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16th Hilbert's problem (the second part)

X = Pn(X7)/)a y = Qn(X7y)’ (A)

Pa(x,y), Qn(x,y), are polynomials of degree n.

Let h(Pn, Q,) be the number of limit cycles of system (A) and let
H(n) = sup h(P,, Qp) -

The question of the second part of the 16th Hilbert's problem:

e find a bound for H(n) as a function of n.
(The problem is still unresolved even for n = 2.)
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The cyclicity problem

The cyclicity problem

Find an upper bound for the number of limit cycles in a
neighborhood of elementary singular point. This problem is called
the cyclicity problem or the local Hilbert's 16th problem.
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The center problem

[J:/\U—V—I-Zajlujvl, V:u+)\v+Zﬂj/ijvl (1)
j+I=2 jH1=2
Trajectories are either ovals (solutions are periodic) or spirals
(solutions are not periodic).

In the first case the origin is a center, in the second case it is a
focus.
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The center problem

t):)\u—v—i—Zaj/ujvl, V:u+)\v+Zﬁj/ijvl (1)
Jj+1=2 =2

Trajectories are either ovals (solutions are periodic) or spirals
(solutions are not periodic).

In the first case the origin is a center, in the second case it is a
focus.

The Poincaré center problem

e Find all systems with a center at the origin within the family (1).
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Poincaré (return) map

U=Au—v+ Z aj/Lr/vl, v=u+Av+ Z ﬂj/ujvl
jHI=2 j+I=2

Poincare map

P(p) = €™ p +ma(a, B, aij, By)p* + ma(a, B, i, Bi)p> + - . ..

Limit cycles «— isolated fixed points of P(p).

« changes the sign — > Hopf bifurcation

W.l.o.g. we assume that « =0, 3 = 1. Then 7 (ay;, Bj) are
polynomials.
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L'l:/\u—v+2aj/ujvl, V:u—l—Av—l—Zﬁj/Ltjv’ (2)

ji=2 j¥i=2
A = (@20, 520, - - -, Bom)-

Definition

For parameters (A, A) let n(x,A),c denote the number of limit cycles
of the corresponding system (2) that lie wholly within an
e-neighborhood of the origin. The singularity at the origin for
system (2) with fixed coefficients (A\*, A*) € E(X, A) has cyclicity ¢
with respect to the space E()\, A) if there exist positive constants
0o and € such that for every pair € and ¢ satisfying 0 < € < ¢y and
0<d<dp

max{n()\,A),6 (A A) = (AL AY)| <0 =c.

v
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To study limit cycles in a system

u=—v+ Z aj/ujv’, v=u+ Z ﬂj/ujv’ (3)

JHI1=2 JHI=2
we compute the Poincare map:
Plp) = p + m2(eij, By)p” + m3(exij, By)p® + -+ + mu(evig, By)p* +

Let B = (13,M4,...) C Rlay;, 3] be the ideal generated by all
focus quantities 7;.
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B = <77u1777u27--~777uk>

and vy < - < .
Then for any s

s s k
Ns = 77U10£ ) + 77U29§ ) +ot 77Uk6/(< )’

P(p) —p=nu(l+mp+...)p" + - +nu(1+ pkp+ ... )p"%.

Bautin's Theorem

If B = (uy, Nus - - -, Muy,) then the cyclicity of system (3) (i.e. the
maximal number of limit cycles which appear from the origin after
small perturbations) is less or equal to k.
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P(p) = p + m3(eij, By)p® + maley, By)p* + ...
Center: m;3=mna=n5=---=0.

Poincaré center problem

Find all systems with a center at the origin within a given
polynomial family
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P(p) = p + m3(eij, By)p® + maley, By)p* + ...
Center: m;3=mna=n5=---=0.

Poincaré center problem

Find all systems with a center at the origin within a given
polynomial family

Algebraic counterpart

Find the variety of the Bautin ideal B = (n3,m4,75...). (This
variety is called the center variety.)
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The cyclicity problem

Find an upper bound for the maximal number of limit cycles in a
neighborhood of a center or a focus
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The cyclicity problem

Find an upper bound for the maximal number of limit cycles in a
neighborhood of a center or a focus

By Bautin's theorem:

Algebraic counterpart

Find a basis for the Bautin ideal (13,74, 7s,...) generated by all
coefficients of the Poincaré map
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Complexification

Complexification: * = u+iv (T = u — iv)
n—1

= ilx— E rt,,,,.r“”.i"’) <
e

phe=1 | Pl
V4

n—1
A
= —i(T — E @, 7 ) / i /
d d g . > o
. I i

ptg=1

n—1 n—1
x=i(x— Z apgxPly9), v =—ily - Z bapxTyPT) (4)
p+q=1 p+g=1

The change of time d7 = idt transforms (4) to the system

n—1 n—1
x=(x— Z apgxP Ty ), y = —(y - Z bgpxyP*1). (5)
p+qg=1 pt+q=1
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Poincaré-Lyapunov Theorem

The system
du n s g dv n ..
P SEL L
i+j=2 i+j=2

has a center at the origin (equivalently, all coefficients of the
Poincaré map are equal to zero) if and only if it admits a first
integral of the form

b = o2 T v2 i Z gbk,ukvl.
kt1>2
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Definition of a center for complex systems

System

n—1 n—1
x = (x— Z aqup+1yq) =P, y=—(y- Z bquqyp+l) =Q,
p+q=1 p+qg=1
(7)
has a center at the origin if it admits a first integral of the form

(e e] S
®(x,y; a0, b1o,---) = xy + Z Z Vs jxly*
s=3 j=0
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For the complex system

x=(x— Z ap x”+1 y Z bgpxTy Pt )=Q

p+g=1 p+q=1

one looks for a function of the form
®(x, y; a10, bro, - --) = xy + 320237 ¢ Vj,s—jx y*/ such that

oo oo
awl T 70 g11(xy)? + gn(xy)* + -, (8)

and gi11, 822, ... are polynomials in apq, bgp. These polynomials are
called focus quantities.

The Bautin ideal

The ideal B = (g11, 822, - . . ) generated by the focus quantities is
called the Bautin ideal.
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The center problem

Find the variety V(B) of the Bautin ideal B = (g11, 822,833 - - -)-
V(B) is called the center variety of the system.
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The cyclicity of the quadratic system

Generalized Bautin's theorem

If the ideal B of all focus quantities of system

n—1 n—1
x=(x— Z apqxp+1y‘7), y=—(y— Z bqpqup+l)
p+q=1 p+g=1

is generated by the m first f. q., B = (g11,822,--.,8mm), then at
most m limit cycles bifurcate from the origin of the corresponding
real system

n n
U=Au—v+ Z ozj/ujvl, V=u+ v+ Z ﬁj,ujvl,
JHi=2 JH+I=2

that is the cyclicity of the system is less or equal to m.
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The center variety of the quadratic system

X = x—a10x> —aoxy —a_12y°%, ¥ = —(y—bioxy—bory?—br _1x%).

(9)

Theorem (H. Dulac 1908, C. Christopher & C. Rouseeau, 2001)

The variety of the Bautin ideal of system (9) coincides with the
variety of the ideal B3 = (g11, 822, 433) and consists of four
irreducible components:

1) V(Jl), where J1 = <2310 — blo, 2b01 — 301>,

2) V(JQ), where J2 = (301, b10>,

3) V(J3), where J3 = (2ap1 + bo1, a10 + 2b1g, ao1bio — a—12b2, 1),
4) V(J4) = <f1, fz, fg,, f-47 f5>, where

fi = a1 b2, —1 — a_12b3y, o = a10a01 — bo1bro,

f3 = adga_12 — bp,_1b3;,

fa = a10a_12b3y — a3 bo,—1bo1, fs = a3ga_12b10 — ao1b2,—1b3; -
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Proof. Computing the first three focus quantities we have

g11 = a10do1 — biobo,

g2 = alpa_12b%y — a1 bo1ba, 1 — %(a—ubfo —adba 1) —
2(ao1bdyb2,—1 — a%pa_12b10),

g33 = —2(—ao1 a_12b{y+2 a_12bo1 by + agy bro bo,—1—2 a3, bor b1o b2, —1—
2a10 2% 15 blg bo,—1+a% 15 bl bo,—1 — a3 a—12 b3 +2a8; a-12 bo1 b3 _4).
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Using the radical membership test we see that

g &/ (g11), 833 & \/(811,822), 84,855,866 € \/ (811,822, 833),
i.e., V(B1) D V(B3) D V(B3) =V(Bs) = V(Bs). We expect that
V(B3) = V(B). (10)

The inclusion V(B) C V(B3) is obvious, therefore in order to check
that (16) indeed holds we only have to prove that

V(B3) C V(B). (11)

To do so, we first look for a decomposition of the variety V(53).
To verify that (11) holds there remains to show that every system
(9) with coefficients from one of the sets
V(4),V(4),V(4h),V(Js) has a center at the origin, that is, there
is a first integral W(x,y) = xy + h.o.t.
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The problem has been solved for:

® The quadratic system (x=Ppn, y=Qn n=2)- Bautin
(1952) (Zoladek (1994), Yakovenko (1995), Franc¢oise and
Yomdin (1997), Han, Zhang & Zhang (2007)).

@ The system with homogeneous cubic nonlinearities - Sibirsky
(1965) (Zotadek (1994))

In both cases the analysis is relatively simple because the Bautin
ideal is a radical ideal.

Bautin's theorem for the quadratic system

The cyclicity of the origin of system
i = A\u—v—+agoul+agiuvtagav?, v = u+Av—+Bou’+0B11uv+ Lo

equals three.
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Proof. We have for all k
8iklv(ss) =0 (12)

where Bz = (g11, 822, 833)-
Hence, if B3 is a radical ideal then (12) and Hilbert Nullstellensatz

yield that gk € Bs. Thus, to prove that an upper bound for the
cyclicity is equal to three it is sufficient to show that Bj is a radical
ideal.

With help of SINGULAR we check that

std(radical(B3)) = std(B3). (13)

Hence, B3 = B. This completes the proof.
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@ Good news:
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o Good news:
Using algorithms of computational algebra the cyclicity of a
polynomial system can be easily investigated in the case when
the Bautin ideal is a radical ideal (provided we know its
variety)

o Bad news:
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o Good news:
Using algorithms of computational algebra the cyclicity of a
polynomial system can be easily investigated in the case when
the Bautin ideal is a radical ideal (provided we know its
variety)

@ Bad news:
It happens very seldom that the Bautin ideal is a radical ideal
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Cyclicity of systems with non-radical Bautin ideal

X = AX + I(X — 3_12)_(2 — 320X3 — 302x>'<2) (14)
X = (x—a_12y®—axx>—agaxy?) ¥ = —(y—bo,_1x*—box’y—booy?)
(15)

The variety of the Bautin ideal of system (15) coincides with the
variety of the ideal Bg = <g117 822, ... 7g66>-

By the Hilbert Basis Theorem V(B) = V(B) for some k. Using
the Radical Membership Test one can easily verify that

g6 £ \/(g11,---,855) but g77, 888,899 € \/ (€11, 82, - - -, &66),

which leads us to expect that
V(Bs) = V(B). (16)

It was shown by Y. R. Liu (1990) that (11) holds.




We use the specific structure of the focus quantities.
X = (x—a_12y°—axx>—an2xy?), ¥ = —(y—ba,—1x*—byox’y—bo2y*)

We write down the ideal

<apqu — tk,  bgepe — Pt ).

J = (1-wy,a_10—t1,73ba_1—t1,a20—t2, boa—t2, a2 —t3, 7> boo—1t3)

Computing the Grobner basis with respect to the lexicographic
order with
W>’y>t1>t2>t3>a_12>320>302>b20>b02>b27_1we
obtain a list of polynomials and pick up the polynomials that do
not depend on w,~, t1, to, t3 :
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2 2 2 42 2 2
a20a02 — baobo2, aZ1pa20b5) — agabs _1bo2, aZqpa30b20 —

2 2 3 42 2 43 2 .3 2 13
an2b; _1 b5y, —agabs 1 — aZqobyg, aZqipazy — by _1bgp, The
monomials of the binomials form a basis of the subalgebra:
c1 = a20a02, G2 = baoboz, €3 = b3 1, cadgabs 1 bo2, s =

2 2
302b27_1b02, PR
The focus quantities of system (15) belong to the subalgebra
Cle, ..., ci5] that is,

8kk = gkk(ct, ..., c13) (17)

We prove that although the ideal of focus quantities is not radical
ideal in Cla, b], it is a radical ideal in C[cy, ..., ci5] and use this to
resolve the cyclicity problem for system (14).
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More precisely, consider the ideal

J=

(c1—a—12b2, 1, o —axobo2, c3—ap2b20, ca—bogbo2, C5—a82b§,_1, Co—
agzb%yflboz, Cc7 — 302b§,—1b(%27 Cg — b%,flb(?;Z’ Cg — d20402, C10 —

a2 15030, €11 — 3% 15320050, C-12 — @2 15350 b20, C13 — a2.1,33) and
the corresponding map

F:E(a b) = A2 =C° — AP =CP,

that is,

F(a, b) = (a_12b2,-1, a20bo2, a02b20, baoboa, agpbs 1, ..., a% 15a3)).
Let W be the image of E(a, b) under F and

C[c] :==Cle1,. .., c3]. F induces the C—algebra homomorphism

F*: Clc] — Cla, b].
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Let <(,,5) be an elimination monomial ordering for (a, b) in the
algebra Cla, b] ®c Cl[c| = C|a, b, c]. Computing the Grobner basis
Jg of J with respect to <, 5, we find that J N Clc] is the ideal R,
generated by

C11C13—C122, C10€13 —C11€12, C10C12—Cf1, C6C8—C72, C5Cg —CpC7, C5C7 —
Cg, C4C7C13 — CgC9C12, C4C7C12 — CgC9C11, C4C7C11 — C8C9C10, C4CpC13 —
C7C9C12, C4CpC12 — C7C9C11, C4C6C11 — C7C9C10, C4C5C13 —

CpC9C12, C4C5C12 — C6C9oC11, C4C5C11 — CpC9C10, C3C13 — C9C12, C3C12 —
C9C11, C3C11 — C9C10, C3C8 — C4C7, C3C7 — C4Cp, C3Cp — C4Ch, C2C12 —
C4C13, C2C11 — C4C12, C2C10 — C4C11, C2C7 — CgCg, C2Cp — C7Cg, C2C5 —
CpCo, C2C3 — C4 (9, C12CS —C5(C13, C12C4C92 —CC12, C12CL%C9 —C7C11, C12C[:’ —
CsC10, C12C3C92 — C5C12, C12C3C4Cg — CpC11, C12C3C‘% — C7C10, C12C§Cg —
C5C11, C12C§C4 — C6C10, C12C§ — C5C10, C12C2C92 — C6C13, C12C2C4C9 —
Cc7C12, C12C2C£ — CgC11, C12C22Cg — C7(C13, C12C22C4 — CgC12, C12C23 — Cg(C13.
R is the kernel of F* (can be computed with the routine preimage
of SINGULAR).
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Let C be the subalgebra of C[a, b], generated by the monomials,
corresponding to the components of the map F (that is, by
a_12b,_1, axobo2, an2b2o etc.). For a polynomial

f(a,b) € Clai(a, b), ..., cas(a,b)] C C|a, b] we denote by

fF € C[c] the preimage of f(a, b) under F*. Then,

fF € Clci(a, b), ..., c13(a, b)] can be computed via the normal
form, that is fF =NF(f, Jg), where Jg is a Grobner basis of J with
respect to an elimination ordering <, p)-
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g2 = — i(3ax0a02 — 3b2gby2),

gaa = — i(2160a35a%, + 5760a3ybaoas, + 2160ax0b3ya3, — 1440b3,a%,
+ 1440a3,b3; — 216023, boa b3, — 5760a02b3,b3; — 2160b3,b3;)

gss = — i(—340200a3) baoasyboy — 226800a20b3ga3, b1 + 113400b3ya3, b
+ 22680023, bo2a12b3; + 340200a92b3,a12b3;)

866 = — 1(102060000a3, b3y bo2aty + 68040000a20b3ybo2asy — 340200005

+ 3402000043, boo bgz b3; — 6804000043, bao b3, b3, — 1020600004,
g1 =0, gl =co— cs,8%5 =0,
gﬁ; = %C5 —C6—Scr—cg— %Clo + c1 + %Clz + a3,
gffs = 274 €105 + 12 C1Ce + Lo+ 274C1C10 172 €111 — gC1C12.
g6F6 *%C3C5 + C3C10 Jr 3 C4Cs + 5cq4c6 — L39C4C10 —b5¢cq1.
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Let W denote the image of C8 under F, W its Zariski closure, and
C[W)] the ring of polynomial mappings from W to C, which is
isomorphic to C[c]/I(W). Then, W = V(R).
Denote by V the variety V(B) and by V. the image of V under F,
Ve = F(V). V,is a subset of W and its Zariski closure V. is a
subvariety of W. Let U be the subvariety U = V({(gf, : k € N)) of
W and let Us = V(Gg) for Gg := (gf1, g4, ..., k) C Clc]. We
claim that

Us=U=V.,. (18)

It is clear that gy« € I(V) implies that gf, € I(V,), which in turn
implies that g/, € I(V.), so that

V.c UC Us. (19)
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Applying the ideas in §1.8.3 of (Greuel, G.-M. and Pfister, G. A
SINGULAR Introduction to Commutative Algebra, 2002) if we
form the ideal N = (Jg N Clc¢|, Bs, J) = (R, Bg, J) in C|a, b, c] and
compute H = NN C[c], then V. = V(H). We also checked that
the ideals H and Gg are the same ideal in C[c], so that

V. =V(Gg) = Us. Together with (19) this yields

Us = U= V.

Let Gg denote the ideal (gf7,. .. ,&¢5) in C[W]. By the natural
isomorphism of C[W] with C[c]/R this ideal is radical if and only
if the ideal (gf; + R, ..., gls + R) in C[c]/R is radical. Letting r;,
1 < j < 44, denote the generators of R as listed above, it is easy
to check that this is true if the ideal H = (gf;,...,gls, n, ..., ras)
is a radical ideal in C[c]. Computing the radical of H with
SINGULAR we find that it is. Thus Gg is radical in C[W].
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The equality U = U tells us that for every k € N
gl € 1(Us) = 1(V(Gs)). But then viewed as a polynomial mapping

on W, i.e., as an element of C[W], we have that
gl € IW(VW(EJ@)). This means that g/, € 1/ Ge = Gg in C[W].
Thus there exist polynomials f; x such that for c € W

gik(c) = gi1() () + -+ + ggs()fok(c).

Applying F* and that by the Generalized Bautin Theorem the
cyclicity of a center at the origin is at most four (since

g1 =g33=0.).
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X = Ax+ i(X — 3712)_(2 — 320X3 — 311X2)_< — 302X)_<2). (20)

With system (20) we associate the complex system

o 2 3 2 2
X =i(x —a_12y” — axox” — aux“y — ap2xy”)

o (21)
v = —i(y — ba_1x*> — byox?y — by1xy® — boay?)

The first seven focus quantities define the variety of the Bautin
ideal of (21), that is, V(B) = V(B7), where B7 = (gi1,...,877)
(Y.-R. Liu, 1990).

Bz is not a radical ideal.
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Computations show that the ideals B7, Bg, Bg of system (20) are
nonradical ideals also in C[M].

Nevertheless, By has a relatively simple primary decomposition in
C[M] and it allows to obtain a bound for cyclicity of system (20)
for "almost all” values of parameters aj;.
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The cyclicity of the system

The center at the origin of system (20) with all parameters ay;
different from zero has cyclicity at most eight.

To prove the theorem it is sufficient to show that for any (a*, b*)
with all coordinates different from zero and by = a,j, and kK > 9

in G(a* b+), where G« p«) is the ring of germs of complex analytic
functions at (a*, b*).
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Primary Decomposition of Bg in C|cy, ..., c15]

Output produced by primdecSY (Shimoyama and Yokoyama
algorithm) of SINGULAR

[1]:

[1]:
_[1]=c14-c15 _[2]=c12-3*c13 _[3]=c11-9%c13
_[4]1=c10-27*c13  _[5]=c7-3%*c8 _[6]1=c6-9%c8
_[71=c5-27*c8 _[8]=c4-c9 _[91=c3-3*c9
_[10]=3%*c2-c9 _[11]=c172%c9"3-27*c8*c13

[2]:
_[1]=c14-c15 _[2]=c12-3%c13 _[3]=c11-9%c13
_[4]1=c10-27%c13  _[5]=c7-3*c8 _[6]1=c6-9%c8
_[71=c5-27*c8 _[8]=c4-c9 _[9]=c3-3*c9

_[10]=3%c2-c9 _[11]=c1"2%c9"3-27*c8*c13
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Primary Decomposition of Bg in C|cy, ..., c15]

[2]:
[1]:
_[1]=c15 _[2]=c14 _[3]=c12+c13
_[4]=c11-c13 _[5]=c10+c13 _[6]=cT7+c8
_[7]1=c6-c8 _[8]=c5+c8 _[9]=c4-c9
_[10]=c3+c9 _[11]=c2+c9 _[12]=c1"2%c9"3+c8*c13
[2]:
_[1]=c15 _[2]=c14 _[3]=c12+c13
_[4]=c11-c13 _[5]=c10+c13 _[6]=cT7+c8
_[7]=c6-c8 _[8]=c5+c8 _[91=c4-c9
_[101=c3+c9  _[11]=c2+c9 _[12]=c1°2%c9"3+c8*c13
and so on.
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Primary Decomposition of Bg in C|cy, ..., c15]

[6]:
[1]:

_[1]=c14-c15
_[2]=2%c5-3*c6-8*c7-3*c8-2%c10+3*c11+8*c12+3*c13
_[158]=3%c2"4*c9"8*c13"2-6*%c2"3*%c9"9*c1372+5%c2"2*%c9’
_[159]1=27%c2"6*c9"7*xc13-54*c2"5%c9"8*c13+45%c2"4*c9O"!
_[160]1=c3"8*c9"6
_[161]1=27%c2"8*c976-54%c2 " 7*cO " T+45*c2"6*xc9~8-20*c2"!
_[162]=c2"3%c9710*c13"2
_[163]=c2"5*%c9"9*c13-2%c274%c9"10*c13
_[164]1=3%c2"7*c9"8-6%c2"6*c9~9+5%c2"5%c9~10
_[165]=c2"6%c9"10
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Primary Decomposition of Bg in C|[c;

[2]:
_[1]=c15
_[2]=c14
_[3]=c13
_[4]=c12
_[6]=c11
_[6]=c10
_[71=c9
_[8]=c8
_[9]=c7
_[10]=c6
_[11]=c5
_[12]=c4
_[13]=c3
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_[14]=c2

_[15]=c1



Proposition

Let | = (gi1,...,8:) be an ideal in C[x,...,x,] such that the
primary decomposition of / is given as

I=PiN---NPNQ,

where P is prime for s =1,...,k, and Q # vVQ = {x1,...,Xp).
Let g be a polynomial vanishing on V(/) and let x* = (x{,...,x;)
be an arbitrary point of V/(/) different from the origin (0,...,0).
Then in a small neighborhood of x*

g=gh+ -+ g,

where f1, ..., f; are power series convergent at x*.
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The ideal (gf,...,88) C Clct, ..., c15] has the structure as in
the Proposition.

Therefore, by the proposition, there exist rational functions f; x
such that for

gix(c) = gl (c)fuk(c) + gaalc)fox(c) + g4F4( )ak(c) +
+ gg0(c)fok(c +er c)sjk(c), (23)
and fj i (resp. sj(c)) are of the form £ (c) = f k/c,’ (resp.
sj, k(c) =5 k/c/) with i , 3 x being polynomials.
After some technical work it can be proved that the cyclicity of a

center at the origin of the corresponding system of ODEs is at
most eight.

The Cyclicity Problem for Polynomial Systems of ODEs



