Finite Weil-representations and associated
Hecke-algebras.

Gabriele Nebe
Lehrstuhl D fiir Mathematik, RWTH Aachen, 52056 Aachen, Germany,
nebe@math.rwth-aachen.de

Abstract

1 An algebra H(G,,) of double-cosets is constructed for every finite Weil-
representation G,,. For the Clifford-Weil groups G,, = C,(p) associated to some
classical Type p of self-dual codes over a finite field, this algebra is shown to be
commutative. Then the eigenspace-decomposition of H(C,,(p)) acting on the space
of degree N invariants of Cy,(p) may be obtained from the kernels of powers of the
coding theory analogue of the Siegel ®-operator.

1 Introduction.

The present paper continues the investigation of the parallels between lattices and codes
in particular those analogies that are reflected in the theory of modular forms and
invariant theory of certain finite groups. Degree-m Siegel theta series of lattices are
modular forms for certain subgroups of Sp,,,(R). Similarly degree-m complete weight-
enumerators of (self-dual) codes of a given Type p are invariant under a certain finite
complex matrix group C,,(p), the associated Clifford-Weil group. In fact [8] shows that
these weight enumerators span the invariant ring of C,,(p). One important tool to
investigate the ring of modular forms is the Siegel ®-operator, which is a linear mapping
between modular forms of degree m and degree m—1 and which maps the degree-m Siegel
theta series of a lattice to its degree-m — 1 Siegel theta series. A coding theory analogue
of this ®-operator was introduced by B. Runge [10] and provides a linear mapping
between the invariant rings of finite matrix groups of different degree. In modular forms
theory, the kernel of the ®-operator is invariant under the Hecke algebra, an algebra
generated by certain double cosets of the corresponding modular group. On the coding
theory side, the existence of Hecke operators was an open question raised in 1977 in [1].
The recent paper [5] answers this question and translates a well-known construction of
Hecke-operators acting on theta series of lattices to codes. For codes over finite fields
the eigenspaces of the resulting Kneser-Hecke operator T' can be characterized in terms
of Runge’s ®-operator.

It is hence a natural question to obtain a group-theoretic interpretation of the Kneser-
Hecke operator as a linear combination of certain double cosets of C,,(p). This paper
proposes one possible answer motivated by the fact that the natural representation
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of Cp(p) is a finite Weil-representation as explained in Section 2.1. Hence there is a
Heisenberg group &, < Uy(C) such that C,,(p) normalizes &,,. The Siegel ®-operator is
a ring epimorphism from Inv(C,,(p)) to Inv(C,,—1(p)). Choosing a right inverse constructs
a linear operator on Inv(C,,(p)) which can be expressed as the action of the double coset

Kl = Cm(P)mem(P)

where U, is a suitable abelian subgroup of &,, and py, € C%*¢ the orthogonal projection
onto its fixed space.

The Hecke-algebra H := H(C,,(p)) is the algebra generated by such double-cosets
(see Definition 2). If the strong-transitivity condition (Definition 4) is satisfied, then
this Hecke-algebra is commutative and the decomposition of the space of homogeneous
degree-N invariants Invy(C,.(p)) given by the kernels of powers of the ®-operator is the
eigenspace-decomposition of H (Theorems 14 and 15).

The last section shows that the Clifford-Weil groups associated with the classical
Types of codes over finite fields satisfy the strong-transitivity condition and hence here
the algebra H coincides with the one generated by the Kneser-Hecke operator.

ACKNOWLEDGEMENTS. I thank Prof. R. Schulze-Pillot for his encouragement and
for sending me the preprint [4].

2 Finite Weil-representations.

The crucial point of the construction of a Hecke-algebra for the Clifford-Weil groups
is that these groups normalize a certain Heisenberg group &,,. The double cosets of
the orthogonal projections onto the fixed space of certain abelian subgroups of &£, then
generate the associated Hecke-algebra. If the slightly technical strong transitivity con-
dition from Definition 4 is satisfied, then Theorem 14 shows that this Hecke-algebra is
commutative.

2.1 The Weil-representation.

Let V be a finite abelian group and consider for m € Z>, the Hermitian space M,, =
C[V™] with orthonormal C-basis X,, := (Z(v,,....vm) | vi € V).

Let B:V xV — Q/Z be a non-degenerate bi-additive form (i.e. x — (y — [(z,y))
is an isomorphism between V' and its dual Hom(V,Q/Z)). Define the Heisenberg group

E(B)m = Em = V™ x V™ x Q/Z

where the multiplication on &,, is given by

(v,0",a)(u,u',b) == (v+u,v" +u,a+b+ Z B(u},v;)) for all (v,0',a), (u,u',b) € Ep,.
=1
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Let Z :={(0,0,a) | a € Q/Z} denote the center of &,,. Then &,, acts on M,, by unitary
endomorphisms

(u, v, a)x, := exp(2mi(a + Zﬁ(vj, ;) T+
j=1
which gives an embedding of &,, into the unitary group U(M,,). It is easy to see that M,,
is an irreducible &,,-module and that any system of representatives of &,,/Z maps onto
C-linearly independent matrices in End(M,,). In fact the famous Stone-von Neumann
theorem shows that M, is the unique irreducible &,,-module with the given central
character. If G,, is a subgroup of Aut(&,,) centralizing the center of £,,, then the action
of G,, on &, gives rise to a projective representation of G,, on M,,. This representation is
called the Weil-representation of G, (see [11], [3], [4]). We call a subgroup G,,, < U(M,,)
a finite Weil-representation, if G,, is a finite subgroup of the normalizer in U(M,,) of

Em.

2.2 An algebra of double-cosets of G,,.
Let G, be a finite Weil-representation and define

Z/{j = {(’IL0,0) ’ u = (Om’j,ul, e ,uj),ui € V} S (C/’m
Then G,, acts on &, by conjugation. Let
S; = {glhig™" | g € G}

denote the G,,-conjugacy class of U;. Let

1
Pu; -

J

u€l;

be the orthogonal projection onto the fixed space of U;. Since 3 is non-degenerate, the
image of pu; is generated by the x(y, . v,._;.0,..0 With v; € V.

Proposition 1. Gpy, G, :UUGS], prGum :UUesj Gmpu.
Proof. Clearly
GmpUij = U gplxljg_le-

geG

Moreover the element gpy, gt= Pgu;g-1 is an orthogonal projection and hence uniquely
determined by its image. All elements in the right coset gpy, g 'G,, have the same image,
SO gpu; g~ ! is the unique orthogonal projection in its right coset. Therefore it remains
to show that for U, W = gUg™ ! € S; the two projections py and py are equal, if and
only if U = W. This follows from the linear independence of &,,/Z and the fact that
UnNnz=wnz={1}. O



Definition 2. Let G,, < U(M,,) be a finite Weil-representation. Then the algebra
H(G,,) generated by the double-cosets

K&:::Gmpuﬁ;m

with 0 < j < m is called the Hecke-algebra of G,,.

The algebra H(G,,) is the set of all formal sums and products of the K;. For a € Zx
and a double-coset G,,eG,, the multiple aG,,eG,, denote the formal sum of a copies of
GmeG,,. The multiplication of double-cosets is for instance given in [2, Section (IV.1),

p. 226 ff]: T GopeGlry =U'_; Gine; and Go fGhy =Uy_; Gl f; then

(ChneGY 7nfC: j{:(; eLﬂ m ::jz:cml;mgkchn
k

where the sums are formal linear combinations, g, runs through a set of double-coset
representatives, and

=090 {1, a} x{1,.... 0} | Gie; fi = Ggr -

The Hecke-algebra acts from the right on the polynomial ring
C[Xpm] :=Clz, | v € V™ := P CIXpm
N=0

where C[X,,]x is the subspace of homogeneous polynomials of degree N, via

P (GmeGn)(z) = ’Gm’_Q Z p(gehz).

g,heGm

This action preserves the invariant ring

Inv(Ghm) :=A{p € C[Xu] | (p- 9)(x) := p(gz) = p(z) for all g € G}

of G,,. Note that, if G,,eG,, :szl Gnej and p € Inv(G,,) then (p - GeGy,)(x) =
% Z?:l p(e;z).

For any r € R and 0 < j < m the double-coset
Kj(r) = Gurpy,Gm (1)

is stable under the involution f, where Af := A". Therefore H(G,,) is commutative,
if the products of the K are integral linear combinations of certain K;(r) (r € R,
0<i<m).

The action of the Hecke-algebra preserves the homogeneous components

Invy (Gr) == {p € Inv(G,) | p is homogeneous of degree N}
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which defines the representations

Ay : H(Gy) — End(Invy (G)).
Clearly Ay (K;(r)) = rVAn(K;).
Lemma 3. Let A and B be finite abelian subgroups of GL4(C).

a) Let X := ACg(A). Assume that there is a subgroup By < B such that B =
Cp(A)By and Cg(A) N By = {1}. Then

PAPB = DxPB, and PpPA = PB,PX -

b) If there is a € A and 1 # ¢ € C* such that Ca € B then papp = pppa = 0.
Proof. a) |A| - |Blpaps =

Soab= Y ab Y b= A [Cu(A)lpx|Bolps, = 1Al - |Blpxps,.

aGA,bEB aEA,bECB (A) boEBy

The second equality follows similarly.
b) follows from a) since X has no fixed points if (I; € X and hence px = 0. U

Definition 4. For U € S; and W € Sy let X(U, W) := (U,Cw (U)). We say that the
Weil-representation (G,,,E,,) satisfies the strong transitivity condition if

1) forall1 < jf/ <mandall U € S; and W € S, there is some 0 < k < ¢ and a
subgroup W > W, € Sy such that W = WyCy (U) and Wy N Cyw (U) = {1},

2) forall1 <j, ¢/ <mandallU €S;and W € S, either px,w) = 0 or there is some
Jj < k < m such that X (U, W) € S, and

3) for all 1 < j,¢ < m the group G,, acts transitively on the set

Mj’g = {(U, W) S Sj X Sg | Ow(U) = {1}}

3 Finite Siegel ®-operators and invariant rings

This section introduces the coding theory analogue of the Siegel ®-operator and the
filtration of Inv(G,,) defined by the kernels of these operators. In the theory of modular
forms, the analogue filtration of the space of Siegel modular forms is invariant under the
full Hecke algebra. A similar result is true here, if the Hecke algebra is commutative.
In fact one motivation for the definition of the Hecke operators in Section 2 comes from
this observation. The Hecke operator K; has the same kernel as the ®-operator ®,, ; on
the invariant ring of G,,.



3.1 Finite Siegel ®-operators

The finite Siegel ®-operators are linear operators

) Tog,om_y) A Umejy1 = ... = Uy, = 0
CI)m,j : Mm — Mm—jal’(vh...,vm) = { 0 ' ’ else ’

for all j € {0,...,m}. Their right inverses may be defined as

Somuj : Mm_.] - Mm7 I‘(Ulr'wvm—j) = x(U17...7Um_j,07...70)'

They satisty @, ; © ¢y, ; = ida, ;. In particular ®,, ; is surjective and ¢,, ; is injective.

m—j

The idempotent endomorphism ¢, jo ®,, ; € End(M,,) is self-adjoint with respect to
the &,,-invariant hermitian inner product. It is also a unique complex linear combination
of matrices in &,,/Z and since the image of the orthogonal projection ¢, ; o ®,, ; is the
fixed space of U; we have

Pm,j © <I>m,j = Du;- (2)
These linear operators may be extended to ring homomorphisms

q)m,j . C[Xm] — (C[Xm_j]
Pm,j o ClXm—j] — C[Xp]

which respect the grading. The &,,-invariant Hermitian form on M,, induces an &,,-
invariant positive definite symmetric Hermitian form on C[X,,]x by letting

0
(0, Q) = p(a—x |z € X,,)(q) for p,q € C[Xo]n

where p(a% | x € X,,) is the differential operator obtained from the polynomial p by
substituting each variable x € X,, by the partial derivative % and ¢ € C[X,,|y is the
polynomial obtained from ¢ by applying complex conjugation to its coefficients. Then
the monomials of degree N form an orthogonal basis of C[X,,|x and

( H ", H Ty Jm = H ().
veym veym veym
Explicit calculation and induction on j show the following lemma.

Lemma 5. Let m € N and 0 < 7 < m.

a) The mappings o j : ClXp—jIn = @m,;j(C[Xm_jln) C C[Xn]n and @y, ker(q)mJ)L —
ClXn—j]n are isometries.

b) Forp € C[X,,]n,q € C[X,,—j]n it holds that

(meJ (Q)7p)m = (Q7 (I)m,j(p))m—j'



¢) @m0 P is a self-adjoint idempotent in End(C[X,,]n) and hence an orthogonal
projection.

By the non-degeneracy of (,),,—; this implies
Corollary 6. The tmage of ¢, ; is the orthogonal complement of the kernel of @, ;.

(C[Xm]N = ker(@mjl) J_ ker(@ml)l = ker(@myl) J_ Spm,l((c[Xm—l]N) =
ker(®y,1) L oma(ker(Prm—11)) L @ma(ker(®p,_07)) L ... L
Omm—1(ker(®11)) L @ m(C[Xo]n)

3.2 Restriction to invariant rings.

Let G,, < GL(M,,) be a series of finite groups such that
D, ;(Inv(G,)) = Inv(G,—;) for all m, j. (3)

Then @,,; induces an isometry between the orthogonal complement in Inv(G,,) of
ker(®,, ;) and Inv(G,,—;) of which we now aim to construct the inverse using the Reynolds

operator

Ry C[Xon] — Tv(Gon), p(z) 1 ——

|G

p(gz).
9g€Gm

Note that R,, respects the degree of the polynomials and its restriction to the degree
N polynomials is the orthogonal projection of C[X,,]y onto Invy(G,,) with respect to

() )me
Lemma 7. Forj e {1,...,m} let
Pmj  InV(Grmj) = Inv(Gr), p = B (0,5 (p)).

If ©,, ;(Invy(Gy,)) = Invy(Gr—j) then @, is an isomorphism between the space of
homogeneous invariants Invx(Gn,—;) of degree N of Gy, and ker(®,, ;) N Invy(G,y,).

Proof. For p € Invy(G,,) and ¢ € Invy(G,,—;) one gets

(Pm,i(@); P)m = (B (@m.j(@)): P)m = (0m (@) B (P))m = (i (@), P)m = (¢ Prnj (D) )m—j

since R, is self-adjoint and p is invariant under G,,. The last equality follows from
Lemma 5 (b). In particular

Gm.; (v (Grj)) C ker(®,, ;)" N Invy(G,,) and
ker(@m,;) C Prm,; (v (Gm))*

Since ®,, ; is surjective this implies that ¢, ; is injective and hence an isomorphism onto
ker(®,, ;)* NInvy(G,,) by comparing dimensions. d

As above this yields a decomposition of the space of homogeneous invariants.
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Theorem 8. Assume that @, ;(Invy(G,,)) = Invn(Gr—j) for all j. Then
IIIVN(Gm) = ker(CDm,l) 1 @m,l(ker(@m_l,l)) 1 @m’g(ker(@m_g’l» ... L
Pmm—1(ker(®11)) L Gmm(Invy(Go)) (4)
where the operators ®; ;1 are restricted to Invy(G,).

Since @, j(ker(Pp—j1) N Inva(Gr—j)) € Ry(@m,j(ker(®p—j;1))) for all j, the de-
composition in Theorem 8 is the orthogonal projection under the operator R,, of the
decomposition in Corollary 6.

Remark 9. By Lemma 7 the orthogonal complement of ker(®,,;) in Invy(Gy,) is
P (InvN(Gr—j)). Therefore the orthogonal decomposition in Theorem 8 is the one
associated to the filtration of Invy(Gy,) by the kernels of @, ;:

Invy (Gr) 2 ker(®y,m) 2 ker (P m1) 2 ... D ker(P,y,2) D ker(P,,1) 2 {0}.
For j € {0,...,m} let
Ymj = R 0 @m0 Py Inv(G,) — Inv(Gy,)
where 1, 0 = idmy(a,,). Then for p, ¢ € Invy(Gy)

(Y (P), D = (B (0m (P (P))s Dm = (P (Prni (P)): O
since R,, is self-adjoint and ¢ € Inv(G,,). The latter equals

(P (P)s Pinj (@) m—j = (Py Prmj (Prni(@))m

by Lemma 5 (b) (applied twice). Again since p is invariant under G, one sees that this
equals (p, ¥ j(¢))m. This shows the following remark.

Remark 10. v, ; is a self-adjoint linear operator on Invy(Gy,). For any p € Inv(G,,)
1
Umi(0)(@) = == Y plg(x)) = (p- K;)(x)
|G|
QGGmpuij
where K 1s the double-coset of G, from Definition 2.

Proposition 11. If ANy(H(G,)) < End(Invy(G,)) is commutative, then the decompo-
sition (4) is invariant under An(H(G,,)).

Proof. Since the generators (and hence all elements by commutativity) of Ax(H(G,y,))
are self-adjoint, it is enough to show that the generators of Ax(H(G,,)) respect the
filtration from Remark 9. Since @, ; is injective, the kernel of ¥y, ; = ¢, j © @, ; equals
ker(®,, ;). The assumed commutativity, ¥, j¥mi = Ym ¥m, ;. yields that

Y j(ker (P, 1)) = U (ker(¢Y)) C ker(¢n,) = ker(P@y,,)
and hence H(G,,) respects the filtration in Remark 9. O



4 Clifford-Weil groups and the Type of a code.

This section briefly recalls the construction of the Clifford-Weil group associated with
a Type of codes. For details the reader is referred to [6], [7], [8], and the fundamental
work [11] by A. Weil.

Let R be a finite ring and V' be a finite left R-module. Let 5 : V x V — Q/Z be a
non-degenerate bi-additive form. Then (3 is called admissible, if the mapping ¢ : r +— ("
is an isomorphism from Ry to the right R-module

M = {0": (z,y) = Bz,ry) | r € R}

and if M closed under the involution

T M — M,7(u)(,y) = uly,2).

In this case 7 induces an antiautomorphism “ : R — R on R defined by f(z,r’y) =
B(rx,y) for all x,y € V,r € R. Let

Quady(V) :={¢:V - Q/Z|
dlr+y+z)+ox)+oy)+é(z) =o(x+y)+ oz +2)+ oy +2) for all z,y,z € V}

be the group generated by all linear and quadratic forms from V' to Q/Z. Then R acts
(not linearly) on Quad, (V') by

(¢r)(z) := ¢(rz) for all r € R, ¢ € Quad,(V),z € V.
Let ® be a subgroup of Quad,(V) such that
a) PRC P
b) A(®) € M, where A(¢)(x,y) = ¢(z +y) — ¢(x) — d(y)

c) {M} C @, where {u}(z) := p(x,x).

If 5 is admissible, then the tuple p := (R, V, M, ®, 3) is called a finite (representation
of a) form-ring. The Clifford-Weil group C(p) associated with a form-ring p is the finite
subgroup C(p) of GL(C[V]) generated by

m, with r € R* where m,(z,) = z,, for all v € V|
dy with ¢ € ® where dy(x,) = exp(2mip(v))x, for all v € V| and

h, with (> =+ € R is such that there are e, € tR.’, f, € 1’ Rt such that e, f, = ¢+ and
f.e. = 1/ where h,(z,) = Y wev EXP(2mif(w, €,0))Tyq(1—yy for allv e V.



There is a natural notion of matrix ring of a form ring
P = (R Y™ M plm))
and the genus-m Clifford-Weil group
Cm(p) :=C(p™*™) < GL(C[V™]) = GL(M,,)

acts linearly on M,,. This action is easily seen to normalize the one of £(5),, (see for
instance [8, Theorem 5.3.2]) and hence C,,(p) is a finite Weil-representation in the sense
of Section 2.1 above.

An R-submodule C' < V¥ is called a code of Type p for some finite form ring p as
above, if

C=Ct={veVN | Bvjc;)=0foralc=(ci,...,cy) € C} is self-dual

and

For all ¢ € ® and all ¢ € C one has 31| ¢(¢;) = 0 (C is isotropic with respect to
D) .

The genus-m complete weight enumerator cwe,,(C) of a code C < VN of Type p is
a homogeneous polynomial of degree N in C[X,,] defined by

cwe,,(C) = Z H g2

ceC™m ypeym
where for ¢ = (¢, ..., c™) and v € V™
a,(c) = |{j € {1,....N} | ” =0, forall 1 <i < m}].

For a code C of Type p the complete weight enumerator cwe,,(C') is invariant under
Cm(p). In fact the main theorem of [8] asserts that in many situations the invariant ring
of Cp(p) is spanned by the genus-m complete weight enumerators of codes of Type p.
Since ®,, ; maps the genus-m weight enumerator of a code to its genus-(m — j) weight
enumerator this implies the surjectivity of the ®-operators, which means that Equation
(3) holds.

5 Hecke-algebras of Clifford-Weil groups.
This section proves the main result of this paper, namely that the Hecke-algebras of the

Clifford-Weil groups are commutative, provided that the strong transitivity condition is
satisfied. For the explicit calculations some specific elements in C,,(p) are needed.
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Definition 12. For 1 < k < m let hy : C[V™] — C[V™],

k
L(v1,eyvm) 7 ‘v‘ik/Q Z exp(Qﬂ-iZﬁ<wj>Um*k+j))x(v17---,vm—k7w1 ----- wy)

(wl,...,wk)e\/k Jj=1

Then hy € Cp(p) is the MacWilliams transformation associated to the symmetric
idempotent diag(0™ % 1%) € R™*™. Then

h;lukhk =W,

where

Wi = {(0,u,0) | u= (0" uy,...,up),u; €V} <&
which follows from the equality
hi (1, 0,0)hy, = ((ug, - -+, Uk, 05), (0™ % g1y -+, ), 0) for all w = (uy, ..., uy) € V™

Lemma 13. For 1 < k < j <m we have

Pu;Pwy, = |V|_k/2puj hy

and
kapUj = ‘V‘_k/Qh/]:lpZ/lj .

Proof. The group W, permutes the basis elements x, with v € V™, so py, is the
orthogonal projection

—k E
‘r(vly---ﬂ)m) = |V| x(Ul,...mm_k,wl,...,wk)*

(wl,.‘.,wk)eV’“

The fixed space of U is generated by x(y, ... v,,_,,01) hence py, maps x, to zy, if vy—j41 =
...=1v,;, =0 and 0 else. Hence

o |V|7kl'(v17m7vmij70j) if Um—j+1 = - = Up—k = 0
Puy (P (T w1,0))) = { 0 otherwise
whereas
—k
pZ/{j (hk(x(m,...,vm))) = |V|_k/2 Z exp(2m' Z ﬂ(wh Uk+l))puj (x(vl,...,vk,w1,--.,wm_k))
(wl,.‘.,wm,k)eV’"*k =1
_ |V|_k/2x(vl7m7vm_ﬁoj) if Umn—j4+1 = -+« = Um—k = 0
0 otherwise.

The second equality follows by applying the involution T to the first one and noting
that pTU = py and h,t = h,;l. 0
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Theorem 14. Let C,, := C,,(p) be a Clifford-Weil group associated to some finite form
ring p. Assume that the finite Weil representation (Cp,, E(B)m) satisfies the strong tran-
sitivity condition from Definition 4. Then

H(Cm(p)) = (K| j €40,...,m})
is a commutative subalgebra of End(Inv(C,,)). The multiplication is given by

] m

KK, = ZZC (7, ¢,3, k) K;(|[V|7*/?)

k=0 i=¢

where
c(4, i k) ={(UW) eS; xS | WCy(W) =U; and dim(U/Cy(W)) = k}|.

Proof. By Proposition 1 we have

K; :UUesj Cmpy

and hence

KK, = Z ZCmPUPWC ——Zozjgkcmgkc

UeS; WeS,

where

ek = |{(U7 W) S Sj X SZ | CmpUpW = Cmng

and g runs through a system of representatives of the suitable double cosets. By Lemma
3 pupw = pu,px where X = (W, Cy(W)) and Uy < U is such that U = Cy (W)U, and
Uo N Cy(W) = {1}. By the strong transitivity condition, it is always possible to choose
such Uy € & for some k. So one may assume that Cy(W) = {1}. Since C,, acts
transitively on the set M, from Definition 4 we may assume that U = Uy = U, and
W = X = Wy. The condition that Cy(W) = {1} implies that £ < ¢ and hence by
Lemma 13

Copupw = Cp, |V| k/Q

Hence the product of the two generators K; K, is the given formal linear combination of
the K;(|V|7%/2). Since the K;(r) is stable under the involution T for all i and all » € R,
the commutativity of H(C,,) follows by applying ' to the product of the generators
K;K,. O

Theorem 15. Under the condition of Theorem 14 the decomposition (4) given in The-
orem 8 is the eigenspace decomposition of the H(C,,)-module Invy(Cy,).

12



Proof. That the decomposition (4) is invariant under Ay (H(C,,)) follows from Theorem
14 together with Proposition 11. For 0 < 5 < m and k € Z one has

An(KG([VIT2) = VT2 Ay (55).

So the multiplication given in Theorem 14 yields

7 m
AN(K)AN(E) =Y 0 el i, k) VTP A N (K).

k=0 =l

In particular the images Ayn(K;), 0 < j < m generate the image Ay(H(C,,)) <

End(Invy(C,,)) as a C-vector space. For 0 < j < m let V; := ker(An(K;)) and
Vint1 == Invn(Cp,). Then V; C V4 and

(AN(K),.0)? = GANEK v,

for ¢; == S"0_o ¢4, 7, 4, k)|[V|75N/2. Therefore K; acts on Vjy1/V; as ¢; times the identity.
Note that ¢; > 0 since (U;,U;) contributes at least 1 to c(j, 7, j,0) and all summands are
nonnegative. For 0 < 7 < m let

H; = (AN(Kn), ..., An(K])))
be the subalgebra generated by the last m — j + 1 generators of Ay (H(C,)).
Claim: dim(H;) = [{i | j <i <m and Vi # V;}|.

The proof of this claim proceeds by induction over j.

For j = m the claim is clearly true, because ¢, # 0.

Assume that the claim is true for all i > j+1. If V; # V1 then dim(H;) = dim(H,41)+1
since ¢; # 0. If V; = V; 11 we have to show that Ay(K;) € H,4+1. Since Ay(Kj;) acts as
0 on Vj this is equivalent to showing that Ay (k) acts as a scalar on V4 /V; for all
j+1<1<m. If Vi1 =V then this is trivially satisfied. If V;,; # V; then Ay(K)) acts
as the scalar ¢; # 0 on Vi41/V;. Hence it suffices to show that Ay (K;)An(K;) acts as a
scalar on V41 /V;. By Theorem 14 this product is

7 m
An(K)AN(E) =Y 0 el i, k) VTP A N (K).

k=0 =l

Since Ay (K;) is 0 on Vi44 for all ¢ > [ + 1 this product is a multiple of Ay (K;) and
therefore scalar on V;,1/V;. This proofs the Claim.

In particular the dimension of Hy = Ax(H(Cy,)) equals the number of non-zero direct
summands in the decomposition (4). Therefore Ax(H(C,,)) has to act as a scalar on
each of the direct summands. U



6 Codes over finite fields.

The results of this section show that the Clifford-Weil groups associated to the classical
Types of self-dual codes over finite fields satisfy the strong transitivity condition. Since
the decomposition (4) is the eigenspace decomposition of Invy(C,,) under the Kneser-
Hecke-operator T' constructed in [5] this implies that Ax(H(C,,)) is the subalgebra of
End(Invy(C,,)) generated by 7'

A more precise description of the Types is found in [8, Chapter 2] and the structure
of the associated Clifford-Weil groups is given in [8, Chapter 7]. The following Types of
codes over finite fields R =V =TF,, ¢ = p/ are considered:

q” : Euclidean self-dual F,-linear codes in odd characteristic. Here 3 : F, x F, —

Q/Z,6(z,y) = %Trlpq/]pp(a:y) and the genus m Clifford-Weil group C,(¢¥) is
Cn(q¥) = Z,.Spy,,(q) where a = ged(q + 1,4).

q¥ : Same as ¢¥ but additionally imposing the condition that the all-ones vector 1 =
(1,...,1) be in the self-dual isotropic codes. Then Cp,(qF) = Z,.p-"*™ . Sp,,.(q)
where a = ged(q + 1,4).

¢F Same as ¢® but now p = 2. Then C,,(¢¥) = 2.7 .0F (2/).

q¥, : Same as ¢F but additionally assuming that the codes are generalized doubly
even as defined in [9]. Then the associated Clifford-Weil group is C,,(¢5) =
ZgY 212mI Sp, (27).

¢" Hermitian self-dual F-linear codes. Here ¢ = r? is a square and ~: F, — F,, z —

z" denotes the non-trivial Galois automorphism of F,/F,. Then g : F, x F, —
Q/Z,B(x,y) = %TrFq/Fp (27) is hermitian and C,,(¢*) & Zy. GUs,,(q) is a central
extension of the general unitary group.

¢l Same as ¢7, but additionally assuming that 1 be in the self-dual isotropic codes.

Then Cp,(¢X7) = Zy x p 7™ . GUyp(q) where a = ged(2,p + 1).
Theorem 16. In these siz cases (Cpm, E(B)m) satisfies the strong transitivity condition.

Proof. Let C,, be one of these groups. Then the conjugation action of C,, on &, =
E(B)m respects the commutator [(u, v, a), (v,v',b)] = (0,0, > ", B(v}, u;) — B(u},v;)) for
(u,v,a) and (v,0',b) € &,. Hence this induces a form 3 on &,,/Z = F2™ given by

m

B(u,u'), (v,0")) == Zﬁ(vg, w;) — B(ug, v;).

i=1

In the first four cases, this form is alternating and for the hermitian cases g and ¢l
the form [ is skew-hermitian (hence can be turned into a hermitian form).
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In the case ¢F, the Clifford-Weil group fixes the subgroup

m

ED = {(u,u',a) €&y | a € %Z/Z} < Enm.

Since U; < £ for all J, the set §; consists of subgroups of ED . The 04, (27)-invariant
quadratic form qf on D is given by squaring

m

af((u,v’,a)Z) := Z B (g, ul)

=1

and the elements of S;, being elementary abelian, map onto totally isotropic subspaces
of &,/Z.

Any abelian subgroup U < &,, with U N Z = {1} can be thought of as a pair (U, x)
where U < &,,/Z is self-orthogonal with respect to § (and isotropic w.r.t. qf in case 2)
and x : U — Z is a mapping such that U = {(u, x(u)) | u € U} is an abelian subgroup
of &,,.

Since the natural representation of &, is absolutely irreducible, the kernel of the
conjugation action of C,, on &,, is the subgroup S of scalar matrices in C,,. Therefore
the action of the hyperbolic co-unitary group U,(R,®) = C,,/S is faithful. This group
consists of the pairs of matrices

(<i2)7(¢1 (/;Q))ERQmX2qu)(2m) (5>

such that

(8 ) (T k)

The group law is given by matrix multiplication and the natural action of GLs,,(R) on
®(m) (see [8, Chapter 5]). The action of U,, (R, ®) on &,, is given by

( (ZZ) ’ <¢1£2) >(x’ Y, q) = (ax + by, cx + dy, q + ¢1(x) + da(y) + p(x,y) + p(y, ).

The projection 7 to the first component of the elements in U,,(R, ®) is a group ho-
momorphism into GLy,, (R) whose kernel is an abelian group isomorphic to ker(A™*™) x
ker(A”*™). The image of 7 is isomorphic to the full isometry group of (€,,/Z, 3) (resp.
of (8,(,12) /{£1},qf) in the third case). The kernel of 7 acts trivially on &£,,/Z. In all cases,
where this group is not trivial, it acts transitively on the set of possible characters for
any isotropic subspace U < &,,/Z. Therefore in these cases

S; ={U <&, |UZ/Z is a j-dimensional isotropic F,-subspace of &,,/Z and UNZ = {1}}

15



and the cardinality of S; is ¢/ times the number of totally isotropic subspaces of dimen-
sion j in &,,/Z and the strong transitivity condition is satisfied by Witt’s theorem and
the fact that the groups in S; are elementary abelian, so there is no problem to find
complements.

We now assume that 7 is injective. Then the stabilizer of U; in U,,(R, ®) consists
of matrices as in (5) for which the last j columns of ¢ are 0. Then equation (6) yields
that also the last j rows of ¢; lie in the kernel of M*™. Since A is assumed to be
injective, this implies that these rows are 0 which shows that the stabilizer of i, acts
as the group GL;(R) on the set of possible characters. In particular it stabilizes the
trivial character, used to define ;. Since U,,(R, ®) is transitive on the set of isotropic
subspaces U < &,,/Z of dimension j one concludes that for all those U there is a unique
character y such that U = {(u, x(u)) |u € U} € S;.

The stabilizer of U; acts transitively on the subgroups of U; of given dimension.
Therefore the union of the sets &; is closed under taking subgroups and it remains
to show property 2) of the strong transitivity condition. Let U € S;, W € S, and
X = XU W) = (U,Cw(U)). We may assume that U = U; and W = glf, for some
g €U(R,P). Since X < &,,/Z is a totally isotropic subspace that contains U, there is
an element h € U(R,®) stabilizing U and mapping X onto a subgroup of U,,. Then
hCw(U) is a subgroup of 94, that maps onto a subspace of U,,. This means that
its elements are of the form (0,dy, ¢2(y)) with A™*™(¢2) = 0. Since A is injective the
associated character is trivial and therefore "X € S for some k. O

Remark 17. Similar investigations can be done for other Types of codes over finite
fields. However for codes over more general Galois rings part (1) of the strong tran-
sitivity condition fails in general since the groups U; are no longer elementary abelian.
Ezxperiments show that already for codes over 7./AZ the associated Hecke algebra is not
commutative. It would be interesting to generalize the approach to arbitrary finite Galois
Tings.

[5] defines the Kneser-Hecke operator T" acting on the space V of formal linear com-
binations of isometry classes of self-dual isotropic codes of a given Type p and length
N. Taking the degree-m-complete weight enumerator defines a linear mapping onto the
space Invy(Cp,(p)) with kernel, say, V,,. For the six cases treated in Theorem 16 the
eigenspace decomposition of 7" on V is

V=1V,

where Y, = V},_; N V5. The linear mapping cwe,, maps this decomposition to the one
given in Theorem &8, which is hence the eigenspace decomposition of the linear operator
O (T') on Invy(Cp(p)). Therefore Ayn(H(Cn(p)) = C[d,,(T)] by Theorem 16. More
precise calculations allow to obtain ¢,,(7") as explicit linear combination of the Hecke
operators Ay (K;) and the identity.
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Proposition 18. The eigenvalue of An(K7) on the space
CWGm(Ym_g) = gbmx(ker(q)m_g,l)) = keI‘(AN(f(g))L N keI‘(AN(Kg_H))

in decomposition (4) is

4

_ q —1 _q€_12—z
1,0,4,0 "e(1,0,0,1) = nl___gtmtte
C(’77)+q C(?’?) q_1+q q—lq

where n = N/2 and e = 0 for the cases ¢¥ and ¢F, e =1 for qF, ¢F;, e = 1/2 for ¢
and e = —1/2 for qy.

Proof. Theorem 14 says that

1
KﬂQZCOJ%ﬂﬂQ+dL&&UK47?+S

where S is a linear combination of K;(r) with j > (. In particular Ay(S) acts as

0 on cwey,(Y—r). Since An(Ky) acts as a scalar on cwey,(Y,,—¢) and AN(Kg(ﬁ)) =

g "An(Ky) the eigenvalue of Ay (K7) on this space is ¢(1,¢,4,0) + g "c(1,¢,¢,1) and it
remains to calculate ¢(1,/,¢,0) and ¢(1,¢,¢,1). By Theorem 14,

(1,0,0,0) = |[{(U,W) € 8 x S | WCy(W) = Uy and U = Cyy (W)}

Since |W| = |Uy| we have W = U, and U is an arbitrary 1-dimensional subspace of Uy,
so ¢(1,4,£,0) = a'~1

q—1

. Similarly
c(1,0,0,1) = |{(UW) €S xS | WCy(W) =U, and Cy(W) = {1}}].

Hence again W = U, and U/Z = (x + y) where (x) runs through the 1-dimensional
subspaces of (fi,..., f¢) and y is an arbitrary vector in (eq,...,emn, fex1,---, fm) such
that x+y is isotropic with respect to gf in the case ¢¥ and with respect to the Hermitian
form in the cases ¢” and ¢. Hence there are

¢ -1
qg—1

2m—L+e’
q

possibilities for U/Z where e’ = —1,0,0,0, —1/2, —1/2 in the six cases ¢¥, ¢%, ¢¥, ¢F, ¢, ¢I’.
In the cases ¢F, ¢&, ¢F and ¢ there are ¢ groups U € S; with the same U/Z, in
the other two cases there is a unique such U. Hence ¢(1,¢,¢,1) = %qm_”e where

e=0,1,0,1,—1/2,1/2 as stated in the theorem. O

Comparing these eigenvalues with the ones of the Kneser-Hecke operator T' from [5]
one gets the following corollary.
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Corollary 19. Let n and e be as in Proposition 18. Then
(¢ = 1)0m(T) = ¢" " (¢ = DAN(KY) +1id) — (¢" +a) id
where a is ¢ — 1 for qF, Va—1 for q and ¢ and 0 in the other three cases.

Proof. By [5, Theorem 9] the eigenvalue of (¢ — 1)T on Y} is given as ¢" % ¢ — ¢¥ —a
where n, e and a are as above. Comparing these with the eigenvalues of K; given in
Proposition 18 yields the stated formula. 0
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