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Motivation — de Rham Cohomology




Notation

R, =Clxy,...,z,]

X =C" Y =Var(fo,.... fr), U=X\Y
D,, = R, (01, ...,0,) n-th Weyl algebra
Ox structure sheaf on X

Dx = Ox ®g, D, sheaf version of D,

Fourier transform F:
.7:(171) = 81 ]—"(&) = —;

with M = F(M).



Algebraic de Rham Complex

The de Rham complex Q°*(M) of a Dx-module M:

0— QM) —2= QI (M) - —= QY (M) —=0
with .
QM) = Mag N\ 27,
M(u@dry A... Ndx;,) = Z(ﬁju) @ dx; ANdxi, A ... Adxg,.
j=1



Algebraic de Rham Complex

The de Rham complex Q°*(M) of a Dx-module M:

0—= QM) —*= QM) = —= Q(M) —0

with .
QM) = Meaz \ 27,

M(u@dry A... Ndx;,) = Z(ﬁju) @ dx; ANdxi, A ... Adxg,.
j=1

de Rham complex on a variety V:
Q*(V) =Q*(Dy).

Goal: Compute H!(U,C) = H/(Q*(Dy)) for U = X\Y.



Complement of a hypersurface

Theorem (Oaku and Takayama [2])

For X =C",Y = Var(fy), U = X\Y the de Rham cohomology
is the cohomology of

Q*(Dy) ®p, Ralfs ']

In other words, it is computable by means of Grébner bases.

Problem: This only works for Var( fo).




Main Theorem

Theorem (Walther [5], Thm 6.1)

For X =C", Y = Var(fo,..., fr), U=X\Y the de Rham
cohomology is

Hp(U,C) = H™(Q &% MV*)

with Q = Q(D,,).

The computation of H! (U, C) will be the main topic of this talk.




Main Theorem — computations

The cohomology of H~"(Q ®% MV*) is calculated as follows:
o MV®: 0 C"rl C"«r—i—l O7

@ V,-strict D,,-free complex quasi-isomorphic to MV*:

co—= A" m,_;] — A"[m,] —=0,

© ob-function b(s) = bae[m,)(s) for A*[m,] restricted to the
origin.

Q Find ko, k1 € Z: b(k)zOforkeszo <k <k.

@ Q®} MV*is quasi-isomorphic to a complex of
finite-dimensional C-vector spaces.
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Cech complex

Algorithm (Walther [4], Alg 5.1)
The Cech complex for fo, ..., f» € Ry in terms of finitely
generated D,,-modules is computed as follows:
e Compute annihilators J*((Fr)*) and b, (s) for all
increasing I C {0,...,r} and Fr = fr,--- fr,.
e a; smallest integer root of b (s), a := minr{ar}.




Cech complex

Algorithm (Walther [4], Alg 5.1)
The Cech complex for fo, ..., f» € Ry in terms of finitely
generated D,,-modules is computed as follows:

e Compute annihilators J*((Fr)*) and b, (s) for all

increasing I C {0,...,r} and Fr = fr,--- fr,.

@ a; smallest integer root ofbl%l(s), a :=ming{as}.

o C* = @ ok Dn/ T ((F1)*)ls=a

e Compute matrices M;, for C* — Ck+1,




Main Theorem — computations

The cohomology of H*"(Q ®1L)n MV*) is calculated as follows:
o MV®: 0 C"rl N C"«r—i—l ()7

@ V,-strict D,,-free complex quasi-isomorphic to MVe:

e AT'*l[mr_l] _ A7[m,] . O,

© ob-function b(s) = bae[m,)(s) for A*[m,] restricted to the
origin.

Q Find ko, k1 € Z: b(k)zOforkeszo <k <k.

Q@ Q ®§,n MV* is quasi-isomorphic to a complex of
finite-dimensional C-vector spaces.



V,-filtrations

For0 <d <nsetH = Var(z,...,zq).

@ acZ" ~ ag=(a,...,0q,0,...,0).
@ V,filtration of D,,:

Ff(Dn) = {2°0°] lan| + k = |6nl}

@ V;deg(z%9”) = miny{2%0” € Fk(D,)}



V,-filtrations

For0 <d <nsetH = Var(z,...,zq).
QaeZ” ~~ aH:(al,...,ad,O,...,O).
@ V,filtration of D,,:
Fy(Dn) = {z°0°| lan| + k > |Bul}
@ V;deg(z%9”) = miny{2%0” € Fk(D,)}
e V,-filtration of D,,-modules A = D! [m]:

t

Eli(Am]) = Y Fi "(Dy) - e;,

J=1

analogous for A/1.



Vg-strict complexes

@ A complex of free D,,-modules

. pi—1 .
A o —— Al_l[miil] — Az[mz] _— ...

is Vy-strict if:

im(¢'~1) N Fiy(A'mi]) = ¢'H(Fi (A" [mi-a]))



Vg-strict complexes

@ A complex of free D,,-modules

. pi—1 .
At i —— Al_l[mi,l] —_— Al[mz] —_—

is Vy-strict if:
im(¢' 1) N FR(A[m]) = ¢'  (FE (A m;1]))

@ G is a Vy-strict Grébner basis for N < D! [m], if each n € N
can be represented as:

n = Z aigi, Vadeg(n) > Vydeg(aig;).

@ Vy-strict Grébner bases can be calculated (Oaku and
Takayama [3]) using a refining ordering for V; and
homogenisation.



Replace C* by a quasi-isomorphic V;-strict complex

Algorithm

GivenC*® : 0 Co cr 0, a shift vector
m,. for C", compute quasi-isomorphic V-strict complex A®[m,]:

@ Break C* into short exact sequences:

0-B -2 -H -0, 0—-2"—-C' — B 0.
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One V;-strict short exact sequence

O—>PA/IA—>PB/IB—>P0/10—>O



One V-strict short exact sequence

0—— Py/Iy—— Pp/Ip—— Pc/Ilc —=0

Py Pcome]




One V-strict short exact sequence

0—— Py/Iy—— Pp/Ip—— Pc/Ilc —=0

Ny

Py Pcome]

Iy IC




One V-strict short exact sequence

0 0 0

|

0—— Py/Iy—— Pp/Ip—— Pc/Ilc —=0

R

0 Py QB Polme] —=0
Is Ic
0 0

Qp=Pa® Pc



One V-strict short exact sequence

0 Py QB Polme] —=0
0 14 Irc Ic 0
0 0 0



One V-strict short exact sequence

00— Pa/Ix

Pp/lp

~

0 —— Py[my] — Qp[ma, mg] — Po[me] —0

Po/lc —=0

0 0 0

J. Vg-strict Grobner basis



Two Vj-strict short exact sequences

Now change two sequences simultaneously:

04>PA/IA PB/[B Pc[mc]/lc4>0

0 Pp/Ip Pa/Ia — Pp/Ip —0




Two Vj-strict short exact sequences

Now change two sequences simultaneously:

04>PA/IA PB/[B Pc[mc]/lc4>0

0——= Pp/Ip ——=Qua/Ip,F Pr/IF 0
Qs =Pp @ Pr




Two Vj-strict short exact sequences

Now change two sequences simultaneously:

0——=Qa/lpr —= Qg/Ip r,c — Pc[mc]/Jc —=0

00— Pp/Ip ——=Qua/Ip,F Pr/IF 0
Qs =Pp® Pp Qp=QA®FPc=Pp®Pr®Fc




Two Vj-strict short exact sequences

Now change two sequences simultaneously:
0 —— Qa/Ip,r[,mr] — Qp/Ip Fc|,mr, mc] — Pc[mc]/Joc —0

0—— Pp/Ip ——=Qua/Ip,F Pr/Ir 0
Qi =Pp® Pp Qp=QA®FPc=Pp® Pr® Fc




Two Vj-strict short exact sequences

Now change two sequences simultaneously:
0 —— Qa/Ip,r[,mr] — Qp/Ip Fc|,mr, mc] — Pc[mc]/Joc —0

0—— Pp/Ip —— Qa[-,mr]|/Ip,r — Pr[mp]/Jr —0

Qa=Pp® Pr Qp=Qa®Pc=Pp@®Pr@® Fc



Two Vj-strict short exact sequences

Now change two sequences simultaneously:
0 ——=Qa/Ip.rlmp,mr] —— Qp/Ip rc[mp, mp, mc] — Pclmc]/Jo —

00— Pp[mp]/Ip ——= Qa[mp,mr]/Ip,r — Pp[mp]/Jr —0

Qa=Pp® Pr Qp=Qa®Pc=Pp®Pr® FPc
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V,;-strict CE resolutions (1)

Lemma (Walther [5], La 4.3)
A V,-strict exact sequence (I; < F;[m;]) can be completed:

[ [
0 —— Ia[ma4] s Ig[mz] — Io[me] ——=0




V,-strict CE resolutions (1)

Lemma (Walther [5], La 4.3)
A V,-strict exact sequence (I; < F;[m;]) can be completed:

0 0 0

[ ¢
00— Ia[ma4] s Ip[mz] — Ic[me] ——0

0 Palnal Pgng] —— Pc[n¢] ——0
0 Ja JB Jc 0
0 0 0

with P; free, n; such that the rows and columns are V,-strict.




V,;-strict CE resolutions (2)

0 0 0
0 B Zt H'
0 Pg ;i Py, Py,
0 I%,i I%,i [?‘IJ

0 0 0



V,;-strict CE resolutions (2)

0 0 0
0 B Z H'
0 Py, Pg; Pi;
0 Pg; P%.; P,
0 Ih, Iz I
0 0 0




V,;-strict CE resolutions (2)

0 0 0

0 B Z H'
0 P}%,i Pg,i PI(-)I,i
0 Pé,i Pé,v’, P}I,v‘,
0 PE; P, P

Special feature: P, = Pp, @ Py,



V;-strict CE resolutions (3)

0 0 0 0 0 0
A A A A A A

0—> Bt —> gzt —> gt —>0 0—> zi —> gt —> Bitl —>0
A A A A A A

0—=> PR, =Py, > P}, =0 0—=> Py, > Pl, > Ph, 1 —>0
A A A A A A

0= 1%, —= 1%, —= 1%, =0 0= 1%, =15, = 1%, —0

4 A 4 4 4 g

0 0 0 0 0



V;-strict CE resolutions (3)

0 0 0

i p i

0—> Bt —> gt —> gt —> 0

i $ i

0 — P%J — P%J — P?_Li — 0

4 A 4

1 0 0
Ppi 1z —>1Ihi —>0
I 0 0

A

0

0 0

ook

00— 7zt —> gt —> Bitl —0

(R 4

0 0 0
0—=> Pz, —=>Pc,; —=> P ;1 —>0

4 4 4

0 0 0
0—=>1Iz;, —=>1Ic; —=>Ip;n1 =0

b

0 0



V,;-strict CE resolutions (3)

0 0 0

i p i

0—> Bt —> gt —> gt —> 0

i $ i

0 — P%J — P%J — P?Li — 0

4 A 4

0—=> PL,; = P}, ‘>P111,i —0

i } {

0—=Ip, — Ilz.,z — I}-I,i —0

4 A 4

0 0 0

0 0 0

b p

0—> gi —> gt —> pitl —> 0

(R 4

0 0 0
0—=> Pz, —=>Pg,; =P —=>0

4 A 4

1 0 0
Pz Ici = 1Igi;1 =0
Iy ; 0 0

4

0



V,;-strict CE resolutions (3)

0 0 0

i p i

0—> Bt —> gt —> gt —> 0

i $ i

0 — P%J — P%J — P?Li — 0

4 A 4

0—=> PL,; = P}, ‘>P111,i —0

i } {

0—=Ip, — Ilz.,z — I}-I,i —0

4 A 4

0 0 0

0 0 0

b p

0—> gi —> gt —> pitl —> 0

(R 4

0 0 0
0—=> Pz, —=>Pg,; =P —=>0

4 A 4

1 1 1
0—=> Py, —=>Po; =>Pp i1 >0

bt 4

1 1 1
0—>1Iy,; —>Ig,;, —=>Ip ;1 —>0

4 4 g

0 0



V,;-strict CE resolutions (3)

0 0 0

4 4 4

00— Bt —> gt —> gt —>0

4 A 4

0= PR, =Py, =P}, =0

4 A A

0—=>PL, —> Pé_i — P}i,i —0

4 A 4

0 — P,zg‘,i — P§7 — PIQ_M —0

4 A 4

0 0

Foor

0 —> zi —> gt —> pitl —> 0

4 4 4

0 0 0
0—=> Py, =>Pc; > Pp ;1 —>0

A 4 4

1 1 1
0—=> Py, —=>Pg, > Pg 1 —=>0

(R 4

2 2 2
0—> Py, > Po,; > Pp ;11 >0

4 4 4



V,;-strict CE resolutions (3)

0 0 0

4 A 4

0—> Bt —> gi —> gi —>0

4 A 4

0—=> Py, —> P%7i — P?i,i —0

4 A 4

0—=>Ph, =Py, —=> Py, >0

4 A 4

0—=> Ph, = P}, —> P121,i —0

i i i

0 — P%J, — P%_],/ — P?,Yi — 0

4 A 4

Special features: P;,, = Pj,, & Pj;
Pei=Pp; ®Py; © Py

0 0

Fob

0—> gi —> i —> pitl —>0

A 4 4

0 0 0
0—=> Py, —=>Pg, =>Pg 1 —>0

(R $

1 1 1
0= Py, = Po; =>PFPp ;10

A 4 4

2 2 2
0—> Py, =P > Pp i1 =0

(R i

0— P%J — P%,z — P%_ﬂl —0

4 4 4

i



Replace C* by a quasi-isomorphic V;-strict complex

Algorithm

GivenC*® : 0 Co cr 0, a shift vector
m,. for C", compute quasi-isomorphic V-strict complex A®[m,]:

@ Break C* into short exact sequences:
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Cartan-Eilenberg resolution for C*

Use the V-strict resolutions of C*:

O%CO%”'%CZ‘HC’HFIH”’

f [

PRy - PE, 0 Pe
f b

Pe, - PL,—PL,
f ] f

Pe, -+ Phy  Piig

f (I

The horizontal maps are defined as:

l. pl ! e !
+0; : Poy—Pp ;4 Py i1

—C"—>0

¢ !
Peiva



V,;-strict CE resolutions (3)

0 0 0

4 A 4

0—> Bt —> gi —> gi —>0

4 A 4

0—=> Py, —> P%7i — P?i,i —0

4 A 4

0—=>Ph, =Py, —=> Py, >0

4 A 4

0—=> Ph, = P}, —> P121,i —0

i i i

0 — P%J, — P%_],/ — P?,Yi — 0

4 A 4

Special features: P;,, = Pj,, & Pj;
Pei=Pp; ®Py; © Py

0 0

Fob

0—> gi —> i —> pitl —>0

A 4 4

0 0 0
0—=> Py, —=>Pg, =>Pg 1 —>0

(R $

1 1 1
0= Py, = Po; =>PFPp ;10

A 4 4

2 2 2
0—> Py, =P > Pp i1 =0

(R i

0— P%J — P%,z — P%_ﬂl —0

4 4 4

i



Cartan-Eilenberg resolution for C*

Use the V-strict resolutions of C*:

O%CO%

!

04>Pg’04>...

I

0—)]38’1—)---

I

0‘>P82‘>~~-

!

— O —— Ot — ...

[

0 0
—Po;, —>PCi1—>

P

1 i pl
— P —>Po i —>

[

2 2
‘>PC,/L">PC,TZ+1‘>"'

(R

The horizontal maps are defined as:

l. pl ! c !
+0; : Poy—Pp Py i1

—C"—>0
%ng’,r%o
%Pgﬂ*%o

— P2, —=0

!

¢ l
Pt iva



Vy-strict complex A°[m,]

Proposition (Walther [5], Prop 4.5)

P J[mc,e 6] is @ Vy-strict double complex. Its total complex
Tot*(P2,) is also Vy-strict.

In general, the total complex of a V;-strict double complex is not
Vy-strict.

Define A®[m,] := Tot®*(1,).



Replace C* by a quasi-isomorphic V;-strict complex

Algorithm
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Main Theorem — computations

The cohomology of H*"(Q ®LDn MV*) is calculated as follows:
o MVe - 0 C"rl ce CV'T-I-l O7

@ V,-strict D,,-free complex quasi-isomorphic to MV*:

v —— A" m, 4] — A"[m,] —0,

© Ob-function b(s) = bae[m,](s) for A*[m,] restricted to the
origin.

0 Findk‘o,kl c Z: b(kj)ZOforkEZikongkl.

Q Q ®gn MYV* is quasi-isomorphic to a complex of
finite-dimensional C-vector spaces.



b-function

The b-function for the restriction of a Vy-strict (A®*[m,], ¢*) to
H = Var(z1,...,zq) is defined as follows:

For k € ker(¢') set bs(s) € K[s]:

be(04+ .. )Ff(Dy) - 5 C Fi H(Dy) - k4 im(¢™1).



b-function

The b-function for the restriction of a V;-strict (A®*[m,], ¢°*) to
H = Var(z1,...,zq) is defined as follows:

For k € ker(¢') set b,(s) € K[s]:

by(Oa + k + Vadeg(k))Fir(Dy) - 5 C Fi Y (Dy) - 5 4 im(¢1).



b-function

The b-function for the restriction of a V;-strict (A®*[m,], ¢°*) to
H = Var(z1,...,zq) is defined as follows:

For i € ker(¢") set bs(s) € K[s]:
be(0g + k + Vydeg(r))FE(Dy) - v C F}/‘fl(Dn) kA im(6Y).
For A*[m,] set:

bA‘[m.] = |Cm{b,€(8)},
where Icm runs over all k € ker(¢') and all i € Z.



Computing cohomology

Theorem (Walther [5], Thm 5.7)

For a V;-strict complex A®[m,] of free D,,-modules the
restriction to the origin H = Var(x1, ..., x,) is computed as:

@ Compute b(s) = b gem,](s) for A%[m,] restricted to the
origin.

@ Findko,k1 € Z:b(k) =0fork € Z — ko < k < k.

o Q ®gn A* is quasi-isomorphic to a complex of
finite-dimensional C-vector spaces:

1(Q®DnAi[m1]) 1(Q®DnA.[m1+1])

F0 ™ (S p, Allmi]) F0 ™ (8@ p,, A1 [mis1])

Here, Q = C[d1,...,0,].




Main Theorem — computations

The cohomology of H~"(Q ®% MV*) is calculated as follows:
o MV®: 0 C"rl C"«r—i—l O7

@ V,-strict D,,-free complex quasi-isomorphic to MV*:

co—= A" m,_;] — A"[m,] —=0,

© ob-function b(s) = bae[m,)(s) for A*[m,] restricted to the
origin.

Q Find ko, k1 € Z: b(k)zOforkeszo <k <k.

@ Q®} MV*is quasi-isomorphic to a complex of
finite-dimensional C-vector spaces.



The end.

m_m\wdgmm\t-m

Thanks!
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