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Shifted convolution Dirichlet series

o Let f1 € Skl(ro(N)) and fo € Skz(Fo(N)) (kl > kz) with

fi(t) = Z a;(n)q".
n=1
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Shifted convolution Dirichlet series

o Let f1 € Skl(ro(N)) and fo € Skz(Fo(N)) (kl > kz) with

fi(t) = Z a;(n)q".
n=1

@ Rankin-Selberg convolution

a1(n)az(n)

ns ’

L(f1 ® f2,8) = )

n=1
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Shifted convolution Dirichlet series

o Let f1 € Skl(ro(N)) and fo € Skz(Fo(N)) (kl > kz) with

= Zai(n)q
n=1

@ Rankin-Selberg convolution

f1®f2’ Z

e shifted convolution Dirichlet series (Hoffstein-Hulse, 2013)

D(f1, f2,h;s) :== Z al(”"'n—z)a?(”)'

n=1
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Shifted convolution Dirichlet series

Definitions (continued)

@ derived shifted convolution series

DW(fy, fo,h; s) == i a1(n + h)az(n)(n + h)u().

ns
n=1
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Shifted convolution Dirichlet series

Definitions (continued)

@ derived shifted convolution series

[e.9]

DW(f1, fo,h;s) =Y

n=1

ai(n 4 h)az(n)(n + h)“OI

o use to define symmetrized shifted convolution Dirichlet series
DW(f1, fa,h; s), e.g. for v =0 and k; = ks,

DO fy, fa, b;s) = D(f1, f2, h; 8) — D(Fa, F1, —h; 5),
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Shifted convolution Dirichlet series

Definitions (continued)

@ derived shifted convolution series

i ai(n 4 h)az(n)(n + h)“OI

nS

D(M)(flaf%h; 8) =

n=1
o use to define symmetrized shifted convolution Dirichlet series
DW(f1, fa,h; s), e.g. for v =0 and k; = ks,

DO fy, fa, b;s) = D(f1, f2, h; 8) — D(Fa, F1, —h; 5),

@ generating function of special values

(e.9]

LY (f1, f2;7) i= > D (fr, fo, b k1 — 1)g"

h=1
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A numerical conundrum

IL(O)(A, A;T)
= —33.383...q+266.439...¢> — 1519.218 ... ¢° + 4827.434 .. .¢* — ...
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A numerical conundrum

L(O)(A, A;T)
= —33.383...q+266.439...¢> — 1519.218 ... ¢° + 4827.434 .. .¢* — ...

o define real numbers o = 106.10455... and 5 = 2.8402..., and the
weight 12 weakly holomorphic modular form

—A(T)(§(1)? — 14645 (1) — o? + 14640),

(]
=
S
=y

3
Il
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A numerical conundrum

L(O)(A, A;T)
= —33.383...q+266.439...¢> — 1519.218 ... ¢° + 4827.434 .. .¢* — ...

o define real numbers o = 106.10455... and 5 = 2.8402..., and the
weight 12 weakly holomorphic modular form

> r(n)g" = —A(r)(j(7)? - 1464j(7) — o + 14640),

n=-—1
@ play around a bit and find

A [ 65520 E,

| =+ =) r(n)n" g
gl AL

= —33.383...¢q +266.439...¢> — 1519.218 ... ¢° + 4827.434 .. . ¢* — .
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Harmonic MaaB forms

Let f: H — C be a real-analytic function and k € Z \ {1} and N € N
with

Q flo—ky = f for all v € [o(N),
Q@ As i f=0with HH> 7=z + iy and

92 02 o 0
Ap ==y [ = + = ) +iky [ — +i—
e <3w2+8y2)+1ky <3x+13y>’

© f grows at most linearly exponentially at the cusps of I'g(V).

Then f is called a harmonic MaaB form of weight 2 — k for I'o(N). The
C-vector space of of these forms is denoted by Hy_x(To(IV)).
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Harmonic MaaB forms

For f € Hy_(T'0(IN)) we have the splitting

> n 47y L=t — > — Y _n

f(r) = Z c;f(n)q —i—%cf (O)—i—z ¢ (n)n* 1T (1—k; 4mny)q "
m=mygo n=no
n#0
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Harmonic MaaB forms

Proposition (Bruinier-Funke)

9k Of
§a-k : Ho(To(NV)) = My(To(N), f = 2i” ka_i
is well-defined and surjective with kernel My_(T'o(NN)). Moreover, we

have
o0

(b2-rf)(T) = —(4m)* 1 Y~ e (n)g™.

n=ng

M.H. Mertens (Emory University) Special values

03/05/2015

9/ 26



Harmonic MaaB forms

Proposition (Bruinier-Funke)

9k Of
§a-k : Ho(To(NV)) = My(To(N), f = 2i” ka_i
is well-defined and surjective with kernel My_(T'o(NN)). Moreover, we

have
o0

(b2-rf)(T) = —(4m)* 1 Y~ e (n)g™.

n=ng

o —(4m)17k¢, 1 f is called the shadow of f.
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Harmonic MaaB forms

Proposition (Bruinier-Funke)

9k Of
§a-k : Ho(To(NV)) = My(To(N), f = 2i” ka_i
is well-defined and surjective with kernel My_(T'o(NN)). Moreover, we

have
o0

(b2-rf)(T) = —(4m)* 1 Y~ e (n)g™.

n=ng

o —(4m)17k¢, 1 f is called the shadow of f.
o for fi € Sy, (I'0(V)) denote by My, a HMF with shadow f;
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Rankin-Cohen brackets

Definition

Let f,g : H — C be smooth functions on the upper half-plane and &,/ € R
be some real numbers, the weights of f and g. Then for a non-negative
integer v we define the vth Rankin-Cohen bracket of f and g by

1 z k+v—1\/l+v—1\o*f0o"tg
oo = 2 (L (T )

u=0
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Rankin-Cohen brackets

Definition

Let f,g : H — C be smooth functions on the upper half-plane and &,/ € R
be some real numbers, the weights of f and g. Then for a non-negative
integer v we define the vth Rankin-Cohen bracket of f and g by

1 z k+v—1\/l+v—1\o*f0o"tg
oo = 2 (L (T )

u=0

e f,g modular of weights k,¢ = [f, g], modular of weight k + ¢ 4 2v.
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Poincaré series

@ A general Poincaré series of weight k for I'g(N):

P(m7 ka Na SomvT) = Z (So;kn|k’7)(7—)a
’YGFOO\FO(N)

where ¢ (T) := @ (y) exp(2mimz).
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Poincaré series

@ A general Poincaré series of weight k for I'g(N):

P(m7 ka Na SomvT) = Z (So;kn|k7)(7)a
’YeFOO\FO(N)

where ¢} (7) := om(y) exp(2mimz).
@ two special cases (m > 0):

P(m,k,N;7) :=P(m,k,N,e”™;7) € Sp(To(N)),
Q(_m7 k, N; T) = ]P)(_m’ 2 —k, NaMl_g(_47rmy)ﬂ 7_) € HQ—k‘(FO(N)

where M is defined in terms of the M-Whittaker function.
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Relations among Poincaré series

If £k > 2 is even and m, N > 1, then

b9 (Q(=m, k,N; 7)) = (4m)* tmFL(k—1)-P(m, k, N;T) € Si(To(N)).
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9 Holomorphic projection
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Idea of holomorphic projection

@ ® : H — C continuous, transforming like a modular form of weight
k > 2 for some I'g(NN), moderate growth at cusps (Attention for
k=2!).
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Idea of holomorphic projection

@ ® : H — C continuous, transforming like a modular form of weight
k > 2 for some I'g(NN), moderate growth at cusps (Attention for
k= 2.

@ The map f — (f, ®) defines a linear functional on Si(I'o(IN)).
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Idea of holomorphic projection

@ ® : H — C continuous, transforming like a modular form of weight
k > 2 for some I'g(NN), moderate growth at cusps (Attention for
k= 2.

@ The map f — (f, ®) defines a linear functional on Si(I'o(IN)).

o = 3 e Sp(Ty(N)) st. (-,®) = (-,d)
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Idea of holomorphic projection

@ ® : H — C continuous, transforming like a modular form of weight
k > 2 for some I'g(NN), moderate growth at cusps (Attention for
k= 2.

The map f — (f, ®) defines a linear functional on Si(I'o(INV)).

=  3® € Si(To(N)) s.t. (-, ®) = (-, D)

This @ is (essentially) the holomorphic projection of ®.
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Idea of holomorphic projection

@ ® : H — C continuous, transforming like a modular form of weight
k > 2 for some I'g(NN), moderate growth at cusps (Attention for
k= 2.

The map f — (f, ®) defines a linear functional on Si(I'o(INV)).

=  3® € Si(To(N)) s.t. (-, ®) = (-, D)

This @ is (essentially) the holomorphic projection of ®.

same reasoning works for regularized Petersson inner product ~
regularized holomorphic projection.
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Fourier coefficients

If &(7) = ;Z ag(n,y)q", (y =Im(7)), then

(Tha®)(T) := (WEE@)(T) = izo:o c(n)q™, where
™ k—1 00
c(n) = %/0 ag(n,y)e yE—24dy, n > 0.
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Properties of holomorphic projection

o If @ is holomorphic, then 7, ® = .
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Properties of holomorphic projection

o If @ is holomorphic, then 7, ® = .

o If ® transforms like a modular form of weight k € %Z, k > 2, on
some group I' < SLy(Z), then 1, ® € M (T).
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Properties of holomorphic projection

o If @ is holomorphic, then 7, ® = .

o If ® transforms like a modular form of weight k € %Z, k > 2, on
some group I' < SLy(Z), then 1, ® € M (T).

@ The operator 7, commutes with all the operators U(N), V(N), and
Sn.r (sieving operator).
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Properties of holomorphic projection

o If @ is holomorphic, then 7, ® = .

o If ® transforms like a modular form of weight k € %Z, k > 2, on
some group I' < SLy(Z), then 1, ® € M (T).

@ The operator 7, commutes with all the operators U(N), V(N), and
Sn.r (sieving operator).

@ For k =2, mp® is a quasi-modular form of weight 2.

\
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Properties of holomorphic projection

o If @ is holomorphic, then 7, ® = .

o If ® transforms like a modular form of weight k € %Z, k > 2, on
some group I' < SLy(Z), then 1, ® € M (T).

@ The operator 7, commutes with all the operators U(N), V(N), and
Sn.r (sieving operator).

@ For k =2, mp® is a quasi-modular form of weight 2.

@ For the regularized holomorphic projection, weakly holomorphic forms
are possible images

\
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Holomorphic projection of mixed mock modular forms

a—2
Gap(X,Y) = (—1)j<a+b ?f><j+b 2>X“2ije<C[X,Y]
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Holomorphic projection of mixed mock modular forms

a—2 .
Cup(X,Y) =3 (~ 1) (“ - 3) (J o= 2) Xo-29yi € C[X, Y]
a—2z—] J

Proposition (Zagier)
Let f1 € Sk, (To(INV)) and fa € Sk, (T'o(IN)) be cusp forms as before. Then
we have for 0 < v < 1_k2 that

WZZ?([Mfo?]V)(T) [ f2] k1_2 'Zq [Zag(n-l—h)m
h=1 =l

X Z <V k1+1> V—H,Zz_l) ((n + h)_y_k2+1G2V—k1+k2+2,k1—u(n + h, n)

—ptRL (4 h)”_“)} .
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@ The results and examples
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The theorems

Theorem 1 (M.-Ono)

If0<v<kzk then

2

1
! . [M;7f2]V+F7

]L(V)(f27 fl;T) = —m

where F' € Mél/+2—k1+k2 (T'o(N)). Moreover, if My, is good for fo, then
F € Mayio—ky+ky (Do(N)).
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The theorems

Theorem 1 (M.-Ono)

If 0 < v < 82k then

LO(fy, fis7) = — M, foll +

(k1 —2)!

where F' € Mél/+2—k1+k2 (T'o(N)). Moreover, if My, is good for fo, then
F € Mayio—ky+ky (Do(N)).

o My, is good for fy if [ fl7f2] grows at most polynomially at all
cusps (very rare phenomenon).
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The theorems

Theorem 1 (M.-Ono)

If 0 < v < 82k then

1

]L(V)(f27 fl;T) = —m

[ f17f2]

where F' € Mél/+2—k1+k2 (T'o(N)). Moreover, if My, is good for fo, then
F € Mayio—ky+ky (Do(N)).

o My, is good for fy if [ fl7f2] grows at most polynomially at all
cusps (very rare phenomenon).

° Mé(FO(N)) is the weakly holomorphic extension of

My(To(N) if k> 4,

Mi(To(N)) = {(CEQ @ Mo(To(N))  if k=2
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An example

Let fi=fo=A=
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An example

Let flzfQZA: P(l,lz,l;T)

1
B

(47T)11
10!

> K(1,1
(P12, D) = 1427 ) (’C’C)-Jll(47r/c) —=2.8402....

c=1

B =
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An example

Let fi =fo=A= %P(l, 12,1;7)

(47T)11
10!

> K(1,1
(P12, D) = 1427 ) (’C’C)-Jll(47r/c) —=2.8402....

c=1

B =

Q(—1,12,1;7) = QT (=1,12,1;7) + Q~(—1,12,1;7) € H_10(SLa(Z)),
the canonical preimage of P(1,12,1;7) under £_1¢ (up to a constant
factor), is good for A
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An example

Let fi =fo=A= %P(l, 12,1;7)

(47T)11
10!

— K(1,1
B = (P12, D) = 1427 ) (’C’C)-Jll(47r/c) =2.8402....

c=1

Q(—1,12,1;7) = QT (=1,12,1;7) + Q~(—1,12,1;7) € H_10(SLa(Z)),
the canonical preimage of P(1,12,1;7) under £_1¢ (up to a constant
factor), is good for A

QT (-1,12,1;7) - A(7) _ Ex(7)

11!-3 B
= —33.383...q+266.439...¢> — 1519.218 ... ¢° + 4827.434 .. .¢* — .. ..

LOA, A7) =

M.H. Mertens (Emory University) Special values 03/05/2015 20 / 26



p-adic properties

Theorem 2 (Bringmann-M.-Ono)

Let f € Sp(T'o(N)) be an even weight newform. If p is a prime with
p? | N, then there exist constants 03,2 € C, a weight 2 weakly
holomorphic quasimodular form Q; € ]f\\/fg(Fo(N)), and a weight 2 — k
weakly holomorphic p-adic modular form L for which

L(f, f;7) = 01f(T)Lp(T) + 02 f(T)Ep(T) + Q (7).

Moreover, if f has complex multiplication, then there are choices with
02 = 0.
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p-adic properties

Theorem 2 (Bringmann-M.-Ono)

Let f € Sp(T'o(N)) be an even weight newform. If p is a prime with
p? | N, then there exist constants 03,2 € C, a weight 2 weakly
holomorphic quasimodular form Q; € ]f\\/fg(Fo(N)), and a weight 2 — k
weakly holomorphic p-adic modular form L for which

L(f, f;7) = 01f(T)Lp(T) + 02 f(T)Ep(T) + Q (7).

Moreover, if f has complex multiplication, then there are choices with
02 = 0.

e £p(7) is the (holomorphic) Eichler integral of F'(1) = > A(n)q",

nel
E:A 1kn

n#0
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p-adic properties

Theorem 3 (Bringmann-M.-Ono)
Let f be as in Theorem 2. Then the following are all true.

© We have that f may be expressed as a finite linear combination of the

form
f(r) = ZamP(m,k,N; T),
ptm
with a,,, € C.
@ In terms of the linear combination in (1), if
Q1) == > = Q(—m, k, N;7), then
ptm

E-1(Q) = (4m)* 1 (k — 1) /.

Q If QT (1) =3, ag(n)g", then ag(pn) = 0 for all n € N,
@ We have that D*~1(Q*) € M} (To(NV)).

v
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Another example

o Let f(7) =n(37)% € S7e¥(I'g(9)). f hast CM by Q(v/—3).
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Another example

o Let f(7) =n(37)% € ST (I'o(9)). f hast CM by Q(v/-3).

@ Numerics
h 3 6 9 12
ﬁ(f, fih;3) || —10.7466... | 12.7931... | 6.4671... | —=79.2777 ...
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Another example

o Let f(7) =n(37)% € ST (I'o(9)). f hast CM by Q(v/-3).

@ Numerics
h 3 6 9 12
ﬁ(f, fih;3) || —10.7466... | 12.7931... | 6.4671... | —=79.2777 ...
o Let
(477)3 2
b= 5 |P(1,4,9)|“ =1.0468..., ~:=-0.07%...,
)
6 :=—0.8756.... N.B.: — =11
Y
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Anoter example (continued)

@ We find by Theorem 1 that
f(T)Q+(_17 4’ 9’ T)

L(f, f;7) =
(fs fi7) 3
+ v (1 — 24201(3n)q3"> +O[1+12) ) dg*
n=1 n=1d|3n
3td
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Anoter example (continued)

@ We find by Theorem 1 that
F(T)QT(~1,4,9;7)

L(f, f;7) =

B
+) bp(n)g"
n=
=:Q¢(7)
@ In Theorem 2 we find 1 = %
1 49 3
=Q1(-1,4,9;7)=q ' — 75*8— = T Om
Ef(T) Q ( 5 7977—) q +125 32q & (7_)7

n(7)’ ’
m(7) = ( 5+ 3> 37 = ¢ +2¢% —49¢° +48¢° + .. ..
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Another example (continued)

e fLy is a cuspidal 3-adic modular form of weight 2, f£; =1 (mod 3)
as g-series
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Another example (continued)

e fLy is a cuspidal 3-adic modular form of weight 2, f£; =1 (mod 3)
as g-series

@ This yields

D(f, f,h;3) —bs(h) € = - L),

gm\wm\w

D(. f.36h +30:3) ~ b;(36h + 30) € - Zyy),
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Another example (continued)

e fLy is a cuspidal 3-adic modular form of weight 2, f£; =1 (mod 3)
as g-series

@ This yields

D(f, f,h;3) —bs(h) € = - L),

(f [,9h +6;3) — by (9 +6) € — - Zs),

gm\wm\w

D(. f.36h +30:3) ~ b;(36h + 30) € - Zyy),

o the (rational) numbers B(D (f f,h;3) —by(h)) are ‘almost always’
multiples of any fixed power of 3.
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Thank you for your attention. )
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