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Expansions of modular forms

f : H→ C (holomorphic) modular form

�Modular forms are functions on the complex plane that are

inordinately symmetric. They satisfy so many internal symmetries

that their mere existence seem like accidents. But they do exist.�

(Barry Mazur)

Modular forms have various kinds of expansions.

Fourier expansion

Hyperbolic expansion

Elliptic/Taylor expansion
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Fourier expansion

Some properties

at ∞ (or a cusp of Γ)

f(τ) =
∑∞

n=0 af (n)qn, q := e2πiτ

the �usual� way one sees modular forms

essentially Hecke eigenvalues (if f is an eigenform)

coe�cients are widely studied in many contexts

af (n) often encode arithmetically interesting quantities (divisor sums,
number of points on elliptic curves over �nite �elds, partitions,...)

congruences are well-studied ( Galois representations)
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Hyperbolic expansion

Some properties

at a geodesic η = {η1, η2}

η1η2

H

StabΓ(η) = 〈γη〉 ∼= Z, γσηη =
(
ξ 0
0 ξ−1

)
, ξ2 > 1, w = ξ2τ ;

(f |kση)(w) =
∑
m∈Z

bη(m)w−k/2+πim/ log ξ

introduced by Petersson

related to work by Katok, Zagier, Kohnen (holomorphic kernel of the
Shimura/Shintani lift) [Imamo§lu-O'Sullivan]
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Taylor expansion I

Let τ0 = x0 + iy0 ∈ H be an interior point.

Usual Taylor expansion

f(τ) =

∞∑
n=0

(
dnf

dτn

)
(τ0)

(τ − τ0)n

n!

converges on By0(τ0)

H

τ0

Consider Cayley transform H→ B1(0), τ 7→ w = τ−τ0
τ−τ0 and view f as a

function of w.
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Taylor expansion II

Proposition

We have

(1− w)−kf

(
τ0 − τ0w

1− w

)
=
∞∑
n=0

∂nf(τ0)
(4πy0w)n

n!
, (|w| < 1),

where

∂ = ∂k = D − k

4π Im(τ)
, D =

1

2πi

d

dτ
= q

d

dq
,

∂n = ∂nk = ∂k+2(n−1) ◦ · · · ◦ ∂k+2 ◦ ∂k (n > 0).
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Taylor expansion III

by CM theory, Taylor coe�cients are (essentially) algebraic numbers
if τ0 is a CM point and f has algebraic Fourier coe�cients

related to special values of Hecke L-functions (Eisenstein series)
[Rodriguez-Villegas & Zagier]

which primes are sums of two cubes? [Rodriguez-Villegas & Zagier]

work on congruences by Larson-Smith (inert primes, integral weight,
Γ = SL2(Z)), Datskovsky-Guerzhoy (split primes, integral weight,
(Γ = SL2(Z))).

Question What arithmetic properties do Taylor coe�cients of half-integral
weight modular forms have?
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The Jacobi theta function

Example (Romik, 2018)

θ3(τ) =
∑
n∈Z

qn
2/2, τ0 = i.

 (1− w)−1/2θ3

(
i
1 + w

1− w

)
= θ3(i)

∞∑
n=0

d(n)

(2n)!
Φnw2n, |w| < 1.

d(n) ≡ 1, 11, 2, 0 (mod 3)

d(n) ≡ 1, 1, 6, 2, 2, 2, 1, 0, 3, 0, 6, 0, 6, 0 (mod 7)
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Romik's conjecture

Conjecture (Romik, 2018)

{d(n)}∞n=0 is periodic modulo p ≡ 1 (mod 4) and d(n) is ultimately 0
(mod p) for p ≡ 3 (mod 4).

Theorem (Scherer, 2019)

Romik's conjecture is true for p ≡ 3 (mod 4) and for p = 5.

Question: Is this special for θ3?
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Results I

Theorem 1 (Guerzhoy-M.-Rolen, 2019)

Let f ∈Mk−1/2(Γ1(4N)) with algebraic integer Fourier coe�cients, τ0 a
CM point, and p a prime splitting in Q(τ0). Then there exists
Ω = Ω(τ0, p) ∈ C× such that for n1, n1 > A with n1 ≡ n2

(mod (p− 1)pA) we have

∂n1f(τ0)/Ω2k+4n1−1 ≡ ∂n2f(τ0)/Ω2k+4n2−1 (mod pA+1).
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Results II

Theorem 2 (Guerzhoy-M.-Rolen, 2019)

Assume K = Q(τ0) has class number 1 and the CM curve
E = C/〈ω, ωτ0〉Z is de�ned over Q. The there exists Ω̃ = Ω̃(τ0) ∈ C×
independent of p such that

∂n1f(τ0)/Ω̃2k+4n1−1 ≡ ∂n2f(τ0)/Ω̃2k+4n2−1 (mod pA+1).

Corollary

Romik's conjecture is true.
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Quasimodular forms

Recall: E2(τ) = 1− 24
∑∞

n=1 σ1(n)qn is not modular, but
E∗2(τ) = E2(τ)− 3

π Im(τ) is.

Prototypical example of a quasimodular form and its associated almost
holomorphic modular form.

In general: g ∈ M̃k(Γ) can be written uniquely as

g =

bk/2c∑
r=0

Fk−2rE
r
2 ∈ CJqK, Fk−2r ∈Mk−2r(Γ)

and we have

g∗ =

bk/2c∑
r=0

Fk−2r(E
∗
2)r.
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Damerell's theorem

Proposition 1 (Damerell, Katz)

Let K be a su�ciently large number �eld, τ0 ∈ K be a CM point, and
k ∈ N. Then there exists ω ∈ C× such that

g ∈ M̃k(Γ) ∩KJqK ⇒ g∗(τ0)/ωk ∈ K.

�If g has a nice q-expansion, then g∗ has nice CM -values.�

Remark

If ω ∈ C∗ works, then so daoes any K∗-multiple.

If ω ∈ C∗ works for one g ∈ M̃k(Γ) ∩KJqK, then it works for all such
g.
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q-expansion principle

Guiding mantra: �p-adically close modular forms have p-adically close
values.�

Proposition 2 (Datskovsky-Guerzhoy)

If p splits in Q(τ0), pick ωp ∈ C∗ such that ωp−1
p = Ep−1(τ0) and

gi(τ) =

∞∑
n=0

bi(n)qn ∈ M̃ki(Γ) ∩ OJqK.

If g1 ≡ g2 (mod pA), then

g∗1(τ0)/ωk1p ≡ g∗2(τ0)/ωk2p (mod pA).

N.B.: By the von Staudt-Clausen Theorem, we have Ep−1 ≡ 1 (mod p),
so according to our mantra, we want �Ep−1(τ0) ≡ 1 (mod p)�.
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Sketch of proof I

Lemma

For H ∈Mk(Γ) and G ∈M`(Γ) (k, ` ∈ 1
2Z) we have

G · (DnH) ∈ M̃k+`+2n and (G · (DnH))∗ = G · (∂nH).

Proof of Theorem 1.

Choose Ω2
p = ωp for ωp as in Proposition.

f(τ0)/Ω2k−1
p ,Θ(τ0)/Ωp ∈ L (Damerell's Theorem)

ΘDn1f ≡ ΘDn2f (mod pA+1) (Euler-Fermat)

(ΘDn1f)∗/ωk+2n1
p ≡ (ΘDn2f)∗/ωk+2n2

p (mod pA+1) (Proposition)

Θ(τ0)(∂n1f)(τ0)/ωk+2n1
p ≡ Θ(τ0)(∂n2f)(τ0)/ωk+2n2

p (mod pA+1)
(Lemma)
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Sketch of proof II

Proof.

Proof of Theorem 2

Need to verify that there is a global choice of Ω̃ that di�ers from Ωp

in Theorem 1 by a p-adic unit.

Follows essentially from the fact that the Hasse invariant A(p) of
E = C/〈ω, ωτ0〉Z over Fp satis�es(

2πi

ω

)
Ep−1(τ0) ≡ A(p) (mod p)

A(p) 6≡ 0 (mod p) ⇔ p splits in Q(τ0).
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Modular forms for Γ0(4)

Recall:
⊕

kMk(Γ0(4)) = C[Θ, F2] where

Θ(τ) =
∑
n∈Z

qn
2
, F2(τ) =

η(4τ)8

η(2τ)4
=
∑
n odd

σ1(n)qn

Proposition (Guerzhoy-M.-Rolen, 2019)

Let f ∈Mk(Γ0(4)), k ∈ 1
2Z and P (X,Y ) ∈ C[X,Y ] such that

f = P (Θ, F2). Then we have

∂nf(i) = Θ(i)4n+2kpn

(
(17− 12

√
2)/16

)
where p−1(t) = 0, p0(t) = P (X, tX4)/X2k, and

pn+1(t) =
1

24
(80t− 1)(2k + 4n)pn(t)− (16t2 − t)p′n(t)

− 1

144
n(n+ k − 1)(256t2 + 224t+ 1)pn−1(t), (n ≥ 0).
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An example I

Example

We �nd

(1−w)−1/2Θ

(
i
1 + w

1− w

)
= Θ(i)

∞∑
n=0

c(n)

n!
(Φw)n, Φ =

(17 + 12
√

2)Γ(1
4)4

16π2
,

with (ε = 1 +
√

2)

n 0 1 2 3 4 5 6 7 8 9

c(n) 1 ε 1 −3ε 17 9ε −111ε 2373ε 12513 86481ε
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An example II

Example (continued)

Congruences:

{c(n)}n ≡ {1, ε, 1
2} (mod 5),

≡ {1, ε, 1, 22ε, 17, 9ε, 14, 23ε, 13, 6ε, 21
7} (mod 52),

and that c(n) ≡ 57c(n+ 50) (mod 53) for n ≥ 11.
For p = 13, we obtain

{c(n)}n ≡ {1, ε, 1, 10ε, 4, 9ε, 6
7} (mod 13).
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Thank you for your attention.
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