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Behind m K arbirary field of characteristic zero (there should
Florian however be an embedding K — C)

Eisele
m A, (resp. A,(K)) denotes the Weyl-algebra over K
m f1,..., fp are arbitrary (fixed) polynomials in K[z]
m F = f]_ e fp
m 2= (21,...,%n), s = (51,...,8p) t :==(t1,...,tp)
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K)[s]-Module K|z, s, %]ié

L. s
M = K[g7§7 F]fl1
)[s]-module where the action of 9; on f* is given
n_ 9f;

0if* = Z By f

= I

and is extended to arbitrary elements of M using

9i(g- f*) =

2 f g oift



The Bernstein ideal of fi,..., f, is defined as

I firp, = {0 € K[s] | b- f2 € Ay(K)[s]f* T
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The Bernstein Ideal
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Eisele IK7f17---7fp o {b c K[g] | b'ié cA ( )[S]f51+1 . Sp+1}

w I, f, is an ideal in Ks]

m For p =1, K[s] = K[s1] is a PID, hence Ix r is
principal. Its generator is then called the Bernstein
polynomial of F.



Let (L/K) be a field extension. Then

IL7f17"'7fP = L ®K IK»fl"-',fp
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Lemma (Action Of The Shift Algebra)

Consider the A,(K)[s] module M = K|s, £]f5. The
A, (K)[s]-action can be extended to an

A, (K) (s, t|[t;, si] = —ti) shift-algebra in s;,t;
action via

tib(x,8)f% := —s; - b(x, 81, ., 8 — 1,..,8p) 5 - £ 5P



The Bernstein Ideal is Nonzero
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What we need for the proof:
m the action of the shift algebra A, (K)(s, t|[t;, si] = —t;):

tlb(£)§)i§ = 5 b(&) S1y.+y 8¢ — 1) ) Sp) igl : 'fii_l T psp
m K(s)[z, £]f% is a holonomic A, (K (s))-module (without
proof).

m Holonomic modules are artinian.



Setwp
m M=Kz, s, £]f% R = Ay (K)[s],
R = An(K)(s, tl[ts, si] = —ti)
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Part 1

p
of; .
AR () = 0+ 3 525k it € [k € (1)
]:

=2d/

Hence Anng(f*) = Anng(f*) N R.
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The Briagon-Maisonobe Algorithm (Part II)

Part II
Consider
N:=R-f3...f?/R. f51+1 ) 5P+1
Then
Anng(fi* - fp") = (Anng(fi* - fp"), F)
EN =JNR
and hence

f, = (JOR,F)r NK]s]
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Briacon-Maisonobe in SINGULAR
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m The Briacon-Maisonobe algorithm is implemented in
Florian

Eisele SIGNULAR as part of the library “dmod.l1ib”.

m The function is called annfsBMI, and it takes a list of
polynomials (i.e. “ideal” in SINGULAR) as argument. It
returns a ring which contains Anny, (k)5 f* (in LD) and
Ivalv---7fp (in BS).



A Filtration of A,,(K)]s]

Br?;zeon. The filtration of the ring
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Algo;lithm Put ( ( )[8])] = {Z\a|+\ﬁ|<] Cq 58 Sﬁ|ca Jé] € K[l’]} Thas

Tsfelgfy is not the Bernstein-filtration! Then
Behind
Bincte. Gr An(K)[s] = K[z, &, 5]

where the x; have degree 0 and the &;, s; degree 1. We will
always take deg in this ring w.r.t. those degrees.
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A Filtration of A,,(K)]s]

The filtration of the ring

Put (Au(K)[s]); = (X jaia gl Capd®sica s € Klal) This
is not the Bernstein-filtration! Then

GrA,(K)[s] = K|z,§, 5]

where the x; have degree 0 and the &;, s; degree 1. We will
always take deg in this ring w.r.t. those degrees.

Good filtration

Let M be an A, (K)[s]-module. We call a filtration

m Each [, is finitely generated K[z]-module.
m A, (K)[s]jTy =Tk for all >0 and all k> 0



Let M be an A, (K)[s]-module with a good filtration I'. We
call

V(AnnGrAn(K)[g] GFM) Cc K" x K" x KP
choice of T.

the characteristic variety of M. It does not depend on the
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Characteristic Varieties
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choice of T.
Theorem

The characteristic variety of An(K)[s]f* is

Vv PEK[@,§,§]
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Without proof Let F € K u Denote by J(F) the Jacobian
ideal J(F') := <6w b

,ax E  Then F € rad J(F) if and only
if Ir € N,a; € J(F)* such that F" + ay F™1

+...4+a.-=0
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Finiteness of A, (K)[s]f* over A,(K)

Lemma

Without proof Let F' € K[z]. Denote by J(F') the Jacobian
ideal J(F):=(§%,..., §5). Then F € rad J(F) if and only
if Ir € N,a; € J(F)! such that F" + a1 F" 1 +... +a, = 0.

Theorem (Case p =1, ie. F = f, s:=$1)
The following are equivalent:
F €rad J(F)

P = s" + A1s" 1+ ...+ A, € Ap(K)[s] such that
A; € A,(K) is of degree (in 9) < i and PF* = 0.
Ap(K)[s]F? is finitely generated as A, (K )-module.



In the case p > 1, F € rad J(F)) is no longer a sufficient
condition for A,(K)s]f* being finitely generated over
Ap(K). It remains however necessary.
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The End




