
Algebraic Geometry (WS 2025)

PD Dr. Jürgen Müller, Lecture 17 (26.11.2025)

(17.1) Principal open subsets. We keep the earlier notation. Any principal
open subset can be identified (as a set) with an affine closed set (but it remains
to be shown that this identification is a homeomorphism):

Let I := IK(V)EA, and let T be an indeterminate. Then for f ∈ K[V] = A/I

let Îf := 〈I, fT − 1〉EA[T ], and let

D̂f := VL(Îf ) = {[v, t] ∈ V × L; f(v) · t = 1} ⊆ Ln × L ∼= Ln+1.

Let π̂ : V × L → V : [v, t] 7→ v be the natural projection. Then π̂ restricts to a

bijection π : D̂f → Df , having inverse π−1 : Df → D̂f : v 7→ [v, 1
f(v) ].

Moreover, D̂f ⊆ Ln+1 is affine closed, such that IK(D̂f ) = Îf :

We have Îf ⊆ IK(D̂f ). To show the converse inclusion, let 0 6= g =
∑r
i=0 giT

i ∈
IK(D̂f ), where r ≥ 0 and gi ∈ A, and let h :=

∑r
i=0 gif

r−i ∈ A. Then we have

frg − h =

r∑
i=0

(frT i − fr−i)gi =

r∑
i=0

fr−i((fT )i − 1)gi = 0 ∈ A[T ]/〈fT − 1〉,

hence h ∈ IK(D̂f ). Thus for v ∈ Df we have h(v) = h(v, 1
f(v) ) = 0. Since for

v ∈ V \Df we have f(v) = 0, we conclude that fh ∈ IK(V) = I. This entails

fr+1g ∈ 〈I, fT − 1〉 = Îf , thus g = (1− (fT )r+1)g + T r+1fr+1g ∈ Îf . ]

Hence, recalling that A[T ]/〈I〉 ∼= (A/I)[T ], we have

K[D̂f ] = A[T ]/Îf ∼= (A/I)[T ]/〈fT − 1〉 = K[V][T ]/〈fT − 1〉 =: K[V]f .

(We will see later that this indeed coincides with the localisation of K[V] with
respect to the multiplicatively closed set {fr ∈ K[V]; r ∈ N0}.)

(17.2) Regular functions: the affine case. Keeping the above notation, let
U ⊆ V be open. Then the topology induced by the Zariski topology on V is
called the (K-)Zariski topology on U . Then {Df ⊆ U ; f ∈ IK(V \ U)} is a
basis of the Zariski topology on U .

A function ϕ : U → L is called regular at a point v ∈ U , if there are f, g ∈ A,
where g 6= 0, that is f

g ∈ Q(A) = K(X ), such that v ∈ Dg ⊆ U and ϕ(u) =

( fg )(u) := f(u)
g(u) , for all u ∈ Dg; note that we may indeed assume that Dg ⊆ U .

Moreover, ϕ is called regular on U , if it is regular at any point of U .

It is immediate that the set OK(U) of regular functions on U is a K-algebra.
Then U , equipped with the Zariski topology, together with the algebra OK(U)
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of regular functions, is called a quasi-affine (K-)variety. If U = U ⊆ Ln is
closed, then U is called an affine (K-)variety. (We will show later that we
actually have OK(U) ∼= K[U], so that this coincides with the earlier notion.)

(17.3) Regular functions: the projective case. Keeping the above nota-
tion, let V ⊆ P be closed, and let U ⊆ V be open. Then the topology induced
by the Zariski topology on V is called the (K-)Zariski topology on U .

For f ∈ A] homogeneous let Df := P \V]
L(f) ⊆ P, which is open in P; in par-

ticular, the affine open subsets are given as Di = DXi
, for i ∈ {0, . . . , n}. We

have Df ∩D0 = DfX0 = Df ′ ⊆ Ln, which is open in Ln; similarly for any Di.
Any Di is a quasi-compact topological space, having the affine principal open
subsets as a basis. Hence P =

⋃n
i=0Di implies that P is a quasi-compact topo-

logical space as well, having the affine principal open subsets as a basis. Thus
from (g])′ = g, for g ∈ A, we conclude that {Df ⊆ P; f ∈ A] homogeneous} is
a basis of the Zariski topology on P.

Recall that A] does not induce functions on P, due to the use of homogeneous
coordinates. But A] is a graded domain, so that we may consider its graded
field of fractions, which is immediately seen to be a field indeed:

K(X ])0 := {0}
.
∪{f

g
∈ K(X ∗); f, g ∈ A] \ {0} homogeneous,deg(f) = deg(g)}.

Let 0 6= f
g ∈ K(X ])0 such that d := deg(f) = deg(g). Then for [x0 : . . . : xn] ∈

V ∩ Dg we have ( fg )(λ · [x0, . . . , xn]) = λd·f(x0,...,xn)
λd·g(x0,...,xn)

= ( fg )(x0, . . . , xn), for all

λ ∈ L∗. Hence f
g indeed induces a function on V ∩Dg. Having this in place:

A function ϕ : U → L is called regular at a point v ∈ U , if there is f
g ∈ K(X ])0

such that v ∈ Dg ⊆ U and ϕ(u) = ( fg )(u), for all u ∈ Dg; note that we may
indeed assume that Dg ⊆ U . Moreover, ϕ is called regular on U , if it is regular
at any point of U .

It is immediate that the set OK(U) of regular functions on U is a K-algebra.
Then U , equipped with the Zariski topology, together with the algebra OK(U)
of regular functions, is called a quasi-projective (K-)variety. If U = U ⊆ P
is closed, then U is called a projective (K-)variety. (We will show later that
we actually have OK(U) ∼= K, so that OK(U) 6∼= K[U]; but OK(U) does not
seem to be too useful either.)
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