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Expansions of modular forms

f:$% — C (holomorphic) modular form

“Modular forms are functions on the complex plane that are
inordinately symmetric. They satisfy so many internal symmetries
that their mere existence seem like accidents. But they do exist.”
(Barry Mazur)
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Expansions of modular forms

f:$% — C (holomorphic) modular form

F(E5) = vtter + s,

T€H, v=(45) el <SLy(2)
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Expansions of modular forms

f:$% — C (holomorphic) modular form

F(E5) = vtter + s,

T€H, v=(45) el <SLy(2)

Modular forms have various kinds of expansions.
@ Fourier expansion
@ Hyperbolic expansion

e Elliptic/Taylor expansion
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Fourier expansion

Some properties

@ at oo (or a cusp of I')
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Fourier expansion

Some properties

@ at oo (or a cusp of I')
o f(r) =YX loar(n)q", qi=e*T
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Fourier expansion

Some properties

@ at oo (or a cusp of I')

o f(T) = Z?C”)LOZO af(n)qn7 q:= e27T’iT
@ the “usual” way one sees modular forms
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Fourier expansion

Some properties

at oo (or a cusp of I')

o
o f(1) = loar(n)q", q:=e*m"

@ the “usual” way one sees modular forms
o

o

essentially Hecke eigenvalues (if f is an eigenform)

coefficients are widely studied in many contexts
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Fourier expansion

Some properties

at oo (or a cusp of I')

f(r) =0 pap(n)g”,  q:=e*™"
the “usual” way one sees modular forms

essentially Hecke eigenvalues (if f is an eigenform)

coefficients are widely studied in many contexts

a¢(n) often encode arithmetically interesting quantities (divisor sums,
number of points on elliptic curves over finite fields, partitions,...)
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Fourier expansion

Some properties

at oo (or a cusp of I')

f(r) =0 pap(n)g”,  q:=e*™"
the “usual” way one sees modular forms

essentially Hecke eigenvalues (if f is an eigenform)

coefficients are widely studied in many contexts

a¢(n) often encode arithmetically interesting quantities (divisor sums,
number of points on elliptic curves over finite fields, partitions,...)

@ congruences are well-studied (~~ Galois representations)
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Hyperbolic expansion

Some properties

e at a geodesic = {n1, 2}

72 m
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Hyperbolic expansion

Some properties
e at a geodesic = {n1, 2}

)
2 m
o Stabp(n) = (y,) 2 Z, 73" = (3591), £€>1, w=¢",
(f|k0'17 Z b —k:/2+7m'm/log§
meZ
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Hyperbolic expansion

Some properties
e at a geodesic = {n1, 2}

72 m

o Stabp(n) = (y,) 2 Z, 73" = (3591), £ > 1, w=¢r;

(f|k0'17 Z b —k:/2+7m'm/log§

meZ

@ introduced by Petersson
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Hyperbolic expansion

Some properties

@ at a geodesic 7 = {11, 2}

)
2 m
o Stabp(n) = (y,) 2 Z, 73" = (3591), £ > 1, w=¢r;
f|k0'77 Z b —k:/2+7m'm/log§
meZ

@ introduced by Petersson

o related to work by Katok, Zagier, Kohnen (holomorphic kernel of the
Shimura/Shintani lift) [Imamoglu-O’Sullivan]
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Taylor expansion |

Let 790 = xo + iyo € H be an interior point.

Usual Taylor expansion

=3 (52) @

drm n!

converges on By, (1)
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Taylor expansion |

Let 79 = xg + iyo € $H be an interior point.

Consider Cayley transform $ — B1(0), 7 — w = Z=2 and view f as a

) T—T0
function of w.

B 2
&/
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Taylor expansion |

Let 79 = xg + iyo € $H be an interior point.

Consider Cayley transform $ — B1(0), 7 — w = Z=2 and view f as a

) T—T0
function of w.

= _ A
@
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Taylor expansion |l

We have

(1—w)’“f( ”’“’) Za" ) G ) < 1),

where . g ;
0= 0 4 Im(T)’ 2mi dr qdq’

o" = 8}; = 6k+2(n—1) 0+ 00ky9 0O (n > 0).
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Taylor expansion Il

@ by C'M theory, Taylor coefficients are (essentially) algebraic numbers
if 79 is a CM point and f has algebraic Fourier coefficients
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Taylor expansion Il

@ by C'M theory, Taylor coefficients are (essentially) algebraic numbers
if 79 is a CM point and f has algebraic Fourier coefficients

o related to special values of Hecke L-functions (Eisenstein series)
[Rodriguez-Villegas & Zagier]
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Taylor expansion Il

@ by C'M theory, Taylor coefficients are (essentially) algebraic numbers
if 79 is a CM point and f has algebraic Fourier coefficients

o related to special values of Hecke L-functions (Eisenstein series)
[Rodriguez-Villegas & Zagier]

@ which primes are sums of two cubes? [Rodriguez-Villegas & Zagier]
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Taylor expansion Il

@ by C'M theory, Taylor coefficients are (essentially) algebraic numbers
if 79 is a CM point and f has algebraic Fourier coefficients

o related to special values of Hecke L-functions (Eisenstein series)
[Rodriguez-Villegas & Zagier]

@ which primes are sums of two cubes? [Rodriguez-Villegas & Zagier]
@ work on congruences by Larson-Smith (inert primes, integral weight,
I' = SLy(Z)), Datskovsky-Guerzhoy (split primes, integral weight,

(T' = SL2(Z)))-

v

Question What arithmetic properties do Taylor coefficients of half-integral
weight modular forms have?
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The Jacobi theta function

Example (Romik, 2018)

93(7_) = an2/2v T0 = i.

nEL
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The Jacobi theta function

Example (Romik, 2018)

2 o
:Zq"/Q, To = 1.

nEL

(1= w) 20 <1+“’>=

iM w?, || < 1.
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The Jacobi theta function

Example (Romik, 2018)

2 o
:Zq"/Q, To = 1.

nEL

(e 9]

14+w -
~ (1 — )1/2(9(1 )— Z ", w| < 1.

d(n) =1, 1, —1, 51, 849, —26199, ...
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The Jacobi theta function

Example (Romik, 2018)

93(7_) = an2/2> To = i.
neZ
_ d+w = d(n) _, on
~ (1 —w) 1/203<21_w>: ﬂ)Zﬁ w?,  |w| < 1.
n=0 ’

d(n) =1,12,12,4,9,9,3,10,10,12,1,1,9,4,4, 10, 3,3 (mod 13)
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The Jacobi theta function

Example (Romik, 2018)

93(7_) = an2/2v T0 = i.
nez
_ d+w = d(n) _, on
~ (1= w) 1/203<2 w)— 3()22(7)), w?,  jw| < 1.
n=0 ’

d(n)=1,1,6,2,2,2,1,0,3,0,6,0,6,0 (mod 7)
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Romik’s conjecture

Conjecture (Romik, 2018)

{d(n)}5 is periodic modulo p =1 (mod 4) and d(n) is ultimately 0
(mod p) for p =3 (mod 4).
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Romik’s conjecture

Conjecture (Romik, 2018)

{d(n)}5 is periodic modulo p =1 (mod 4) and d(n) is ultimately 0
(mod p) for p =3 (mod 4).

Theorem (Scherer, 2019)

Romik’s conjecture is true for p = 3 (mod 4) and for p = 5.
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Romik’s conjecture

Conjecture (Romik, 2018)

{d(n)}52, is periodic modulo p =1 (mod 4) and d(n) is ultimately 0

n=0

(mod p) for p =3 (mod 4).

Theorem (Scherer, 2019)

Romik’s conjecture is true for p = 3 (mod 4) and for p = 5.

Question: s this special for 637
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Results |

Theorem 1 (Guerzhoy-M.-Rolen, 2019)

Let f € Mj_1/2(I'1(4N)) with algebraic integer Fourier coefficients, 7o a
CM point, and p a prime splitting in Q(79). Then there exists

Q = Q(79,p) € C* such that for ny,n; > A with ny = no

(mod (p — 1)p?) we have

8n1f(7'0)/92k+4n1_1 = 8n2f(7_0)/92k+4n2—1 (mod pA—s—l).
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Results Il

Theorem 2 (Guerzhoy-M.-Rolen, 2019)

Assume K = Q(79) has class number 1 and the C'M curve
E = C/{w,wTo)z is defined over Q. The there exists ) = Q(71p) € C*
independent of p such that

an1f<7_0)/§2k+4n1—1 = angf(TO)/§2k+4n2—l (mod pA+1).
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Results Il

Theorem 2 (Guerzhoy-M.-Rolen, 2019)

Assume K = Q(79) has class number 1 and the C'M curve
E = C/{w,wTo)z is defined over Q. The there exists ) = Q(71p) € C*
independent of p such that

8n1f(7_0)/§2k+4n1—1 = angf(TO)/§2k+4n2—l (mod pA+1).

Romik’s conjecture is true. \
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Quasimodular forms

Recall: Ex(1) =1—-24>">°, 01(n)q" is not modular, but
E3(1) = Ea(1) — is.

wIm(7)
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Quasimodular forms

Recall: Ex(1) =1—-24>">°, 01(n)q" is not modular, but
E3(1) = Eo(1) — (2= is.

wIm(7)

Prototypical example of a quasimodular form and its associated almost
holomorphic modular form.
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Quasimodular forms

Recall: Ex(1) =1—-24>">°, 01(n)q" is not modular, but
E3(1) = Ea(1) — is.

wIm(7)

Prototypical example of a quasimodular form and its associated almost
holomorphic modular form.

In general: g € Mk(F) can be written uniquely as

[k/2]
g = Z Fk—QTES € C[[Q]]a Fy_o € Mk—Qr(F)
r=0
and we have
[k/2]
7= BB}
r=0
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Damerell's theorem

Proposition 1 (Damerell, Katz)

Let K be a sufficiently large number field, 79 € K be a C' M point, and
k € N. Then there exists w € C* such that

g€ My(T)NK[q] = g*(r0)/w* € K.
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Damerell's theorem

Proposition 1 (Damerell, Katz)

Let K be a sufficiently large number field, 79 € K be a C' M point, and
k € N. Then there exists w € C* such that

g€ My(T)NK[q] = g*(r0)/w* € K.

“If g has a nice g-expansion, then g* has nice C M-values.”
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Damerell's theorem

Proposition 1 (Damerell, Katz)

Let K be a sufficiently large number field, 79 € K be a C' M point, and
k € N. Then there exists w € C* such that

g€ My(T)NK[q] = g*(r0)/w* € K.

“If g has a nice g-expansion, then g* has nice C M-values.”

o If w € C* works, then so daoes any K*-multiple.
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Damerell's theorem

Proposition 1 (Damerell, Katz)

Let K be a sufficiently large number field, 79 € K be a C' M point, and
k € N. Then there exists w € C* such that

g€ My(T)NK[q] = g*(r0)/w* € K.

“If g has a nice g-expansion, then g* has nice C M-values.”

o If w € C* works, then so daoes any K*-multiple.
e If w e C* works for one g € Mk(f‘) N K[q], then it works for all such
g.
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g-expansion principle

Guiding mantra: “p-adically close modular forms have p-adically close
values.”
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g-expansion principle

Guiding mantra: “p-adically close modular forms have p-adically close
values.”

Proposition 2 (Datskovsky-Guerzhoy)

If p splits in Q(7p), pick w, € C* such that w%,’*l = E, 1(70) and
Zb n)q" € My, (T) N O[q].-

If g1 = g» (mod p?), then
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g-expansion principle

Guiding mantra: “p-adically close modular forms have p-adically close
values.”

Proposition 2 (Datskovsky-Guerzhoy)

If p splits in Q(7p), pick w, € C* such that wﬁfl = E, 1(70) and
Zb n)q" € My, (T) N O[q].-

If g1 = g» (mod p?), then

gi(10) /wy" = g3(m0)/wy?  (mod p?).

N.B.: By the von Staudt-Clausen Theorem, we have E, 1 =1 (mod p),
so according to our mantra, we want “E,_1(79) =1 (mod p)".
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Sketch of proof |

For H € My(T') and G € M(T) (k, ¢ € 3Z) we have

G- (D"H) € Mysps9n and (G - (D"H))* = G - (9" H).
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Sketch of proof |

For H € My(T') and G € My(T) (k, ¢ € 1Z) we have

G- (D"H) € Mysps9n and (G - (D"H))* = G - (9" H).

Proof of Theorem 1.

2 _ . .
o Choose €2 = w,, for w;, as in Proposition.
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Sketch of proof |

For H € My(T') and G € My(T) (k, ¢ € 1Z) we have

G- (D"H) € Mysps9n and (G - (D"H))* = G - (9" H).

Proof of Theorem 1.

@ Choose QIQ, = wy, for wy, as in Proposition.
° f(TO)/Qf,k_l, ©(19)/Qp € L (Damerell's Theorem)
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Sketch of proof |

For H € My(T') and G € My(T) (k, ¢ € 1Z) we have

G- (D"H) € Mysps9n and (G - (D"H))* = G - (9" H).

Proof of Theorem 1.

@ Choose QIQ, = wy, for wy, as in Proposition.
o f(70)/Q%1,0(7)/p € L (Damerell's Theorem)
e OD™ f =0D"™f (mod pAt!) (Euler-Fermat)
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Sketch of proof |

For H € My(T') and G € My(T) (k, ¢ € 1Z) we have

G- (D"H) € Mysps9n and (G - (D"H))* = G - (9" H).

Proof of Theorem 1.

@ Choose QIQ, = wy, for wy, as in Proposition.

o f(70)/Q%1,0(7)/p € L (Damerell's Theorem)

e OD™ f =0D"™f (mod pAt!) (Euler-Fermat)

o (OD™ f)* /wkt2m = (©D" f)* JwkT?"2 (mod pAT') (Proposition)
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Sketch of proof |

For H € My(T') and G € My(T) (k, ¢ € 1Z) we have

G- (D"H) € Mysps9n and (G - (D"H))* = G - (9" H).

Proof of Theorem 1.

@ Choose QIQ, = wy, for wy, as in Proposition.

o f(70)/Q%1,0(7)/p € L (Damerell's Theorem)

e OD™ f =0D"™f (mod pAt!) (Euler-Fermat)

o (OD™ f)* /wkt2m = (©D" f)* JwkT?"2 (mod pAT') (Proposition)

® O(70)(9™ f)(r0) /wy 2™ = O(70)(9™ f)(70) /wy "2 (mod pAtT)
(Lemma)
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Sketch of proof Il

Proof of Theorem 2

@ Need to verify that there is a global choice of Q that differs from .
in Theorem 1 by a p-adic unit.
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Sketch of proof Il

Proof of Theorem 2

@ Need to verify that there is a global choice of Q that differs from .
in Theorem 1 by a p-adic unit.

@ Follows essentially from the fact that the Hasse invariant A(p) of
E = C/{w,wty)z over I, satisfies

(2%) Eyp-1(r) = A(p) (mod p)
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Sketch of proof Il

Proof of Theorem 2

@ Need to verify that there is a global choice of Q that differs from .
in Theorem 1 by a p-adic unit.

@ Follows essentially from the fact that the Hasse invariant A(p) of
E = C/{w,wty)z over I, satisfies

211

(7) Eyp-1(r) = A(p) (mod p)

e A(p) Z0 (mod p) <  p splits in Q(7p).
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Modular forms for T'y(4)

Recall: @@, M, (T'o(4)) = C[O, F>] where

o =Y"¢" By =1 S g

nez

Proposition (Guerzhoy-M.-Rolen, 2019)

Let f € M(To(4)), k € 3Z and P(X,Y) € C[X,Y] such that
f = P(O,Fy). Then we have

A f(i) = O(i)in+2kp, ((17 - 12\/5)/16)
where p_1(t) =0, po(t) = P(X,tX*)/X?* and

Prsa(t) = 57808 — 1)(2k + dn)pn(t) — (16% — £)p}, (1)

1
— Ttk - 1)(256t2 + 224t + 1)pp_1(t),
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An example |

Example
We find
_ 1+w \ = c(n) (17 4 12/2)0(3)*

—w)~ V2 L R A n _ 1
(1=w) @<11—w> @(z)nz:% n! (Gw)”, 1672 ’
with (e = 1+ v/2)

n 0112 3 4 | 5 6 7 8 9
en) |1 e | 1] =3 |17 |9 | —111e | 2373 | 12513 | 86481¢e

26.09.2019
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An example Il

Example (continued)

Congruences:

{cn)}n =11, ¢, 12} (mod 5),
= {1, &,1,22¢,17,9¢, 14, 23¢, 13,6¢,21' }  (mod 52),

and that ¢(n) = 57c(n + 50) (mod 5%) for n > 11.
For p = 13, we obtain

{c(n)}n = {1, 5,1,105,4,9,6'} (mod 13).
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Thank you for your attention. )
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