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Notations

K C C subfield

Klz] .= K[z1,...,2,)

K[0] .= K|01,...,0y]

D= K[z](9)

M and N holonomic D-modules.

7: D — D the standard transposition.
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Our goal is to construct homomorphisms between holonomic
D-modules. These are finite dimensional vector spaces over K, which
is not true in general.
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Our goal is to construct homomorphisms between holonomic
D-modules. These are finite dimensional vector spaces over K, which
is not true in general.

@ Hom(M, K|z])
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Our goal is to construct homomorphisms between holonomic
D-modules. These are finite dimensional vector spaces over K, which
is not true in general.

@ Hom(M, K|z])

o Hom(M, K[z][f])
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Our goal is to construct homomorphisms between holonomic
D-modules. These are finite dimensional vector spaces over K, which
is not true in general.

@ Hom(M, K|z])

o Hom(M, K[z][f~1])

o Hom(M, N)
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The algorithm is based on the proof of the following theorem.

Theorem (BJORK, 1979)
Let M and N be holonomic left D-modules. Then

Extl, (M, N) = Tor? . (Ext’s (M, D), N).
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Proof: Let the following be a free resolution of M

X 0Dyt pra Moo g
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Proof: Let the following be a free resolution of M

X*: 0Dyt pra Mopr o

Applying the Hom functor to the sequence induces a complex of right
D-modules Homp(X*, D):

0 — (Dr_a)T M(—_a-H' e (Dr,l)T (M_O (Dro)T —0
~———

degree a
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Proof: Let the following be a free resolution of M
X 0Dyt pra Moo g

Applying the Hom functor to the sequence induces a complex of right
D-modules Homp(X*, D):

0 — (Dr_a)T M(—_a-H' e (Dr,l)T (M_O (Dro)T —0
~———

degree a

Since Homp (D", D) ® p N = Homp(D", N), we obtain
Homp(X®, D) ®@p N = Homp(X*, N). But the cohomology groups of
this complex are exactly Exty, (M, N).
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We replace N by a free resolution Y* to obtain the following double
complex:
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We replace N by a free resolution Y* to obtain the following double

complex:

0<——(D"—a)T

0<— (D"-)T

0<—— (D"-o)T

Moritz Schroer and Kristina Schindelar

(M_ g 41-)®Mdsg (Mp-)®Ids
®p D% < 4..<;(DT71)T ®p D0 < (DTO)T

®p D0 <—— 0

—ldr_, ®(-Np) —ldr_; ®(-Np) — ldrg ®(-No)
(N17a+1-)®|ds_1 (1\10-)®|ds_1

®p D1 <=<—— - < (D" ®p D°—1 <— (D) ®p D°-1 < 0

—ldr_, ®CN_pi1) —ldr_; ®(N_p41) —ldrg @(-N_p41)
(1\47@+1-)®|d.g7b UVIU')®IdS,b

®D DS—b L=< (D"'—I)T ®D DS-b < (DTo)T ®D DS—b 0
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Using a result from the theory of spectral sequences we get that the
cohomology of the total complex equals the cohomology of the
complex

Homp (M _ g 11+, N) Hom 5 (Mg -, N)
0 <— Homp (D"~ N)

Homp(D"0, N) <— 0 ,

The cohomologies of this sequence are the Ext’, (M, N).
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With a similar argumentation as above the cohomology of the total
complex also equals the cohomology of the complex

. dExt?? (M, D)®(- Nog) . .
0 —> Ext}(M,D)®p D°~b ——> ... ———— > Ext}h(M, D) ®p D0 —— 0
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With a similar argumentation as above the cohomology of the total
complex also equals the cohomology of the complex

. dExt?? (M, D)®(- Nog) . .
0 —> Ext}(M,D)®p D°~b ——> ... ———— > Ext}h(M, D) ®p D0 —— 0

By definition the cohomology groups of this complex are the
Tor}, (Ext} (M, D), N), which concludes the proof.

g.e.d.
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Polynomial solutions

Suppose the left D-module M given by M := D™ /D -{L4,..., L, } for
Li,...,L,, € D™. Our aim is to construct the vector space

Homp (M, K|[z]). These homomorphisms can be identified with the
subset of K[z]™ of all elements that are annihilated by

Li,...,L, € D,
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Algorithm for polynomial solutions by duality
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Algorithm for polynomial solutions by duality
Input: {L4,...,L, } C D™ suchthat M = D™ /D -{Ly,...,L,,} is
holonomic.
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Algorithm for polynomial solutions by duality

Input: {L,,...,L,,} C D™ suchthat M = D" /D -{Ly,...,L,}is
holonomic.

Output: The polynomial solutions R € K|[z]™ of the system of
differential equations given by {L; e R =01 <i < r;}.
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Algorithm for polynomial solutions by duality

Input: {L,,...,L,,} C D™ suchthat M = D" /D -{Ly,...,L,}is

holonomic.

Output: The polynomial solutions R € K|[z]™ of the system of

differential equations given by {L; e R =01 <i < r;}.

(1) Compute a free resolution X* of M of length n + 1 and let the map
between D"-i-1 and D"~ be given by the matrix M_;.
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Algorithm for polynomial solutions by duality

Input: {L,,...,L,,} C D™ suchthat M = D" /D -{Ly,...,L,}is

holonomic.

Output: The polynomial solutions R € K|[z]™ of the system of

differential equations given by {L; e R =01 <i < r;}.

(1) Compute a free resolution X* of M of length n + 1 and let the map
between D"-i-1 and D"~ be given by the matrix M_;.

(2) Build the complex 7(Homp(X*®, D)) (of left D-modules).
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Algorithm for polynomial solutions by duality

Input: {L,,...,L,,} C D™ suchthat M = D" /D -{Ly,...,L,}is

holonomic.

Output: The polynomial solutions R € K|[z]™ of the system of

differential equations given by {L; e R =01 <i < r;}.

(1) Compute a free resolution X* of M of length n + 1 and let the map
between D"-i-1 and D"~ be given by the matrix M_;.

(2) Build the complex 7(Homp(X*, D)) (of left D-modules).

(8) Letm,: D*- — ker(-7(M_,)) be a surjection and find the
pre-image 7(P) := 7, }(im(-7(M_y11)))-
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Algorithm for polynomial solutions by duality

Input: {L,,...,L,,} C D™ suchthat M = D" /D -{Ly,...,L,}is

holonomic.

Output: The polynomial solutions R € K|[z]™ of the system of

differential equations given by {L; e R =01 <i < r;}.

(1) Compute a free resolution X* of M of length n + 1 and let the map
between D"-i-1 and D"~ be given by the matrix M_;.

(2) Build the complex 7(Homp(X*®, D)) (of left D-modules).

(8) Letm,: D*- — ker(-7(M_,)) be a surjection and find the
pre-image 7(P) := 7, }(im(-7(M_,+1))). We define the map

7 D% — ker(-m(M_p))/im(-7(M_p41)):
x = mp(z) +im(-T(M_pi1)),

whose kernel is exactly P. So we get a presentation
D= /1(P) = 7(Exth (M, D)).
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(4) Compute the derived integration module
H°((D/{81,-..,0x} - D & (D*" /7(P))[n])

using the integration algorithm.
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(4) Compute the derived integration module
H°((D/{81,-..,0x} - D & (D*" /7(P))[n])

using the integration algorithm. We get

(i) A V-adapted free resolution E* of D5—~ /7(P) of length n + 1.
(i) Elements g1, ..., g, € D* whose images modulo im(7(K[z]) @ E*®)
form a K-basis for

HO((D/{01,...,0,} - D @ (D" /7(P))[n])
~ H%(D/{d,...,0,} - D®p E*)
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(4) Compute the derived integration module
H°((D/{81,-..,0x} - D & (D*" /7(P))[n])

using the integration algorithm. We get

(i) A V-adapted free resolution E* of D5—~ /7(P) of length n + 1.
(i) Elements g1, ..., g, € D* whose images modulo im(7(K[z]) @ E*®)
form a K-basis for

HO((D/{01,...,0,} - D @ (D" /7(P))[n])
~ H%(D/{d,...,0,} - D®p E*)

(5) Lift the map m,, to a chain map m,: E* — 7(Homp(X*, D)) and
denote the maps by ;: D% — D",
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(6) Evaluate {7(mo(91)),.--,7(m0(9x))} € (D/D -{04,...,0,})™ and
write {R1(z), ..., Rn(z)} for these elements understood in K[z]™.
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(6) Evaluate {7(mo(91)),.--,7(m0(9x))} € (D/D -{04,...,0,})™ and
write {R1(z), ..., Rn(z)} for these elements understood in K[z]™.

(7) Return {R1(z),...,Rn(z)}.
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Example:
Letn =2and M := D/p(u,v) where

u = x101 + 22205 —5andv:6:% — Oh.
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Example:
Letn =2and M := D/p(u,v) where

u=1x101 + 2220, —5and v = 6]2_ — Oh.
We resolve the module M by

(), (1)

X 0 Dt D? Dt M

Moritz Schroer and Kristina Schindelar Hom(M, N) for holonomic D-modules M and N



Example:
Letn =2and M := D/p(u,v) where

u = x101 + 22205 —5andv:6:% — Oh.

We resolve the module M by

u
(o vy ()
X 0 Dt D? Dt M 0.

On the other hand K[z, x3] can be resolved by the KoszuL-complex

(% o) (%)

xe - 0 D D D! K[x1, 23] —0.
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By applying Hom(—, D) to X* we get the complex
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By applying Hom(—, D) to X* we get the complex

The complex

Ext?,(M, D) D

is exact.
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u
. —v u+ 2 ) v
Klz1, 23] <—— Kz, 2] <—— Klz1, 2]

u
( —v u+2 ) v
Ext}, (M, D) D! D? Dt
o2 9o . 92
(%) (%) “ (5
2 2 2 4 2
Extp (M, D) D A1 D A, D
(o &) (o &) Ay (o &)
Ext}, (M, D) D! D? D!

<
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u
( —v u+ 2 ) v
Klz1, 23] <—— Kz, 2] <—— Klz1, 2]

u
( —v u+2 ) v
Ext}, (M, D) D! D? Dt
9o 9 [22)
(ES Y : (5
2 2 2 4 2
Extp (M, D) D A1 D A, D
(o & )T (o &) Ay (o &)
Ext}, (M, D) D! D? D!

(v u+2 O 0 (10 B
Al(o 0 v u+2><0 1>®( v out2)
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With the integration algorithm we obtain the cohomology at the left D*
in the last row of the augmented complex, which in this case is
one-dimensional and spanned by

L1o = —(22372— 402323 4+120x123)01 — (2§ — 302722 + 1802323 — 12023).
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With the integration algorithm we obtain the cohomology at the left D*
in the last row of the augmented complex, which in this case is
one-dimensional and spanned by

L1o = —(22372— 402323 4+120x123)01 — (2§ — 302722 + 1802323 — 12023).

By first mapping L1 with - ( &1 92 ), then taking the preimage we
get L1 1 € D* and repeating this we obtain

(23 — 202325 + 602123) = L1 € DL
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With the integration algorithm we obtain the cohomology at the left D*
in the last row of the augmented complex, which in this case is
one-dimensional and spanned by

L1o = —(22372— 402323 4+120x123)01 — (2§ — 302722 + 1802323 — 12023).

By first mapping L1 with - ( &1 92 ), then taking the preimage we
get L1 1 € D* and repeating this we obtain

(23 — 202325 + 602123) = L1 € DL

The residue class of this element spans the space of polynomial
solutions.
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Rational solutions
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Rational solutions
Now we consider the module N[f 1] = N @y K[z][f ]
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Rational solutions
Now we consider the module N[f '] = N @k, K[z][f*]. The
isomorphism from the first theorem we have seen earlier specializes to

Extl (M, K[z][f~*]) = Tor,_(Exth(M, D), K[z][f ')
=~ Tor? (Ext} (M, D)[f~Y, K[z])
= Tor)) ((D/{0h,...,0} - D, 7(Ext}(M, D))[f )
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Algorithm for computing dimensions of rational solution
spaces
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Algorithm for computing dimensions of rational solution
spaces
Input: M
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Algorithm for computing dimensions of rational solution
spaces

Input: M

Output: dimensions of Ext}, (M, K[z][f~!])
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Algorithm for computing dimensions of rational solution
spaces
Input: M
Output: dimensions of Ext}, (M, K[z][f~!])
We use the above isomorphism.
@ Compute a polynomial f vanishing on the codimension 1
component of the singular locus of M.
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Algorithm for computing dimensions of rational solution
spaces
Input: M
Output: dimensions of Ext}, (M, K[z][f~!])
We use the above isomorphism.
@ Compute a polynomial f vanishing on the codimension 1
component of the singular locus of M.

@ Compute 7(Ext},(M, D)).

Moritz Schroer and Kristina Schindelar Hom(M, N) for holonomic D-modules M and N



Algorithm for computing dimensions of rational solution
spaces
Input: M '
Output: dimensions of Ext’, (M, K[z][f~])
We use the above isomorphism.
@ Compute a polynomial f vanishing on the codimension 1
component of the singular locus of M.
@ Compute 7(Ext},(M, D)).
@ Compute the localization 7(Ext}, (M, D))[f 1]
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Algorithm for computing dimensions of rational solution
spaces
Input: M '
Output: dimensions of Ext’, (M, K[z][f~])
We use the above isomorphism.
@ Compute a polynomial f vanishing on the codimension 1
component of the singular locus of M.
@ Compute 7(Ext},(M, D)).
@ Compute the localization 7(Ext}, (M, D))[f 1]
@ Use the integration algorithm to compute the derived integration
Tor, i(D/{01, ..., 0} - D, 7(Exth(M, D))[f])
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Algorithm for computing dimensions of rational solution
spaces
Input: M '
Output: dimensions of Ext’, (M, K[z][f~])
We use the above isomorphism.
@ Compute a polynomial f vanishing on the codimension 1
component of the singular locus of M.
@ Compute 7(Ext},(M, D)).
@ Compute the localization 7(Ext}, (M, D))[f 1]
@ Use the integration algorithm to compute the derived integration
Tor, i(D/{01, ..., 0} - D, 7(Exth(M, D))[f])
® Return the dimensions.
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Algorithm for computing dimensions of rational solution
spaces
Input: M '
Output: dimensions of Ext’, (M, K[z][f~])
We use the above isomorphism.
@ Compute a polynomial f vanishing on the codimension 1
component of the singular locus of M.
@ Compute 7(Ext},(M, D)).
@ Compute the localization 7(Ext}, (M, D))[f 1]
@ Use the integration algorithm to compute the derived integration
Tor, {(D/{01,....0n} - D, 7(Ext} (M, D))[f 1)
® Return the dimensions.
Omitting the first and third step, the algorithm specializes to an
algorithm for computing the dimension of Ext’, (M, K|z]).
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Algorithm for computing dimensions of rational solution
spaces
Input: M '
Output: dimensions of Ext’, (M, K[z][f~])
We use the above isomorphism.
@ Compute a polynomial f vanishing on the codimension 1
component of the singular locus of M.
@ Compute 7(Ext},(M, D)).
@ Compute the localization 7(Ext}, (M, D))[f 1]

@ Use the integration algorithm to compute the derived integration
Tor, i(D/{01, ..., 0} - D, 7(Exth(M, D))[f])
® Return the dimensions.

Omitting the first and third step, the algorithm specializes to an
algorithm for computing the dimension of Ext’, (M, K|z]).

With some slight modifications the algorithm for computing
Hom(M, K[z]) in the polynomial case can also be applied in this
situation.
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Holonomic solutions
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Holonomic solutions

Assumptions:

M and N are holonomic D-modules. Let D, be the n-th WEYL algebra
on the variables z1, ..., z, and derivations 01, ..., d,, D, the n-th
WEYL algebra on y1, .. ., y, with derivations d1, ..., .
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Holonomic solutions

Assumptions:

M and N are holonomic D-modules. Let D, be the n-th WEYL algebra
on the variables z1, ..., z, and derivations 01, ..., d,, D, the n-th
WEYL algebra on y1, .. ., y, with derivations d1, ..., .

If X and Y are D,- respectively Dy-modules, let X X Y denote the
exterior product. As an additive group this equals tensor product of X
and Y regarded as a Dy, = D, ® D, module.
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Holonomic solutions

Assumptions:

M and N are holonomic D-modules. Let D, be the n-th WEYL algebra
on the variables z1, ..., z, and derivations 01, ..., d,, D, the n-th
WEYL algebra on y1, .. ., y, with derivations d1, ..., .

If X and Y are D,- respectively Dy-modules, let X X Y denote the
exterior product. As an additive group this equals tensor product of X
and Y regarded as a Dy, = D, ® D, module.

By 1 we define the isomorphism

)

1 1 "
T — 5% — 0 O 3y + 0 }

M:DQ —>D2:
" ! {yi’_);xi_éi 5@"_)%%_81'

i=1

and let A and A be the following right D5,,-modules
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A= Dan/({zi — yi, 0 +0; | 1 < i <n} - Day)
N:= D2n/($1D2n + -+ Doy + leZn + -+ ynD2n)
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A= Dan/({zi — yi, 0 +0; | 1 < i <n} - Day)
N:= D2n/($1D2n + -+ Doy + leZn + -+ ynD2n)

We have already seen that

Extt (M, N) = Tor? . (Ext}, (M, D), N)
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A= Dan/({zi — yi, 0 +0; | 1 < i <n} - Day)
N:= D2n/($1D2n + -+ Doy + leZn + -+ ynD2n)

We have already seen that
Extt (M, N) = Tor? . (Ext}, (M, D), N)
and also use the isomorphism

TorD_,(M', N) = Tor?>n (Do, /{zi—yi, 0i+6i | 1 < i < n}-Day, 7(M')RN).
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A= Dan/({zi — yi, 0 +0; | 1 < i <n} - Day)
N:= D2n/($1D2n + -+ axpnDop + leZn + -+ ynD2n)

We have already seen that
Extt (M, N) = Tor? . (Ext}, (M, D), N)
and also use the isomorphism
TorD_,(M', N) = Tor?>n (Do, /{zi—yi, 0i+6i | 1 < i < n}-Day, 7(M')RN).
Combining those two and setting M’ = Ext?},(M, D) one obtains

Bzt (M, N) =
Tor?%(Dan /{wi — yi, 0 + 0; | 1 < i < n} - Doy, 7(Exty(M, D)) K N).
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Algorithm for holonomic solutions by duality
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Algorithm for holonomic solutions by duality
Input: Presentations M = D™ /My and N = D% /Ny of holonomic left
D-modules.
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Algorithm for holonomic solutions by duality
Input: Presentations M = D™ /My and N = D% /Ny of holonomic left
D-modules.

Output: A basis for Homp (M, N).
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Algorithm for holonomic solutions by duality
Input: Presentations M = D™ /My and N = D% /Ny of holonomic left
D-modules.

Output: A basis for Homp (M, N).

(1) Compute finite free resolutions X*® and Y* of M and N, say

X 0Dyt pra Mo g

"N_pi1
S

Y*: 00— Db o psr N pso LN 0
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Algorithm for holonomic solutions by duality
Input: Presentations M = D™ /My and N = D% /Ny of holonomic left
D-modules.

Output: A basis for Homp (M, N).

(1) Compute finite free resolutions X*® and Y* of M and N, say

X 0Dyt pra Mo g

N_ )
et ps— N pse L N L

Y*: 0— D™
Dualize X* and apply the standard transposition to obtain

T(M—q41)
P -

7(Homp(X*®,D)): 0« D" «— D"t .w) D™ «—0
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Algorithm for holonomic solutions by duality
Input: Presentations M = D™ /My and N = D% /Ny of holonomic left
D-modules.

Output: A basis for Homp (M, N).

(1) Compute finite free resolutions X*® and Y* of M and N, say

X 0Dyt pra Mo g

N_ )
et ps— N pse L N L

Y*: 0— D™
Dualize X* and apply the standard transposition to obtain

T(M—q41)
P -

7(Homp(X*®,D)): 0« D" «— D"t .w) D™ «—0

(2) Build the double complex 7(Homp(X*®, D)) X Y* (of left
D»,-modules) and let

Ta_1 t_
Z°: 0« D <= ... DX « .. Dyt 0

be its total complex.
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where
D}, = @ DR D>
i—j=k
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where
D}, = @ DR D>
i—j=k

(8) Letm,: D,y — ker(-u(7},)) be a surjection and find the pre-image
P = m(im(u(To-1)))-
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where
D}, = @ DR D>
i—j=k

(8) Letm,: D,y — ker(-u(7},)) be a surjection and find the pre-image
P = m (im(p(To-1)))-
(4) The restriction algorithm yields
(i) A V-adapted free resolution E* of D, /P of length n + 1.
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where
D}, = @ DR D>
i—j=k

(8) Letm,: D,y — ker(-u(7},)) be a surjection and find the pre-image
P = m (im(p(To-1)))-
(4) The restriction algorithm yields

(i) A V-adapted free resolution E* of D, /P of length n + 1.
(i) Elements g1,...,gr € D52 that form a baS|s for

H°((D/{z,y} - D @b, (Day/P))ln))
= H(D/{z,y} D ®p,, E*)
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where
D}, = @ DR D>
i—j=k

(8) Letm,: D,y — ker(-u(7},)) be a surjection and find the pre-image
P = m (im(p(To-1)))-
(4) The restriction algorithm yields

(i) A V-adapted free resolution E* of D, /P of length n + 1.
(i) Elements g1,...,gr € D52 that form a baS|s for

H°((D/{z,y} - D @b, (Day/P))ln))
= H(D/{z,y} D ®p,, E*)

(5) Lift 7, to a chain map e: E* — p(Z*) with m;: Dy — D5 .
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(6) Evaluate {L1 = u~Y(mo(g1)),- .., Lr = p~*(mo(gx))} and write
each L; as
> Lije @D RD =DE
J J

according to the direct sum.
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(6) Evaluate {L1 = u~Y(mo(g1)),- .., Lr = p~*(mo(gx))} and write
each L; as
> Lije @D RD =DE
J J

according to the direct sum.Now re-express L; o modulo

{i —vi,0; + 0 |1 < i <n}- Doy @p,, (D™ X D), so that z; and
0; do not appear in any component. Using the identification

DR D% = DXey & --- @ D3 ey, Where {e;} forms the canonical
D-basis for D™, we then obtain an expression

Lio=lizer+ - +liper, € (Dy)Pe1 @ - & (Dy)™ey.
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(6) Evaluate {L1 = u~Y(mo(g1)),- .., Lr = p~*(mo(gx))} and write
each L; as
> Lije @D RD =DE
J J

according to the direct sum.Now re-express L; o modulo

{i —vi,0; + 0 |1 < i <n}- Doy @p,, (D™ X D), so that z; and
0; do not appear in any component. Using the identification

DR D% = DXey & --- @ D3 ey, Where {e;} forms the canonical
D-basis for D™, we then obtain an expression

Lio=lizer+ - +liper, € (Dy)Pe1 @ - & (Dy)™ey.

Let {li1,...,lir} be the images in (D% /Ny) = N. Finally set
@i € Homp(M, N) to be the map induced by

ej = lij.
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(7) Return {¢1,..., ¢k}
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