In [And14] 4.4.1], the following conjecture by Ucha-Enriquez was shown for the case that
ann(f*) = ann'(f*), where

ann'(f*) := {(5 € annp, [y (f°)

0= Z ¢;0; for some ¢; € Clz, §]} )

i=1

Conjecture 3.42 (Ucha-Enriquez’s conjecture, see [And14l 4.47|, global case).
Let f=(fi,...,f,) € Clz]" and F =[];_, fi- Denote by ¢ the ring homomorphism

1 1
D, {g,;] — D, {S,F:|, sj=> 8,2, 2,0, = 0;for 1 <j<r1<:<n.

Then

T

p(annp, (] [ £7)) = annp, o (F*).

i=1

We will now show that, even if the conjecture holds in general, it does not imply

p(By) = (br(s))

by considering a class of examples which further restricts the limitations from Proposi-
tion

Lemma 3.43. If the vanishing sets of the f; are pairwise disjoint and r > 1, it holds
that

(Br)

si=s & (bfiesi () (7)

and

(Br)

si=s — <bf1~---~fv~<5)>'
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Proof. In (7)), ‘C’ obviously always holds, as the functional equation on the left hand
side imposes more restrictions than the one on the right hand side.
We will now show that this is a proper inclusion and the radicals are equal. By

Proposition we have
Br = (b, (51) - - by, (52)
and with Lemma we know that by, (s;) = (s; + 1) - b; for some y; € N and some
b; € Cls;] with (s; + 1) 1 b;.
On the other hand, if we choose p € V(f;) = V(f;) \U,; V(/;), in the univariate case
we get a functional equation of the form

Ofy-oegyp(8)[* = 0(s) @ f*F1.
Applying ¢ Ls from Proposition and multiplying o by . from the right yields

bf1-...~f7»,p(8)fis = S(S)f;—H'

In the multivariate case, we get a functional equation of the form

byp(s)f* = d(s)f**

and iteratively apply ¢y, ., for j # i and multiply ¢ by , obtaining the same functional
equation

byp(s) [ = d(s) f.
Thus, B, = (b ,(s;)). Now we have

- N 5 f[”;i/f] H B, = Hbfl

peV(F)
(br) = [ (bp(s) = ﬂ w(Bp)Zlcmizl ,,,,, r(br,(s)),
pEV(F) peV(F)

where we obtain equality of the radicals, whereas the ideals themselves form a strict
inclusion, which we can see by considering the factor (s + 1)P+-Fhr =£ (s 4 ])maxi(u),
since p; > 0 for all 4. O

Example 3.44. If we consider F' = (z,2 + 1) € C[z], we obtain Bp = {(s1+1)(s2 + 1))
but bfl.fQ(S) =s+1.

Remark 3.45. It is obvious that the problems mentioned above already arise when we
can partition {1,...,r} = I U J such that (Uiel V(fi)> N (UjeJV(-fj)> = @ and the
Bernstein-Sato ideals for [ [,.; fi and [[,; f; have common factors after the substitution
S; — S.
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Example 3.46. An example for this observation is f = (y,y — 2? — 1,y + 2) with
B={((si+1)(s2+1)(s3+ 1)), B =((s1+1(s2+1)), bp=(s+1)"

A more complex example that shall hint us at further stepsis F = (x,z+1,y,y+1) €
Clz, y]* with

B = ((s1+ D)(sa+ (s + Dlsa+ 1)), bp= (s+1)2

where at each point of intersection of the irreducible components of V(F') only two of
the f; vanish.

The following lemma is included here although it does not contribute to the goal of
showing Ucha-Enriquez’s conjecture because it arose during the attempt of doing so. It
deals with the order and total degree of the application of differential operators and can
be seen as a step towards a general formula for the application of differential operators
(for such a formula, compare e.g. [And14. 4.59]).

Foro=3%", 4 Da,ps?0% with p, 5 € C[z] we use the notations

ord(0) = max {|f| | pa,s # 0 for some a}

and
tdeg,(0) = max {|a| | pag # 0 for some [} .

Lemma 3.47. If b(s) € C[s] and 6(s) € D,[s] such that b(s)f* = &(s) e f5T', then
tdeg,(b) < ord(d) + tdeg, ().

Proof. We show the claim
tdegs(g) < ord(9) + tdeg,(0) + tdegs(f)

for the more general case of b(s) = bfs € Cla,s]f* with b € Clz,s], f = ff° €
Clz, s, —]fs with f € Clz, s, +], 6(s) € Dy[s] such that b(s) = 0(s) e f by induction on
ord(é)

For ord(é) = 1, we have

Ocof=1Ocof)+[(Ocef)=1F(Oef)+ Z(Hfsf) (O e 1)
J#i

=1

with maximal total degree 1+ tdeg,(f) in the s;. Linear combinations over C[z, s| of
such terms with at most n summands increase the total degree in the s; only by the
total degree of the coefficients in the s;, which shows the claim for o = 1.

Now let the claim be shown for ord(6) < o and consider 9*f for |a| = o for which
w.l.o.g. a; > 0. Then we have

~
S
S

fe% r a—e ;IH 7 s s
a.f:ala l.fzal. b Af f
tdegs(')§|a‘71+tdegs(f)
with total degree at most |a| + tdeg,(f) = o + tdeg,(f) in the s;. Again, linear combi-

nations contribute only with tdeg,(d), if at all. O
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4. Budur’'s upper and lower bounds

In [Bud12], Budur introduced the notion of a generalized Bernstein-Sato ideal.

Definition 4.1 (|[Budi2|). For M € Ni*" for some u € N and f € Clz]", we define

Bi' = (annp,g(f*) + pg (F o 7)) N Cls).

Remark 4.2. We can again reformulate this definition by using functional equations:

beBY & b(s)f = (Z 5ifMiv> e f° for some 0; € D,[s].
i=1

The generalized Bernstein-Sato ideal indeed generalizes all types of Bernstein-Sato
ideals that we defined so far. For M = I, the r x r identity matrix, the resulting ideal
is B;T = By. For M = (1,...,1)" € Ny, the construction results in B}’ = B. For
M =(0,...,0,1,0,...,0)T € NJ the ith standard basis vector, we get B}W = B).

From Theorem and the fact that By # 0 for all 1 < i < r we conclude that
B} # {0} for all M.

Remark 4.3. The computation of B}” can be conducted analogously as the computation
of B,B(; and By,. After determining a Grébner basis of annp,q(f°), we append the
additional generators fM1.- ... fMr— and compute the intersection with C[s] by means
of Grobner bases with an appropriate elimination ordering.

We introduce shift maps t; that shift the s; in order to formulate upper and lower
bounds for B} for m € Ng.

Definition 4.4 ([Budi2]). For i € {1,...,r}, we define
t; - C[ﬁ} — C[§],Si — S; + 1,Sj = S for ] % 7.

We will denote the action of ¢; as right multiplication, i.e. t;p = t;(p) for p € Cl[s] and
use multi-index notation, i.e. t% =t ot52 o... 0t (p) for a € Njj, p € Cl[s]. With this
notation, we have t*p(s) = p(s + «a).

With this preparation, we can show the following lemma, which iteratively leads to-
wards upper and lower bounds for BY* with m € Ng.

Lemma 4.5 (|[Budi2]). Let m,n € Nf. For the corresponding Bernstein-Sato ideals,
the following holds:
By (t™B}) € Byt C By N (t"BY).
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Proof. First, let by (s)ba(s) € B (t™B}) with by(s) € Bf, ba(s) € t™B}. For by(s) it holds
that by(s)f* = 01(s)f*T™ for some 0;1(s) € D,[s]. The functional equation of by(s) reads

by(s —m)f* = 0y(s) @ f5+7
for some d5(s) € D,[s| or, after applying ¢,
ba(s) [ = ba(s +m) e foHH",
With this
by (5)ba(5) £* = by(5)51(5) @ F77™ = 51()Ga(s + m) @ fHmHn,

which shows the first inclusion.
Now, let b(s) € BF™", e.g. b(s)f* = d(s) @ f**"+". Then,

b(s)f*=0(s)f"ef**m,
——
€Dns]

which shows b(s) € Bf". On the other hand
b(s —m)f ™ =d(s—m)e f
which, after left multiplication with f™ results in
b(s —m)f* = f"(s —m)e f,
which shows b(s) € "%, implying the second inclusion. ]

Remark 4.6. As the roles of m and n do not differ, we can restrict the upper bound
even more to

Byt C BR O (" BY) N By ("B,

but in all of the examples checked the inclusion towards the upper bound from Lemma
is an equality, which leads to the conjecture that equality always holds (cf. [Budi2]).

Lemma 4.7. Let m,n € Nj be such that pf™ + ¢f™ = 1 for some p,q € C[z]. Then
Byt = (t"B) N (t"BY).

Proof. It remains to be shown that ’D° holds. For this, let b(s)f*™™ = §;(s) e fotm*n
and b(s) f51" = §y(s) @ f5T™ " Then

(p01(s) +qda(s)) @ 7M™ = pb(s) f*™ + qb(s) f17 = b(s) f*(pf™ + qf") = b(s) f*,
as desired. O

We apply Lemma [4.5] iteratively to obtain the following result.
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Theorem 4.8 ([Bud12]). Denote by e; € Njj the ith standard basis vector. Then

r mj—1 r mj—1
H H L TEBY C By C ﬂ ﬂ L BY

j=1 k=0 j=1 k=0
mj;to mjyﬁo

Proof. First, we consider m = m; - ¢; with m; € Ny. By induction over m; € Ny, we
show that

mi—l mi—l

k €; mie; k €;
[[ e85 < B < () B (8)
k=0 k=0

For m; € {0 1} the claim is obvious. Let the claim be shown for all m; < m;,. We apply
Lemma [4.5] and get

miofl mi072
T 5 = [ 1T iy | ooty € o oo
k=0 k=0
EB mig—1)e; +e; B L3 B(mzo—l)m N (t(mig_l)eiB;i>
m " Mig
| () By | ne7'By = () B85
k=0 k=0

We now show the main claim by induction on r € N, again using Lemma 4.5 For
r =1, the claim follows from (§)). Let the claim be shown for all r < ry. With Lemmal4.5]
and the induction hypothesis, for m € Ny’ we obtain

70 m]fl
H H t'inl ) m] 1th€J C Bm Myrq€rqy (tm—mToeTOB;nTOeTO) g B}n
j=1 k=0
mj;é()
70 mj—l
e e N e e 1"
_ B}m Mg €rg )+ erg C B;” Mro€ro. (tm—mroer()B;”’"oe'O) C ﬂ ﬂ .. tmj lth
j=1 k=0
mj#()

O

Remark 4.9 ([Budi2]). Theorem [4.8|can be used to compute upper bounds and lower
bounds of B} (see Code [A.2). When taking the radicals of the inclusions, we get equal-

ities (because I NJ = /I -J for ideals I, J C C[s]), so we can obtain factors of the
Bernstein-Sato ideals from lower or upper bounds and the vanishing sets of the bounds
in C" do not differ, which is especially useful for the application given in Chapter [5}

There is no known example in which the upper bound is really a strict upper bound,
so the upper inclusion may even be an equality (see [Bud12]).
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The method is especially useful to compute By = Bj(cl """ 1), because in practice it is often
much easier to determine B? than to determine By directly. This can be reasoned by the
fact that the total degrees of the generators of ann(f*) + (f;) are in general significantly
smaller than the ones of the generators of ann(f*)+ (F'), which may simplify the Grébner
basis computations needed to eliminate variables.

We can regard the lower bound obtained as a generalization of Lemma where we
gathered information about a product where shifts did not play any role in the special
case of transversal intersections.

Remark 4.10 ([Budl?]). The analogous statement as in Theorem {4.§| can be shown for
permutations of {1,...,r} as follows. In Theorem [£.8] we have only considered the shifts
Lt 1tk but we mlght as well change the order of the j through a permutation
m:{l,.. 7"} — {1,...,r} to obtain

x()—1 M (j)—1
w@) Mar(G-1) k126 (5) wu> Mr(Gi-1) 4k 1RE()
H H te(yy -ty By € By C ﬂ ﬂ gty ey By
j=1 7j=1

Mo (5) 70 Mo (5) 70

Remark 4.11. Although in practice the upper inclusion is an equality for all known
examples, we can only show the following bound.

The inductive proof of Theorem suggests a very rough upper bound for the dif-
ference of powers of the upper and lower bounds. For this let b(s) € Bf N (t™B}), e
b(s)f* =01(s) e 5™ and b(s) f*T™ = a(s) @ f5™™ Then

b(s)*f* = b(s)0u(s) @ [*1™ = 01(s) @ b(s) [ = 0u(s5)d2(s) @ [T,

so for each application of Lemma [4.5] we have to take the Bernstein-Sato ideal to the
power of two, which through the two inductions yields

2lm|—1
r r mj—1
my m] 14k 1265 my mji—1 4k 12¢€j
AN s | T T e sy
j=1 k=0 j=1 k=0
m ;#0 mj#0

so the gap between upper and lower bound is at most a power 2/™I=1,

Example 4.12 (see [HKS05]). Consider the example f = (z(1 — y)* + (1 — z)(1 —
Z>2,.§L’y(1 - y) + (1 o .Z')Z(l o Z),l’yQ + (1 - x)ZQ) < (C[x,y,z]3 with fl - f2 + f3 =1 for
which we are interested in By = 8;1,1,1). We can easily determine By, = (1) = (byy)). We
can use Theorem to compute upper and lower bounds for B;. The computation of
the B’ yields

= B1 = ((5s1 +1)(251 + 52 +2)(251 + 52+ 3)(251 + 52 + 4)),

=By = ((s2+ 1)(2s1 + s+ 2)(251 + S2 + 3)(s2 + 253 + 2)(s2 + 253 + 3)),

8;3 = 83 = <(53 + 1)(82 + 233 + 2)(82 + 283 + 3)(82 + 283 + 4)>
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The inclusions

r mj—1 r mj—1

mi mj 14k 12€5 m mi mj 14k 12€5
T g cope (V) s
j=1 k=0 j=1 k=0
mj;ﬁo mj;éO

become

3
B (B3 (111285 Ht1 i BY C B C [\t . t;BY = BEN(tBP)N(tit2B5)

j=1
in our case. For the further steps we determine

tllg? = <<82 -+ 1)(251 + S9 + 4)(281 + S9 + 5)(82 -+ 283 -+ 2)(82 -+ 283 -+ 3)),
tthBjcs = <<83 + 1)(82 + 253 + 3) (52 -+ 253 + 4)(82 + 283 + 5)>

We notice that the pairs B tlB” and tle ,t1t2 * each share a common factor, so the
upper and lower bound differ in our example. The upper bound is given by

<(81 + 1)(82 -+ 1)(83 -+ 1)(281 + S9 + 2)(281 —+ S92 + 3)(281 + S9 —+ 4)
(251 4 s2+ 5)(s2 + 253 + 2)(s2 + 283 + 3)(S2 + 253 + 4) (52 + 283 + 5))

and the lower bound is given by

((s1+1)(s2+ 1) (s34 1)(281 + 82 + 2) (251 + 52 + 3) (251 + 52 + 4)*
(281 + So + 5)(82 -+ 283 + 2)(82 + 253 + 3)2(82 + 283 + 4)(82 + 283 + 5)),

so up to the multiplicity of two factors we know the Bernstein-Sato polynomial.

We may as well use other orders of the factors as described in Remark but these
yield the same upper bound.

With Algorithm and our computational means, we were unable to determine By
exactly.
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5. The annihilator of ¢

An application of Bernstein-Sato ideals is the computation of the annihilator annp_ (f%),
where now « € C". In this chapter, we follow the approach of [SST00] and [OT99]. We
fix o for this chapter. We have already dealt with the computation of annp,4(f*) for

symbolic f* in Algorithm

Remark 5.1. In general it holds that annp, g(f*)|s=a € annp,(f*), since the ‘polyno-
mial’ equalities for f® hold as well after evaluating s. An example in which the proper
inclusion holds is given in the following.

Example 5.2. Consider f € C[z]" and o = (0,...,0) € C". Then

annp, (f*) =annp, (1) = p,(01,...,0,)

but in general annp, s (f*)|s=0 # D, (01, - -, 0p) which we can already see in the example
f = x € C[z], since here annp, 5 (f*) = p,[5) (20, — ), in particular 0, ¢ annp, (f*)|s=o-

It is surprising that for most o € C" the equality annp,, (f*)|s=a = annp, (f*) holds,
which we can see in the following theorem.

Theorem 5.3 (JOT99]). Let a@ ¢ {ap € C" | b(ay) =0forallbe B} + N - (1,...,1).
Then

annDn[g}(fSNs:a = annp, (f“).

Proof. First, let 6 € annp,[4(f*®), i.e. 6(s) ® f* = 0. Substituting s; — o, yields d(c) @
f*=0,s00(a) € annp, (f).

For the other inclusion, let § € annp, (f*). We need to find € annp, 5 (f*) such that
5\5:a = 4. Let § be of the form

§ = > 5, O

<~0 component-wise
T=00 comp €Clz.s]

for vy € Nj.
We claim that J e f* € Z;‘Zl Clz, §](5j _ aj)fs—lvol.
In order to show this, we prove the auxiliary statement that

0o g €Y Cla,s|(s; —a;) f 1+ [0 e g

i=1
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for all v € Njj with v <. 70, g € C[z]. This follows from an iterated application of the
Leibniz rule, since for v with w.l.o.g. 7, # 0 we have

I e fs—ag — g a (81 ° fs—ag) — @ (al ° H fiSi*ai

i=1

) fa _|_J[‘S—Oé (81 ° fOé)

€351 C[Lé]ﬂ(rsj-—aj)fsflwol

and by iterated application to the second summand of the right hand side

0" e f g€ Cla,s|(s

s o) e g
j=1

Application of this result to g = f* yields

5.f8 — 5..]['870'](‘& — Z 6’}/ a’y ° fS*&fOé

7<70 CW.

€Clz,s]
aux. stiatement fs_a ((5 ° fa) + Z fa(sj o aj) g; f8—|’YO|
N—— = ~~
-0 €Clz,s]
€ ZC[x s)(s; — o) f7 ol

J=1

We choose by, ...,b,, € B such that bj(oy —,...,0p —4) # 0 forall 1 < i < |y

These b; exist by assumption. Through successive application of the functional equation
of the Bernstein-Sato ideal we obtain

?WO‘(Sl - |70’7 ceey Sp ”}/Ol) (81 — 1 — 1)/f5*\’70| — 5. fs

@,<

for some ¢ € D,,|s].
Now it follows that

(bd Zfa —a]g]> S=Doe f— Zfa s5;—a;)g;0 e f°

N

-~

Sn

_bea =) g ol _ bea —a,)g [ hol = g,
% € annp,[g(f°). On the other hand, (%) |s=a
2221 f(sj—a

1)g;0 vanishes in o. This implies the claim.

SO

— §, because in 0 the term

]
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Remark 5.4. This gives another explanation for the factor s + 1 of Bernstein-Sato
polynomials or at least for the necessity of a factor of the form s + n for some n € N,
because in general annp, () = annp, (1) = (D1,...,0,) 2 annp,[(f*)|s=0, so there
needs to be a factor of that form.

Speaking in a vague two-dimensional chess metaphor, in the previous theorem we
have used only a bishop’s moves, whereas the moves of the king were available through
the B(;y combined with B, which we use in the following generalization of the result of
[OT99).

Lemma 5.5. Let « € C” such that there exists a sequence (/3;);en, Wwith values in N
such that By = 0, lim; ,o(8;); = oo for all 1 < j < r and for all i« € N one of the
following properties holds:

o 3 — fBi1 =ej and bj(a — (3;) # 0 for some 1 < j < r and some b; € By 2 B,
e B —Bisi=(1,...,1) and b;(av — ;) # 0O for some b; € B.
Then it holds that

annDn[§}(fS)|5:a = a'nnDn(fa)'

Proof. We proceed similarly as in the proof of Theorem Again, we choose § €
annp_ (f“) and apply it to f* to obtain

Sef =D [(s—ay) g [T
j=1

€Clz,s]

Now we choose ig € Ny such that 8;, >cw. [70] - (1,...,1). We iteratively apply the
functional equations of B and the one of the B(; and obtain

bi(s)f5Pr =5, @ f5 ba(s)by () f5772 =856, @ f°, ...

for some & € D,[s]. The remaining steps are the same ones as in the proof of Theorem

b3l O

Remark 5.6. Since it holds that B C B;), which implies V¢ (B) 2 Ver (Bg)), we can
replace the first condition from Lemma [5.5| with the sufficient condition that

Bi — Bi—1 = e; and bi(aw — 3;) # 0 for some 1 < j <7 and b, € B,
which spares us the computation of the B.

Remark 5.7. Naturally, we can generalize Theorem [5.3| and Lemma [5.5] to the compu-
tation of annp, ,(f“) since the approach was only dependent on roots of b(s).

In examples like the following, we notice that the additional possibilities of Lemma|5.5
in fact do not contribute to the computation of ann(f®).
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S1

59

Figure 5.1.: The real vanishing set of B from Example and V(B) N Z*.

Example 5.8. Consider f = (x,2?) € C[z]®>. The Bernstein-Sato ideal is given by
B = ((s14+ 252+ 1)(s1 + 252 + 2)(s1 + 252 + 3)) C C[sq, o). The real vanishing set of B
is shown in Figure [5.1}

It holds that for any a € Ve2(B) + N - (1,...,1) there is no sequence of the form
from Lemma [5.5] which we can see in Figure [5.1] as follows: W.l.o.g. we may assume
that a € N? (otherwise we can shift it along in the direction of the components of
V(B)). But the intersection of V(B) with N? is such that through the ‘king’s moves’ one
necessarily needs to pass a point of V(B) when starting from « right of the vanishing
set.

We see this example as a hint towards a general property which we can show under
the following condition.

Conjecture 5.9. We conjecture that for any o € V(B) with (a«—N-(1,...,1))NV(B) =
@ it holds that annp, (f**') 2 annp, g (f*)]s=a+1-

This conjecture can be seen as part of the converse direction of Theorem with
interchanged assumption and conclusion. With it, we can prove the following lemma
geometrically, which is part of a statement shown in [Gyo93| (compare also [Bud12])
with a different proof.

Lemma 5.10. Let » > 1. Under the assumption of Conjecture [5.9| with f € R[z]", all
common irreducible factors of the generators of B have a representation of the form

r
bg = E CiS; + ¢
=1

for c; € Qsp forall 1 <4 <rand ceR.

Proof. First we remark that B is generated by polynomials with real coefficients in R[s],
because in the functional equation b(s)f* = d(s)  f**! we can obtain imaginary valued
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coefficients of b only from the coefficients of f and d, which can be chosen real for 9, and
the exponent s + 1 which is contained in R[s].

In the following, we will work with proofs by contradiction with a relatively arbitrary
a € V(by) for some irreducible by, from which we make ‘king’s steps’ and ‘bishop’s
steps’ of the form

bishop’s step bishop’s step
a+1 e’ > v — 1 and (9)
king’s step bishop’s step king’s step
at+l —a+l—eg——a—e ——— a—e1 — €9
king’s step king’s step
L a—1. (10)

Since we are interested in the intersection of those values with the vanishing set V(B)
for the application of Theorem and Lemma [5.5] we have to consider only the finite
set

ViB)Nn{a+1—e,a—e,a—e —eg,...,a0— 1}.

This allows us to assume w.l.o.g. that V(B) consists only of shifted copies of the form
V(bo) +  with k € C" because otherwise we can move « along the hypersurface V(by).

More precisely, when considering a Euclidean neighbourhood U of o and U N V(by)
we obtain uncountably many & € U NV (by). Assume that for all of these & there exists
some irreducible b with bs | B and V(bs) # V(by) + & for all K € C” such that

V(ba) N{a+1—e,a—e,a—er—ea...,a— 1} # .

Since the Bernstein-Sato ideal has only finitely many common factors and thus V(B)
has only finitely many irreducible components, it follows that uncountably many of the
& share one common bs, e.g. by. This implies that b, is such that V(b;) = V(by) + « for
some k € C", so we can choose & with bz = b; instead of a.

In the following, we will use the following argument: For o € V(by) such that
(«—=N-(1,...,1)) N V(B) = @, we have annp, (f**!) 2 annp,5(f*)]s=a+1 by Con-
jecture [5.9|

Furthermore, we know that the maps

anafl ﬁ> ana71+en 'f”—1; ﬁ} anafel i> anaJrlfel A ana+1
and
D, ft L5 D, ot
n n
commute.

We will use this idea together with Lemma [5.5], because by contraposition we conclude
with this lemma from annp, (f**1) 2 annp, [5(f*)|s=a+1 that there is no sequence of the
form g = (0,e1,(1,...;1) +e1,(1,...; 1) +e +eg...,(1,...; ) +e1+ ... +ep1,2-
(1,...,1)) with ((a« +1) — 8); ¢ V(B) for all i. This results in contradictions for the
cases considered.

Next, we will show that there are no irreducible factors of total degree greater or equal
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to two. Assume towards a contradiction that there is a by of this form. We choose b
‘minimal’ of this form in the sense that there is an « € V(by) with (o — N(1,...,1)) N
V(B) = 2.
We consider the set
A= V(bo) + (1, <y 1)

By assumption of Conjecture and the ‘minimality’ of by, we know that for uncount-
ably many a € A it holds that annp, (f*) # annp,[g(f*)|s=a. For these, the sequence
(v —2,a0—3,...) has an empty intersection with V(B). We combine this sequence with
the sequence ([10) and obtain the sequence

ﬁ:(0,6171+61,1+€1+62,...,2,3,...).

If it fulfilled the conditions of Lemma [5.5] this would imply the equality annp, (f*) =
annp,,s)(f*)|s=a, a contradiction. It follows that

VB)N(a—{ei,14+e,1+ei+e,...,2—e,}) # .

Since there are uncountably many such «, we conclude that a shifted copy of V(by)
of the form V(by) + k with K € {1 —e;,—e1,—e; —eg,...,—1+e,} is contained in
V(B). In particular, this copy is not V(by) itself, since it is not linear. Applying the
same argument to the newly found copy, inductively we conclude that V(B) contains
infinitely many shifted copies of V(by), which contradicts B # {0}. In conclusion, all by
are linear.

Next, we will show that for all ¢; of a ‘minimal’ factor by = 2;21 c;S; + ¢ we can
choose ¢; > 0 for all 1 < ¢ <r. Here, ‘minimal’ means that no copies of V(by) shifted by

—N(1,...,1) are contained in V(B). We already showed that ¢; € R. Assume towards a
Contradlctlon that ¢; <0 and ¢; > 0.
First, we consider & = —1. We choose a € V(by). For a+1 we know by Conjecture

that annp, (fo™!) D annDn[S](f )|s=a+1. We construct the sequence
(5@%@\]0 = (0, €iy vy k"@i, k€l+(1, ey 1), (l{?*|>1)€z+(1, ceey 1), ey 2k'€i+(17 ey 1), .. .),

such that o + 1 — (Bi)ien, has empty intersection with V(B) by construction for k
sufficiently large. With Lemma [5.5| we conclude that annp, (f**t) = annp,(f*)|s=a+1,
a contradiction.

Next, let & # —1 and w.Lo.g. ¢;, > 0 for all j, # ¢. Again, we choose by ‘minimal” and

a € V(by) that shows the ‘minimality” of by). We use the sequence
ﬁ: (0,67;,1+€7;,1+€7;—|—€2,1—|—€i—|—62+€3,...,2)

for which o+ 1 — 8 by construction has an empty intersection with V(by). By contrapo-
sition of Lemma [5.5|and the fact that a could be chosen such that (« — N- (1,...,1))N
V(B) = @ we know that o+ 1 — 3 contains an element of V(B), because annp, (f**1) 2

=

annp, (s (f*)|s=at1- Thus, a shifted copy of V(by) is contained in V(B) (see Figure [5.2).
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V(bo)

a+(1,1)

a=(1,1)

Figure 5.2.: Illustration of the construction for ¢; > 0,¢; < 0 in the two-dimensional
case.

Iterating this argument, using the form of by we obtain either infinitely many copies of
V(bo) in V(B) or a copy that contradicts the minimality of V(by), both of which is a
contradiction. In conclusion, there is no by with ¢; <0 < ¢;.

Next, we want to show that the coefficients of the linear terms of a common factor b
can be chosen from the rational numbers. We already showed that by = 22:1 c;S; + ¢
for non-negative ¢;. Assume towards a contradiction that the ¢; cannot all be chosen
rational, e.g. 2—; ¢ Q. We choose by ‘minimal’ and a € V(by) such that « shows the
‘minimality’ of by, i.e. (¢ = N-(1,...,1))NV(B) = @. By Conjecture |5.9| we know that
annp, (f**') 2 annp, 5)(f*)]s=a+1. Again, we consider the sequence

B=(0,e,14e,14+e+eyl+e+etes, ... 2)
with (a +1 — ) N V(b)) = @, since the slope & s irrational (see Figure 5.3). By

V(bo)

Figure 5.3.: Illustration of the construction for £ irrational in the case r = 2.
J

the contrapositive of Lemma and the ‘minimality’ of by, which implies (o — 1 —
No(1,...,1))NV(B) = @, we know that o+ 1 — /3 contains an element of V(B), because
annp, (f**') 2 annp, [ (f*)|s=at+1. We conclude that a shifted copy of V(by) shifted by
some v € Zj \ {0} is contained in V(B). In particular, this copy is not V(by) itself.
Iterating this argument by applying it to the said copy, we conclude that infinitely many
shifted copies of V(by) are contained in V(B), a contradiction.
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In conclusion, all common factors have non-negative rational coefficients in the linear
terms. O

In order to give an algorithm for computing annp (f) for any « in C" we are still
missing knowledge about the non-generic o which lie in V(B) +N-(1,...,1). For these,
the following lemma offers a solution.

Lemma 5.11 (see [SST00, 5.3.15]). For a = ag + k- (1,...,1) with ay € V(B) such
that o is minimal in the sense that (ap —N- (1,...,1)) N V(B) = & holds, we have

annp, (f*) = (11)
p,(h € D, | hE* + higi(ag) + ... + haga(ag) = 0 for some hy, ..., hy € D,),

where annp, (4 (f*) = p.1s(91(5), -, gx(s))-
Proof. For h € D, it holds that

h€amnp, (f*) <= 0=he f*=heF*f = hF*ef* < hF" € amp, (f*),

By the minimality of ag we furthermore know that annp, (f*°) = annp,(f*)]s=ao-
Now we have h € annp, () if and only if hF* € annp,, g (f*)|s=ae, Which is exactly the
condition for the elements of the term on the right hand side of the equation. m

For the computation of the i with the property on the right hand side of (11)), which
are the first components of the syzygies

SyZDn(Fkagl(ao)v s 7g>\(a0)) = {(ha hly' . 'ah)\) | th +hlgl(a0) +... +h)\g)\ = O}a

see [OTO01) 9.10] for an algorithm based on Grobner bases with respect to a specific
ordering.

Now we can give an algorithm to compute annp,_ (f*) for any o« € C" as a generalization
of the algorithm given in [SST00].

Algorithm 5.12 (see also[A.3).
Input: f € Clz]", a € C".
Output: a generating system of annp_ (f%).
1: Compute (g1(s),...,gx(s)) := annp,y(f*) with the method from Algorithm [2.18]
2: Compute a generating set G' of By with Algorithm
3: Set H:={—-s;+s1+a;—aq|je{l,...,r}}.
>V(H)=a+C-(1,...,1)
4: Compute a reduced Grobner basis K of ¢q(G, H).
>V(K)=V(B)N(a+C-(1,...,1))
5. Set /{?0 =0.
6: for 5 € V(K) do
7 ifa—p=Ek-(1,...,1) for some k € N then
8 Set ko := max(ko, k).
9 end if
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10: end for >pag=a—ky-(1,...,1)
11: if kg = 0 then

12: return (¢i(«),...,g\(a)).

13: else

14: Set ag :=a — ko - (1,...,1).

15: return {h € D, | hF* + Z?Zl higi(a — o) for some hy(s),..., hy(s) € Dn[g}}.
16: end if

Remark 5.13. The correctness of the algorithm follows from the sub-algorithms and

Lemma [5.11, The termination of the algorithm follows from the fact that the set of
intersection points of a hypersurface and a line not contained in the hypersurface V(K)

is finite. An application example is given in Code
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Conclusion

In Chapter 2| we dealt with two of the computer-algebraic aspects of Bernstein-Sato
ideals: Their determination in Section and stratifications with respect to them in
Section [2.2] Section [2.4 and Section [2.7 which allow the computation of local Bernstein-
Sato ideals. We were able to generalize the type of stratification used for Bernstein-Sato
ideals (using primary decompositions) in Section The steps contributed are Lemma
and the contents of Section 2.8l An instance of this generalized stratification is
the stratification with respect to by, which allowed us to give the new Algorithm [2.66]
presented in Section

For these results we needed the basic definitions and properties of Bernstein-Sato
ideals and their variants, Bernstein-Sato polynomials and Bernstein-Sato polynomials
of varieties. We introduced local Bernstein-Sato ideals with respect to prime ideals or
varieties and examined their properties.

The algorithm for the computation of By given in Section is currently the most
effective among known ones. It is unclear whether the approach of Chapter {4| with
upper and lower bounds can be used to determine the Bernstein-Sato ideal exactly,
which would in many cases lead to a speed-up of computations. We were only able
to give an estimation of the powers through which upper and lower bound differ in
Remark [4.17]

Another open problem is the adaption of more effective stratification algorithms for
Bernstein-Sato polynomials such as the one from Section to the case of Bernstein-
Sato ideals. The foundations of these algorithms (see Remark do not hold for
Bernstein-Sato ideals so it remains to be shown whether they can be adapted at all.

In Chapter |3, we mainly dealt with factors of Bernstein-Sato ideals and their general
form in certain geometric situations. For this, we refined a result about the irrelevance of
units for Bernstein-Sato ideals (Theorem in Section . This was especially useful
for the determination of By for f with disjoint V(f;). For common factors of the f; and
transversal intersections of the V(f;) we used different approaches and arrived at some
results which previously have not been studied to the best of the author’s knowledge
(Lemma [3.12] Proposition Lemma [3.35). Many of the results here are rather un-
satisfying and hint at new, bigger problems that are not yet solved, such as pairwise
transversal intersections of components that are not transversal for all components com-
bined. Another open problem is the intersection of vanishing sets in singular points for
which the tangent cone seems to play an important role.

In Section we examined the conjecture that annp, 5(f*)]s,=s = annp, 5 (£*). In
Lemma [3.43] we gave a systematic counterexample for the applicability to Bernstein-
Sato ideals, i.e. By|s,—s # (bp) in general. It is unknown whether the conjecture holds
in general and whether the equality of radicals holds for Bernstein-Sato ideals and poly-
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nomials.

In Chapterwe considered the computation of annp, (f*). We modified the previously
used approach in Lemma [5.5] and used this modification to give a different proof of
some known facts about factors of the Bernstein-Sato ideal under certain conditions in
Lemma [5.10] Obviously, the question arises whether Conjecture [5.9 holds.

The algorithms in Appendix [A] are implementations of the results presented through-
out the thesis and were previously not implemented in SINGULAR. Appendix [B| can be
seen as an outlook on some of the most practical problems for the future. Many exam-
ples are still difficult to treat with computer algebra systems even in seemingly small
instances, e.g. the exact determination of the Bernstein-Sato ideal from Code This
shows the need for new, more effective algorithms.

Many of the results about factors of Bernstein-Sato ideals imply that these ideals can in
parts be obtained from the Bernstein-Sato polynomials of components by a combinatorial
process in which only intersections play a role. This process, the role that intersection
multiplicities and tangent cones play, and whether the whole Bernstein-Sato ideal can
be constructed in this way, are some of the big questions that remain unsolved. Answers
to these questions could connect Bernstein-Sato polynomials and Bernstein-Sato ideals
in a different, geometric way and could explain why and how their structure differs.
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A. Procedures for Singular

Here, the function headers of algorithms presented throughout this thesis, but not yet
implemented in SINGULAR/PLURAL (|[DGPS15]/|GLMS15]), are given according to the
author’s implementations.

Code A.1. First, we consider Algorithm which computes compatible stratifications
of

Q = (annp,(f*) + p,»(F)) NClz,s], QNClz] and QNCls],
which induce a stratification with respect to Bernstein-Sato ideals.

proc primDecStrat(ideal f, list #)

"USAGE: primDecStrat(f [,outputFile]); f an ideal, outputFile a string
RETURN: ring

PURPOSE: compute compatible primary decompositions for a stratification
@* w.r.t. Bernstein-Sato ideals with the method of Bahloul/Oaku
ASSUME: basering is a commutative polynomial ring of characteristic 0
NOTE: Activate the output ring with the @code{setring} command.

@* It contains

Ox* Lf=(ann(f~s)+<F>) intersected with K[x,s]

(GRS B: list of primary components of Lf intersected with K[s]
(CE I: list of primary components of Lf intersected with K[x]
(CE Iprim: list of the radicals of the elements of I

@x f: an ideal which contains the components of a vector of polynomials
Ox outputFile: if set, the results will be saved in outputFile
DISPLAY: If printlevel=1, progress information will be printed.

@x If printlevel>=2, progress and intermediate results will be printed.
n

An application example is given by

> LIB "appendixA.lib"; //containing the procedures from Chapter A
> ring R=0,(x,y),dp;
> ideal f=x"2-y,y;
> def A=primDecStrat(f);
> setring A;
> B; //primary components of B
[1]:
_[1]1=s(2)+1
[2]:
_[11=s(1)+1
(31:
_[1]1=2xs(1)+2xs(2)+5
[4]:

_[11=2%s(1)+2xs(2)+3
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> I; //primary components of I
[1]:
_[11=y
[2]:
_[11=x"2-y
[3]:
_[1]=y~2
_[2]=xx*y
_[31=x"3
[4]:
_[11=y
_[21=x

Code A.2. The result of Theorem allows for a computation of upper and lower
bounds of Bernstein-Sato ideals. The corresponding SINGULAR code is given in the
following.

proc squeezer(ideal F,intvec m)

"USAGE: squeezer(F,m); F an ideal, m an intvec

RETURN: ring

ASSUME: basering is a commutative polynomial ring of characteristic O
@ m is a vector of non-negative integers

PURPOSE: determine upper and lower bounds of the Bernstein-Sato ideal associated to m
@x (see [Bud13])

NOTE: returns ring with lists

Ox Bj, containing the Bernstein-Sato ideals associated to e_j,

@+ shiftedIdeals, containing the shifted ideals from [Bud13] 4.7,

@* and ideals upperBound, lowerBound which give upper bounds

@* and lower bounds for the Bernstein-Sato ideal associated to m.
"

An application example is given by

LIB "appendixA.lib"; //containing the procedures from Chapter A
ring R=0, (x,y) ,dp;

ideal f=x+y,y;

def A=squeezer(f, intvec(1,1));

setring A;

upperBound; //upper bound of the Bernstein-Sato polynomial
upperBound[1]=s(1)*s(2)+s (1) +s(2)+1

> lowerBound; //lower bound of the Bernstein-Sato polynomial
lowerBound[1]=s(1)*s(2)+s(1)+s(2)+1

V V. V V V V

Code A.3. The following procedure computes annp, (f¢) for f € Clz]” and o € Q"
following Algorithm

proc annfalphal(ideal f, vector alpha)

"USAGE: annfalphalI(f,alpha); f an ideal, alpha a vector

RETURN: ring

PURPOSE: determine annihilator of f~alpha in the n-th Weyl algebra
ASSUME: basering is a commutative polynomial ring in characteristic 0
EXAMPLE: example annfalphal; shows example

NOTE: In the returned ring, annfalpha is the annihilator of f~alpha
@x over the Weyl algebra
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An application example is given by

> LIB "appendixA.lib"; //containing the procedures from Chapter A
> ring R = 0,(x,y,2),dp;

> ideal f = x,y,z;

> vector alpha = [1/4, 2/3, 1];

> def A = annfalphal(f,alpha);

> setring A;

> annfalpha;

annfalpha[1]=Dz"2

annfalpha[2]=z*Dz-1
annfalpha[3]=3*y*Dy*Dz-2*Dz
annfalpha[4]=3*y*Dy~2*Dz+Dy*Dz

annfalpha [5]=4*x*Dx*Dy~2*Dz-Dy~2*Dz
annfalpha [6]=4*x*Dx~2xDy~2*Dz+3*Dx*Dy~2*Dz
annfalpha [7]=3*y*Dx~2xDy~3*Dz+4*Dx~2*Dy~2*Dz
annfalpha [8]=4*x*Dx~3*Dy~2*Dz+7*Dx~2*Dy~2%Dz

Here, the generic annihilator is annp, [y (f*) = p,[5(0» — 51, Y0y — 52, 20, — 53), S0 We
see that annp, (f*) 2 annp, [y (f*)|s=a-
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B. Applications of Singular

Here, some demonstrations of the application of the computer algebra system SIN-
GULAR/PLURAL ([DGPS15]/[GLMS15]) to examples are given. We will use both the
procedures from Chapter [Al and procedures from the libraries dmod.1ib (JLM15]) and
dmodvar.1lib (JALMI35]).

Code B.1 (Computation of B and annp,g(f*))-
LIB "dmod.lib";
ring R=0, (x,y),dp;
ideal f=x"2-y~3,x-y+1;
def A=annfsBMI(f);
setring A;
LD; //ann(£f"s)
LD[1]=3*x"2*Dx-3*x*y*Dx+2*x*y*Dy-2%y~2*Dy+3*x*Dx+2*y*Dy-6*x*s (1) +6*y*s (1)
-3*x*s (2) +2*y*s (2) -6*s (1)
LD [2]=3*y~3*Dx+3*y~3*Dy-3*x*y*Dx-3*x~2*Dy+2*x*y*Dy-2%y~2*Dy-9*y~2*s (1)
+3*x*Dx+2*y*Dy+6*y*s (1) -3*x*s (2) +2*y*s (2) -6*s (1)
LD [3]=3*x*y~24Dx+3*y~3*Dy-3*x*y*Dx+3*y~2*Dx-x"2*Dy-2*y ~2*Dy-9*y~2*s (1)
-3%y~2xs (2) +3*x*¥Dx+2*x*xDy+2*y*Dy+6*y*s (1) -x*s (2) +2xy*s(2) -6*s (1)
LD [4]=xxy~3*Dy-y~4*Dy-x~3*Dy+x~2*y*Dy+y~3*Dy-3*x*y~2%s (1) +3*y~3*s (1)
+y~3*s(2) -x~2*Dy-3*y~2*s (1) -x~2xs (2)
> BS; //Bernstein-Sato ideal as factorization of its generator
[1]:
_[1=s(1)+1
_[2]=6%s(1)+7
_[31=6%s(1)+5
_[4]1=s(2)+1
[2]:
1,1,1,1

V V V V V V

Code B.2 (primary ideals for a stratification with respect to B,).
> LIB "appendixA.lib"; //containing the procedures from Chapter A
> ring R=0, (x,y,2),dp;

> ideal f= x72-y,y"3,x-1;

> primDecStrat(f);

//output is

Component Q_1: s(3)+1,x-1, dimension: 4
Component B_1: s(3)+1, dimension: 5

Component I_1: x-1, dimension: 5, radical: x-1
Component Q_2: 3*s(2)+2,y"2, dimension: 4
Component B_2: 3*s(2)+2, dimension: 5
Component I_2: y~2, dimension: 5, radical: y
Component Q_3: s(2)+1,y"3, dimension: 4
Component B_3: s(2)+1, dimension: 5

Component I_3: y~3, dimension: 5, radical: y
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Component Q_4: 3*s(2)+1,y, dimension: 4

Component B_4: 3*s(2)+1, dimension: 5

Component I_4: y, dimension: 5, radical: y

Component Q_5: s(1)+1,x~2-y, dimension: 4

Component B_5: s(1)+1, dimension: 5

Component I_5: x"2-y, dimension: 5, radical: x"2-y

Component Q_6: 2*s(1)+6xs(2)+5,y"2,x*y,6*x"2*s(2)+2%x"2+y,x~3, dimension: 3
Component B_6: 2*s(1)+6*s(2)+5, dimension: 5

Component I_6: y~2,x*y,x"~3, dimension: 4, radical: y,x

Component Q_7: 2%s(1)+6*s(2)+9,y"4,x*y"3,6*x"2xy"2%s(2) +6%x~ 2%y~ 2+y~3,6%x~3*y*s(2)
+4*x"3*y+3*x*¥y"2,x"3%y"2,36%x"4*s (2) "2+36%x"4*s (2) +8*x"4+36*x " 2xy*xs (2) +24*x 2%y
+3*y"2,6*x"5*s(2) +2*%x~5+5*x " 3%y ,x"5*y,x"7, dimension: 3

Component B_7: 2*s(1)+6*s(2)+9, dimension: 5

Component I_7: y~4,x*y~3,x"3*%y~2,x"b*y,x"7, dimension: 4, radical: y,x
Component Q_8: 2*s(1)+6*s(2)+3,y,x, dimension: 3

Component B_8: 2%s(1)+6*s(2)+3, dimension: 5

Component I_8: y,x, dimension: 4, radical: y,x

Component Q_9: 2*s(1)+6xs(2)+7,y"3,x*y"2,6%xx " 2%y*s(2) +4*x~2*%y+y~2,6*x"3*s(2)

+2%x~3+3*x*y,x"3*y,x"5, dimension: 3
Component B_9: 2*s(1)+6*s(2)+7, dimension: 5
Component I_9: y~3,x*y"2,x"3*%y,x"5, dimension: 4, radical: y,x

Code B.3 (computation of b ).

> LIB "dmodvar.lib";

> ring R=0, (x,y),dp;

> ideal f=x"2-y~3,y"2;

> bfctVarAnn(f); //returns the roots of b_<f> and their multiplicities
[1]:

_[1]1=0

_[2]=-1/2

_[3]=-1
[2]:

1,1,1

Code B.4 (application of Code to compute upper and lower bounds of B}”)

> LIB "appendixA.1lib"; //containing the procedures from Chapter A
> ring R=0, (x,y,2),dp;
> ideal f=x*y,(1-x)*y,x*x(1l-y),(1-x)*(1-y);
> intvec m=(0,2,3,1);
> def A=squeezer(f,m);
> setring A;
> Bj; //the ideals B_i
[1]:
_[11=s(1)"2+s(1) *s(2)+s (1) *s(3)+s(2) *s(3) +2*s (1) +s (2) +s(3) +1
[2]:
[1]1=s(1)*s(2)+s(2)"2+s(1)*s(4)+s(2)*s(4) +s (1) +2*s (2)+s(4) +1
[3]:
_[11=s(1)*s(3)+s(3) "2+s (1) *s(4)+s(3) *s(4) +s (1) +2*s (3) +s (4) +1
[4]:

_[1]1=s(2)*s(3)+s(2) *s (4) +s(3) *s (4) +s(4) ~2+s(2) +s (3) +2*s (4) +1
> size(upperBound); //the upper bound is principal
1
> size(lowerBound); //the lower bound is principal
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1

> factorize (upperBound[1]);

[1]:
_[11=1
_[2]=s(1)+s(2)+2
_[B8l=s(1)+s(2)+1
_[4]=s(1)+s(3)+2
_[5]=s(1)+s(3)+3
_[6]=s(1)+s(3)+1
_[71=s(3)+s(4)+4
_[8]=s(3)+s(4)+1
_[91=s(3)+s(4)+3
_[10]1=s(3)+s(4)+2
_[11]1=s(2)+s(4)+3
_[12]=s(2)+s(4)+2
_[13]=s(2)+s(4)+1

[2]:
1,1,1,1,1,1,1,1,1,1,1,1,1

> factorize(lowerBound[1]);

[1]:
_[11=1
_[2]=s(1)+s(2)+2
_[Bl=s(1)+s(2)+1
_[4]=s(1)+s(3)+3
_[5]=s(1)+s(3)+2
_[6]=s(1)+s(3)+1
_[71=s(3)+s(4)+2
_[8]=s(3)+s(4)+3
_[9]=s(3)+s(4)+4
_[10]=s(3)+s(4)+1
_[11]=s(2)+s(4)+1
_[12]=s(2)+s(4)+2
_[13]=s(2)+s(4)+3

[2]:
1,1,1,1,1,1,1,1,1,1,1,1,1

// upper and lower bound are the same, hence it is the Bernstein-Sato ideal
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