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(2.1) Exercise: Complements of algebraic sets.
Let K ⊆ L be a field extension such that L is infinite, let n ≥ 1, and let V ⊂ Ln

be a proper K-algebraic subset. Show that Ln \V is infinite.

(2.2) Exercise: Hilbert’s Nullstellensatz.
Let K be a field, let A := K[X ] be a finitely generated polynomial K-algebra,
and let P CA be a maximal ideal.
a) Show that K ⊆ (A/P ) is a finite field extension.
b) Let K ⊆ L be a field extension. Show that VL(P ) is finite.

(2.3) Exercise: Hypersurfaces.
Let K ⊆ L be a field extension such that L is algebraically closed, let A be the
polynomial K-algebra in n ∈ N indeterminates, and let f ∈ A be non-constant.
Writing f =

∏r
i=1 f

ai
i ∈ A, where r ∈ N and ai ∈ N, and the fi ∈ A are pairwise

non-associates and irreducible, show that IK(VL(f)) =
∏r

i=1〈fi〉CA.

(2.4) Exercise: Cartesian products.
Let K ⊆ L be a field extension, let A := K[X1, . . . , Xn] and B := K[Y1, . . . , Ym]
be polynomial K-algebras, for n,m ∈ N0, let C := K[X1, . . . , Xn, Y1, . . . , Ym],
and let V ⊆ Ln and W ⊆ Lm be K-algebraic. Show that V ×W ⊆ Ln+m is
K-algebraic again, having vanishing ideal

IK(V ×W) =
√

IK(V) · C + IK(W) · C E C.

(2.5) Exercise: Scalar extensions.
Let K ⊆ L be a field extension, let AK := K[X ] be the polynomial K-algebra
in n ∈ N0 indeterminates, and let AL := L[X ] be its scalar extension to L.

a) Let V ⊆ Ln be L-algebraic. Show that U := V ∩ Kn is K-algebraic, such
that IK(U) = IL(V ) ∩AK EAK .

b) Now let U ⊆ Kn be K-algebraic, and let V ⊆ Ln be the smallest L-algebraic
subset containing U . Show that V ∩Kn = U , and that IL(V ) = IK(U)·ALEAL.

c) Let K ⊆ M ⊆ L be an intermediate field, and let W ⊆ Ln be K-algebraic.
Show that W is M -algebraic, such that IM (W ) =

√
IK(W ) ·AM EAM .


