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Wenn CD aber AB nicht mifst,
und man nmimmt bei AB, C'D abwechselnd
immer das kleinere vom grofieren weg,
dann muj$ (schlieflich) eine Zahl 1ibrig bleiben,
die die vorangehende mifst.
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1 Introduction: Pythagorean triples

(1.1) Pythagorean triples. We consider the Diophantine equation X? +
Y? = Z2, that is we look for solutions over the integers Z [DIOPHANT, ~250].
To exclude trivialities, we aim at describing the set of all non-trivial solutions
[x,y, 2] € Z? such that zyz # 0: First, we may of course assume that x,y,z € N.
Next, if d := ged, (z,y) € N, then we have d? | 2% and d* | y?, hence from
22 = 22 + y? we infer that d? | 2% as well, implying that d | z. Thus letting
v =% cNandy =% € Nand 2/ := § € N, we get a primitive solution
[2/,y,2'] € N3, that is 2’ and y are coprime in the sense that ged, (2/,y') = 1.

Now let [z,y, 2] € N3 be a primitive solution. Then from x and y being coprime
we infer that ged, (z,2) = ged, (y,2) = 1 as well.

Assume that « and y are both odd, then there are r, s € {£1} and &, € Ny such
that ¥ = r + 4k and y = s+ 4l. Then we have 22 = 2% +y? = r2 + 2 + 4(2rk +
25l + 4k? + 41%) = 2 + 4m, for some m € Ny, saying that 22 is even, but not
divisible by 4. But if 2 | 22, then 2 | z as well, hence 4 | 22, a contradiction.

Thus we infer that exactly one of x and y is even. We may assume that 2 | x.
Then from 22 = 22 4+ 42, since = and hence 2 are even, and y and hence y2 are
odd, we infer that 22 and hence z are odd. Note that z > y.

Thus both z 4+ y and z — y are even, hence 2 | ged, (2 +y, 2 — y). Moreover, if
d € ged (24y,2—y), thend | (2+y)+(2—y) =2zand d | (2+y)—(2—y) =2y
imply that d | ged, (2z,2y) = 2. Thus we conclude that ged (2 +y,2 —y) = 2.

In other words, we have Zf¥, 22¥ € N such that ged, (252, 25%) = 1.

24y | zmy _ 22—y _ 22—y 2 z 24y
We have =5 72 = 7% = =% = (3)%, where § € N. Thus from =5

and “5¥ being coprime we infer that both Z'gy and 5¥ are squares themselves.

Hence there are a,b € N such that a® = izy and b2 = zgy, where we necessarily
have a > b and ged, (a,b) = 1. This entails z = 25 + 2% = a2 + % and

Y= Z;y - =a? -’ and 2? =4 ZJQFy - 55¥ = 4a®b?, implying 2 = 2ab.

Finally, let 7,5 € {0,1} and k,! € Ny such that @ = 7+ 2k and b = s+ 2. Then
we have z = a? +b? = r2 + 2 + 4(rk + sl + k? +1?), hence from z being odd we
infer that [r, s] € {[0, 1], [1,0]}, that is exactly one of a and b is even. Hence we
have shown the major part of the following:

Theorem: [EucLID]. Let [z,y, z] € N® be a primitive solution of X?+Y? = Z2,
such that = is even. Then there are uniquely determined ¢ > b € N being
coprime of opposite parity, such that z = 2ab and y = a® — b? and z = a? + b°.

Conversely, any pair [a,b] € N having the above properties gives rise to a prim-
itive solution such that x is even. Thus we have a one-to-one correspondence
between the primitive solutions as above, and the pairs [a, b] as above.



Proof. We still have to show uniqueness: If [a, b] gives rise to [z,y, z] as above,
then we have a? = Z+7y and b? = 5%, hence a? and b?, and thus a and b are
uniquely determined.

As for the converse, let @ > b € N be coprime of opposite parity, and let
x:=2ab € Nand y := a® —b?> € N and z := a? + b*> € N. Then we have
22—y = (a® + %)% — (a® — b?)? = 4a%b® = 2%. Moreover, z is even, and
since exactly one of ¢ and b is even, we infer that y is odd. Finally, let d :=
ged (z,y) € N. Then we have d | z = a® + b?, hence from d | y = a® — b* we
conclude that d | y+2z =2a? and d | y — 2z = 2b%, thus d | ged . (2a?,2b%) = 2,
entailing that d € {1,2}. Now d divides y, which is odd, hence we infer d = 1.

In particular, the equation X?+4Y? = Z? has infinitely many non-trivial integral
solutions. For example, for £ € N let a := k+ 1 and b := k. Then the pair
[a, b] has the desired properties, and yields the primitive triple [2ab, a® — b2, a® +
b?] = [2k? + 2k, 2k + 1,2k? + 2k + 1]. In particular, we recover the well-known
smallest primitive triples from & = 1 and & = 2 as [z,y,2] = [4,3,5] and
[,y, 2] =[12,5,13], respectively.

This series of solutions was already known to PYTHAGORAS, who came to study
the equation X2 +Y? = Z2 from a geometrical point of view: He was looking
for right-angled plane triangles with commensurable edges, that is, assuming
the longest edge having length 1, the shorter edges have rational length. This
essentially amounts to finding right-angled triangles with integral edge lengths,
in other words non-trivial integral solutions of the equation X? +Y? = Z2.

(1.2) Fermat’s Last Theorem. Similarly, for any n € N we may consider
the Diophantine equation X" 4+ Y™ = Z™, and again the aim is to describe the
set of all non-trivial solutions [z,y, 2] € Z3 such that zyz # 0. Now FERMAT
[1637] conjectured that the latter do not exist whenever n > 3. (Actually, he
claimed that he had a proof, but unfortunately he kept the proof for himself.)
It is immediate that in order to settle Fermat’s Conjecture to the affirmative,
it suffices to consider the cases n = 4 and n = p an odd prime.

From a geometrical point of view, one might ask whether there are right-angled
plane triangles with integral edge lengths, such that the shorter ones addition-
ally are squares. This amounts to finding non-trivial integral solutions of the
equation X*+Y* = Z2. It was shown by EULER [1738], that the latter do not
exist. In particular, this settles Fermat’s Conjecture for the case n = 4.

Fermat’s Conjecture was proven for the cases p = 3 and p = 5 by EULER [1753]
and DIRICHLET, LEGENDRE [1828], respectively. After that it turned out that
Fermat’s Conjecture was one of the hardest problems in all of number theory.
The attempts to solve it spurred lots of developments, starting with the work
of KUMMER [> 1843]. But the final strike was only done by WILES, TAYLOR—
WILES [1995], who proved a much more general number theoretic conjecture,
which as a consequence settled Fermat’s Conjecture for all odd primes p.



I Rings

2 Commutative rings

(2.1) Commutative rings. A set R together with an addition +: R x R —
R: [a,b] = a + b and a multiplication -: R x R — R: [a, ] — ab fulfilling the
following conditions is called a commutative ring: i) (R, +) is a commutative
group, with neutral element 0; ii) (R,-) is a commutative monoid, that is
commutative and associative, with neutral element 1; and iii) distributivity
a(b+ ¢) = (ab) + (ac) holds, for a,b,c, € R.

For all a € R we have 0a = (0 + 0)a = (0a) + (0a), hence Oa = 0; and we have
a+(—1l)a = (14 (-1))a = 0a = 0, hence —a = (—1)a; thus for all a,b € R
we have —(ab) = (—1)ab = (—a)b. Moreover, we have the binomial formula
(a+b)"=3"(F)a’db"" for all n € N.

i
The standard example of a commutative ring of course are the integers Z; but
N or Ny are not (commutative) rings. Here is a pathological example:

Let R := {0} with addition and multiplication given by 0+0 := 0 and 0-0 := 0,
respectively, and 1 := 0, then R is a commutative ring, called the zero ring.
Conversely, for any commutative ring R fulfilling 1 = 0 we have a = la = 0a =0
for all @ € R, hence we have R = {0}. Thus for any commutative ring R # {0}
we in particular have 1 # 0.

(2.2) Units and zero-divisors. a) Let R be a commutative ring. An element
a € R is called invertible or a unit, if there is an inverse a~! € R such that
aa~! = 1. In this case, if @’ € M also is an inverse, we have ' = 1-ad’ =
alaa’ =a ' -1 =a"", hence the inverse is uniquely determined.

Let R* C R be the set of units. Then we have 1 € R*, where 17! = 1; for
all a,b € R* from ab(b~*a~!) = 1 we conclude that ab € R*, where (ab)~! =
b=la™!; and we have (a=!)~! = a, thus a=! € R*. Hence R* C R is a group,
called the group of multiplicative units.

Hence for R # {0} we have 1 € R* C R\ {0}. A commutative ring R # {0}
such that R* = R\ {0} is called a field. Well-known examples are the rational
numbers Q, the real numbers R, and the complex numbers C; but we have
Z* = {£1}, hence Z is not a field, of course.

b) An element a € R is called a divisor of b € R, and b is called a multiple of
a, if there is ¢ € R such that ac = b; we write a | b. We have a | 0 and a | a.
Moreover, we have u | a for all u € R*; and if a | u for some u € R*, then we
have a | 1 as well, that is a € R*. Elements a,b € R are called associate, if
a | band b | a; we write a ~ b, in particular ~ is an equivalence relation on R.

An element 0 # a € R such that there is 0 # b € R such that ab = 0 is called
a zero-divisor in R. If R does not contain any zero-divisors, that is if ab = 0
implies a = 0 or b = 0, for all a,b € R, then R is called an integral domain.



For example, Z is an integral domain, of course.
c) We elucidate the relationship between units and zero-divisors in R:

If @ € R is a unit, then from ab = 0, for any b € R, we get b = a~'ab = 0, hence
a is not a zero-divisor. Hence the set of units and the set of zero-divisors of R
are disjoint. In particular, any field is an integral domain.

Lemma. a) For 0 #a € Rlet Ay: R — R: x — ax. Then ), is injective if and
only if a is not a zero-divisor, and A, is surjective if and only if a is a unit.

b) Let R be finite. Then any non-zero element of R is either a zero-divisor or
a unit. In particular, if R is an integral domain, then R is a field.

Proof. a) If a is a zero-divisor, then there is 0 # b € R such that ab = 0, thus
ab =0 = a -0 shows that )\, is not injective. Conversely, if there are b # ¢ € R
such that ab = ac, then a - (b — ¢) = 0 shows that a is a zero-divisor.

If @ is a unit, then for any b € R we have a - a~'b = b, showing that ), is
surjective. Conversely, if )\, is surjective, then there is b € R such that ab =1,
showing that a is a unit.

b) For any 0 # a € R the map )\, is injective if and only if it is surjective. 4§

The disjointness of the set of units and the set of zero-divisors can be rephrased
by saying that for 0 # a € R the surjectivity of the map A, implies its injectivity.
The other implication does not hold in general, as the example of Z shows.

In particular, this shows that for 0 # a € R which is not a zero-divisor we have
the following cancellation rule: From ab = ac, for some b, c € R, we get b = c.
Note that this rule becomes trivial if @ is a unit, thus the point here is that it
continues to hold under the weaker assumption of a not being a zero-divisor.

(2.3) Ideals. a) Let R be a commutative ring. Then a subset S C R being
an additive subgroup and a multiplicative submonoid is called a subring; in
particular we have 1 € S. For example, Z C Q C R C C is a chain of subrings.

If {S; C R;i € I} is a set of subrings, where Z # () is an index set, then the
intersection S := ;.7 S; € R is a subring again. Hence for any subset M C R
the set (J{S C R subring; M C S} C R is the smallest subring of R containing
M, being called the subring of R generated by M.

b) An additive subgroup I C R, such that for all a € I we have aR := {ab €
R;b € R} C I as well, is called an ideal of R; we write I < R. In particular, we

have {0} < R and R < R. Hence for any ideal I < R we have I = R if and only
if 1 € I; in particular, I is a subring of R if and only if I = R.

If {I, <R;i € I} is a set of ideals, where Z # () is an index set, then the
intersection I := ;.7 I; < R is an ideal again. Hence for any subset S C R the



set (S) = (S)r :=(V{I < R;S C I} <R is the smallest ideal of R containing S,
being called the ideal of R generated by S.

More intrinsically, we have (S) = {>_;; a;b; € R;n € Ng,a; € S,b; € R} < R;
hence we also write (S) = gal:

Let J C R denote the right hand side. If I < R is any ideal such that S C I,
then, since I is closed with respect to addition, and we have aR C I for all
a € S, we have J C I as well; hence taking intersections we conclude that
J C (S). Conversely, J itself is closed with respect to addition, we have 0 € J
being represented by the empty sum, and for any a € J we have aR C J as well,
hence in particular —a = (—1) - a € J; thus J<R is an ideal, and since S C J
we infer that J is amongst the ideals intersecting in (S), thus (S) C J. i

For any a € R the ideal (a) = aR < R is called the associated principal ideal.
Hence for a,b € R we have bR C aR if and only if a | b; in particular we have
aR = bR if and only if a ~ b. For example, we have (()) = (0) =0- R = {0} and
(1) =1-R = R; and for n € Z we have (n) =nZ ={kn € Z;k € Z} < Z.

Given I, JAR, then I+J :=(I,J) = {a+b € R;a € I,b € J} <R is called their
sum. Moreover, I.J := (ab € Rja € I,b e J) = {31, a;b; € R;n € Ny, a; €
I,b; € J} < R is called their product; we have IJ CINJCITUJCT+J.

In particular, for principal ideals these constructions yield the following: For
a,b,c € R we have aR + bR C cR if and only if both ¢ | a and ¢ | b; we have
cR CaRNbLR if and only if both a | cand b | ¢; and we have aR-bR = abR<R.

(2.4) Homomorphisms. Let R and S be commutative rings. Then a map
p: R — S fulfilling the following conditions is called a (ring) homomorphism:
We have i) additivity p(a+b) = ¢(a)+p(b), for a,b € R; ii) multiplicativity
p(ab) = p(a)p(b), for a,b € R; and iii) unitarity ¢(1g) = 1s.

In other words, condition (i) says that ¢ is a homomorphism of additive groups,
and conditions (ii) and (iii) say that ¢ is a homomorphism of multiplicative
monoids. We will see below that, since S is an additivity group, additivity
implies ¢(0r) = 0g, while multiplicativity alone does not imply unitarity.

If ¢ is bijective, then it is called a (ring) isomorphism, in which case we write
R = S; note that in this case ¢ ~': S — R is a ring isomorphism again.

For example, there is a unique homomorphism R — {0}, and there is a (unique)
homomorphism {0} — R if and only if R = {0}.

Proposition. Let ¢: R — S be a ring homomorphism. Then we have:
a) The image im(¢) C S is a subring of S

b) The kernel ker(p) := ¢=1({0}) = {a € R;p(a) = 0} < R is an ideal of R.
Moreover, ¢ is injective if and only if ker(¢) = {Ogr}.



Proof. a) By additivity im(¢) C S is closed with respect to addition. We
have p(0r) = ¢(0r + 0r) = ¢(0r) + ¢(0r), hence 05 = ¢(0r) — ¢(0r) =
»(0r) + ©(0r) — p(0r) = ¢(0g), showing that 0s € im(p). Next we have
0s = ¢(0r) = p(a —a) = p(a) + p(—a), hence p(—a) = —p(a), for a € R, thus
im(¢) C S is closed with respect to taking additive inverses. Thus im(p) C S
is an additive subgroup. Similarly, by multiplicativity im(¢) C S is closed
with respect to multiplication, and we have 1g € im(¢) by assumption. Hence
im(p) C S is a multiplicative submonoid as well, and thus is a subring.

b) By additivity ker(p) C R is closed with respect to addition. We have O €
ker(p), and ¢(—a) = —¢(a), for a € R, implies that ker(y) C R is closed with
respect to taking additive inverses. Thus ker(¢) C R is an additive subgroup.
Furthermore, for = € ker(¢) and a € R we have ¢(za) = p(z)p(a) = 0g, thus
xa € ker(p). This shows ker(p) - R C ker(yp), that is ker(¢) < R is an ideal.

Moreover, if ¢ is injective, then ker(y) = ¢~({0s}) is a singleton set, hence
necessarily equals {Ogr}; conversely, for z,y € R we have p(z) = p(y) € S if
and only if ¢(z — y) = Og, that is z — y € ker(yp), thus if ker(p) = {Or} then
p(z) = p(y) entails x = y, implying that ¢ is injective. i

Note that if S # {0}, then p(1g) = 1g implies that 1 & ker(y), thus ker(¢)<1R.

(2.5) Quotient rings. Let R be a commutative ring, and let I <R be an ideal.
Then M; := {[a,b] € R%;a — b € I} is an equivalence relation on R:

Froma—a =0 € I, for a € R, we conclude that M is reflexive; from a —b € I,

for a,€ R, we get b —a = —(a —b) € I, hence M/ is symmetric; and from
a—>bb—cel, forab,ce€ R, we conclude that a —c = (a —b) + (b—¢) € I,
thus M is transitive as well. i

Forae€ Rleta=[a]; :={b€ R;[a,b]e M} ={beRb—acl}={a+z€
R;x € I} =: a+ I C R be the associated equivalence class modulo I. For
a,b € R being in the same equivalence class we also write a = b (mod I). Let
R/I:={a+1I C R;a € R} denote the set of equivalence classes. This gives rise
to the natural map v;: R — R/I: a — a+ I; note that vy is surjective.

Letting Ry C R be a set of representatives of R/I, that is the natural map
vy induces a bijection Ry — R/I, we have R = [[ .y, (a + I); in other words
R is the disjoint union of the distinct equivalence classes. Note that a set of
representatives always exists by the Axiom of Choice.

Proposition. Let R be a commutative ring and I < R.

Then R/I is a commutative ring, called the quotient ring of R with respect to
I, with addition (a+1)+(b+1) := (a+b)+1 and multiplication (a+1)-(b+1) :=
(ab)+1, for a,b € R, with additive neutral element 0+1 = I, the additive inverse
of a + I being (—a) + I, and multiplicative neutral element 1 + I.

Moreover, the natural map vy: R — R/I: a+ a+ I is a surjective ring homo-
morphism such that ker(vy) = I.



Proof. We only have to show that addition and multiplication are independent
of the choice of representatives of the equivalence classes; then the rules of
arithmetic in R/I are inherited from those in R via the natural map:

Let a,a’,b,b’ € Rsuch that a+1 = a’+1 and b+1 = ¥’ +1, that is there z,y € T
such that o’ = a+x and &/ = b+ y. Hence we have ¢’ +b0' = (a+b) + (x +y) €
(a+b)+1I and o'V = (a+ z)(b+y) = ab+ (ay + bz + zy) € ab+ I, thus
(a+d)+T=(+V)+Tand ab+1=adb +1.

In particular, the natural map becomes a ring homomorphism. Moreover, for
z €l wehavevi(x)=x+1=1=0+1¢€ R/I, hence I C ker(vy); conversely,
for x € ker(vy) we have x + I = vr(z) =04 I, hence x = 2 — 0 € I, showing
that ker(vy) C I. 1

(2.6) Homomorphism Theorem. Let R and S be commutative rings, let
I <R, and let p: R — S be a ring homomorphism such that I C ker(yp).

Then there is an induced map o’: R/I — S: a+ I + ¢(a), which is a ring
homomorphism and yields a factorization p = ¢! ov;: R — R/I — S.

Moreover, we have im(¢!) = im(¢) C S and ker(p!) = ker(p)/I = {z + I €
R/I;z € ker(p)}; thus ¢! is injective if and only if I = ker(¢).

In particular, we have a ring isomorphism 3 := @**(¥): R/ ker(p) — im(ip).

Proof. We show that ¢! is well-defined: Let a,a’ € R such that a+1 =a’ + 1,
that is a — @’ € I C ker(yp), then ¢(a — a’) = 0 implies ¢(a) = p(a’).

Now ¢'(a +b+1) = pla+b) = ¢(a) +¢(b) = ¢'(a+1) +¢'(a+1) and
ol(ab+ I) = p(ab) = @(a)p((d) = pl(a+ 1) - pl(a+I), for a,b € R, and
@I (1+1) = p(1) = 1, shows that ¢! is a ring homomorphism. The factorization
holds by construction. Moreover, since vy is surjective we infer im(¢!) = im(y

)-
If z € ker(p) then p!(z + I) = ¢(z) = 0, showing that ker(¢)/I C ker( 0,
conversely, if a € R such that a+ I € ker(¢?), then we have p(a) = ¢! (v;(a)) =
@l(a+1I) =0, hence a € ker(y), and thus a + I € ker(y)/I, entalhng ker(p!) C
ker(¢)/I. In particular, we have ker(¢!) = {0 + I} if and only if I = ker(yp).
This in particular implies the final assertion.

E=3

Corollary: Isomorphism Theorem. Let R be a commutative ring and I JR.
a) Let J < R where J C I. Then we have (R/J)/(I/J) = R/I.
b) Let S C R be a subring. Then we have S/(SNI)= (S+1)/I.

Proof. a) We consider the surjective natural map vy: R - R/I: a — a+ I.
Then from J C I = ker(vy) we get the existence of a surjective induced map
(v1)’: R/J = R/I:a+ J+ a+ I. We have ker((v7)?) = ker(vy)/J = I/J <
R/J, hence the induced map (v;)7: (R/J)/(I/J) = R/I is a ring isomorphism.




b) We again consider the natural map v;: R — R/I: a — a+ I. Then, letting
S+I:={a+b¢€ Rjae Sbel} CR, wehave im(vr|s) = v1(S) = {a+
I € R/[;ae S} ={a+I € R/I;a e S+1I} = (S+1)/I C R/I, and
ker(vr|s) = S Nker(vy) = SNIT<S, hence the induced map v]g: S/(SNT) —
(S+1I)/I:a+(SNI)— a+Iis aring isomorphism.

3 Integral domains

(3.1) Integral domains. a) Let R be an integral domain. We have a charac-
terization of elements to be associate as follows: Elements a,b € R are associate,
that is @ | b and b | q, if and only if there is u € R* such that b = au € R:

From b = au for some v € R* we have a | b and b | a. Conversely, if a | b
and b | a, then there are u,v € R such that b = au and a = bv, thus a = auwv,
implying a(1 —wuwv) = 0, hence a = 0 or uv = 1, where in the first case a = b = 0,
and in the second case u,v € R*. #

b) Let § # S C R be a subset. Then d € R such that d | a for all @ € S is
called a common divisor of S; any v € R* always is a common divisor of S.
If for all common divisors b € R of S we have b | d, then d € R is called a
greatest common divisor of S.

Let gecd(S) € R be the set of all greatest common divisors of S. In general
greatest common divisors do not exist. But if ged(S) # 0, then it consists of an
associate class: If d,d’ € ged(S), thend | d" and d’' | d, henced ~ d'. Fora € R
we have a € ged(a) = ged(0, a); and elements a,b € R such that ged(a,b) = R*
are called coprime.

Similarly, ¢ € R such that a | ¢ for all a € S is called a common multiple of
S. If for all common multiples b € R of S we have ¢ | b, then ¢ € R is called a
lowest common multiple of S.

Let lem(S) € R be the set of all lowest common multiples of S. In general
lowest common multiples do not exist. But if lem(S) # (), then it consists of an
associate class: If ¢, ¢’ € lem(S), then ¢ | ¢ and ¢ | ¢, hence ¢ ~ ¢/. For a € R
we have a € lem(a) = lem(1,a).

c) An element 0 # ¢ € R\ R* is called indecomposable or irreducible,
if ¢ = ab implies a € R* or b € R* for all a,b € R; otherwise c is called
decomposable or reducible. Hence if ¢ € R is indecomposable then all its
associates also are.

An element 0 # ¢ € R\ R* is called a prime, if ¢ | ab implies ¢ | a or ¢ | b for
all a,b € R. Hence if ¢ € R is a prime then all its associates also are.

Lemma. If ¢ € R is a prime, then ¢ € R is indecomposable.

Proof. Let ¢ = ab for some a,b € R, where since ¢ | ab we may assume that
¢ | a, then from a | ¢ we get a ~ ¢, hence there is u € R* such that au = ¢ = ab,



implying b = u € R*. #

But the converse does not hold, that is an indecomposable element in general is
not a prime. We now introduce a class of integral domains in which the converse
indeed holds; it will turn out that Z belongs to this class:

(3.2) Factorial domains. Let R be an integral domain. Then R is called
factorial or a Gaussian domain, if any element 0 # a € R can be written
uniquely, up to reordering and taking associates, in the form a = u~H;L:1 pi € R,
where the p; € R are indecomposable, n € Ny and u € R*.

In this case, let Pr C R be a set of representatives of the associate classes of
indecomposable elements of R; these exist by the Axiom of Choice. Then any
0 # a € R, up to reordering has a unique factorization a = u, - HpePR pvr(@)
where u, € R* and v,(a) € Ny is called the associated multiplicity.

We have v,(a) = 0 for almost all p € Pg, and }_ p vp(a) € No is called the
length of the factorization. Moreover, a is called square-free if v,(a) <1 for
all p € Pr. For any subset ) # .5 C R\ {0} we have [[ p. pmin{rp(a)a€sS} ¢
ged($S), and provided S is finite we have [ ¢p, p™®*17(:2€5} € Jem(S). But
note that in order to use this in practice, the factorization of the elements of S
has to be found first.

Proposition. Any indecomposable element p of a factorial domain R is a prime.

Proof. Let a,b € R such that p | ab, hence there is ¢ € R such that pc = ab.
We may assume that a,b ¢ R*, and since p is indecomposable we have ¢ ¢ R*.
Let a = [[;5,0i € Rand b = [[;5,b; € R and ¢ = [[;5,cx € R, where
ai,bj, ci € R are indecomposable. This yields p- [];, cx = [[i5,ai - [1j51 05 €
R, thus uniqueness implies p ~ a; for some 4, or p ~ b; for some j. B

(3.3) Euclidean domains. a) An integral domain R is called Euclidean, if
R has a degree map 0: R\ {0} — Ny fulfilling the following condition: i) For
all a,b € R such that b # 0 there are ¢,r € R, called quotient and remainder
respectively, such that a = gb+ r, where r = 0 or 6(r) < §(b); and ii) whenever
a,b € R such that a | b # 0 then we have monotonicity d(a) < d(b).

Note that no uniqueness assumption is made in i). Moreover, it actually suffices
to require condition i), then condition ii) can fulfilled as well; but in all the cases
we will encounter, condition ii) will be automatically fulfilled anyway:

Letting ¢': R\ {0} — Ny obey to condition i), let 6: R\ {0} — Np:a —
min{d’(b) € No;b € R\ {0},a | b}. Then ¢ fulfills condition ii); and for a,b € R
such that b # 0, letting 0 # ¢ € R such that §(b) = ¢’(bc), there are ¢,r € R
such that a = ¢q(be) + 7 = (ge)b+r, where r = 0 or §(r) < §'(r) < §'(be) = §(b),
implying that condition i) is fulfilled as well. i
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As a consequence of ii), we have d(a) = §(b) whenever a ~ b # 0. Kind of
conversely, if a | b # 0 such that 6(a) = 4(b), then we have a ~ b: Using i),
there are ¢,r € R such that a = ¢gb+r, where r = 0 or §(r) < §(b); but assuming
r# 0 from a | (a—gb) = r, using i) we get §(a) < d(r) < §(b), a contradiction;
hence we infer r = 0, that is b | a as well.

For example, any field K is Euclidean with respect to the degree map 6: K* —
Np: & — 0. But again our most prominent example is Z, which will turn out to
be Euclidean with respect to the degree map §: Z\ {0} — Ny: z — |z].

b) The major feature of Euclidean domains is that greatest common divisors
always exist, and that they can be computed without factorising:

Given a,b € R, a greatest common divisor r € R and Bézout coefficients
s,t € Rsuch that r = sa+tb € R can be computed by the extended Euclidean
algorithm (EEA); leaving out the steps indicated by o, needed to compute
the s;,t; € R, just yields a greatest common divisor:

erg<a, T < b
059+ 1,80
otg <+ 0,11+ 1
o<1
e while r; # 0 do
® 711 < 1ri—1 mod 7; # remainder
0 q; < 1ri_1 divr; # quotient
O Si+1 < Si—1 — (iS;
O tip1 < ti—1 — ¢it;
o< 1+1
e return [r;s,t] < [ri—1;8-1,ti—1]
Since 6(r;) > d(ri41) > 0 for i € N, there is [ € N such that r; # 0 and r;1 = 0,
hence the algorithm terminates. We have ;41 = r;_1—q;ry, foralli € {1,...,1},
hence r; = s;a + ;b for all i € {0,...,l+ 1}, thus r = r; = sa + tb. Finally,
r =1, € ged(ry, 0) = ged(ry, 1) = ged(ry, riv1) = ged(ro, m1) = ged(a, b). i

(3.4) Theorem: Euclid implies Gauss. Any Euclidean domain is factorial.

Proof. Let R be an Euclidean domain with degree map §. We first show that
any 0 # a € R\ R* is a product of indecomposable elements: Assuming the
contrary, let a be chosen of minimal degree not having this property. Then «a is
decomposable, hence there are b,c € R\ R* such that a = be. Thus by mono-
tonicity we have §(b) < d(a) and d(c) < d(a), implying that both b and c¢ are
products of indecomposable elements, hence a is a product of indecomposable
elements as well, a contradiction.

In order to show uniqueness of factorizations, we next show that any indecom-
posable element 0 # a € R\ R* is a prime: Let b,c¢ € R such that a | be, where
may assume that a 1 b. Then we have 1 € ged(a,b), hence there are Bézout
coefficients s,¢ € R such that 1 = sa + tb, implying that a | sac + tbe = c.
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Now let a = u - [[;_, pi € R, where the p; are indecomposable, n € Ny and
u € R*. We proceed by induction on n € Ny, where we have n = 0 if and
only if @ € R*. Hence let n > 1, and let a = H;n:l g; € R, where the g;
are indecomposable and m € N. Since p,, is indecomposable, and hence is a
prime, we may assume that p,, | ¢, hence since g, is indecomposable we infer
Pn ~ ¢m. Thus we have u' - H;:ll pi = H;nz_ll g; € R, for some v’ € R*, and we
are done by induction. i

(3.5) Theorem. Any Euclidean domain is a principal ideal domain, that is
an integral domain all of whose ideals are principal.

Proof. Let R be Euclidean with degree map J, and let I < R, where we may
assume that I # {0}. Letting 0 # = € I be of minimal degree, we show that
I = zR: We of course have xR C I, hence it remains to show the converse. To
this end let y € I. Then there are ¢, € R such that y = gz + r, where r = 0
or 0(r) < §(z). Hence we have r =y — gx € I, and from the minimality of z we
infer that » = 0. This shows y = zq € xR, and thus I C zR. i

(3.6) Theorem. Any principal ideal domain is factorial. i

The converse implication is not true in general, as the example of the polynomial
ring Z[X] shows: By the Gauss Lemma (which we do not prove here either),
saying that a polynomial ring over a factorial domain is factorial again, Z[X]
is factorial, but the ideal I := (2, X) < Z[X] is not principal: Assume that
I = (d) for some d € Z[X], then we have d | 2 and d | X, from which, since
1 € ged(2,X), we infer d | 1, entailing I = (1) = Z[X]; but ¢5: Z[X] —
Z)2Z: X — 0 gives rise to a surjective ring homomorphism such that I C
ker(¢g), hence by the homomorphism theorem we have Z[X]/ ker(yg) = Z/2Z,
entailing I C ker(yg) # Z[X], a contradiction.

In conclusion we have the following inclusions between the various classes of rings
we have seen: {fields} C {Euclidean domains} C {principal ideal domains} C
{factorial domains} C {integral domains} C {commutative rings}. The exam-
ples presented so far or later on show that all inclusions are proper.

(3.7) Theorem. Let R be a factorial domain, let ay,...,ar € R\ {0} where
k € N, and let d € ged(as,...,ar) and ¢ € lem(aq,...,ar). Then for the
associated principal ideals the following holds:

a) We have ﬂle a;R=cR<R.
b) If R is a principal ideal domain, then we have Zle a; R = dR<4R; in particu-
lar, there are Bézout coefficients sq,...,s; € R such that d = Zle a;s; € R.

c) We have ﬂle a;R = Hle a; R < R if and only if the elements a, ..., a; are
pairwise coprime.
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Proof. a) For © € R we have z € ﬂle a;R if and only if a; | = for all
i €{1,...,k}, which holds if and only if ¢ | z, that is « € cR.

b) Since d | a; for all ¢ € {1,...,k}, we have Zle a;R C dR anyway.
Conversely, since R is a principal ideal domain, there is d’ € R such that
dR= Zle a;R. Hence, since d’' | a; for all i € {1,...,k}, we have d’ | d, thus
we get dR Cd'R = Zle a; R.

c) We have cR = ﬂle a;R = Hle a;R if and only if ¢ ~ Hle a;, that is

max{v,(a;);i € {1,...,k}} = Zle vp(a;), for all p € Pgr, where the latter
holds if and only if v,(a;) > 0 for at most one of the a;, for all p € Pg, that is
the elements ay,...,a; are pairwise coprime. i

IT Numbers
4 The integers

The following fundamental theorem was essentially known to EUCLID and LEG-
ENDRE [1797], but was first proven by GAuUss [1798]. The assertion also follows
from (3.4), together with the fact that Z is Euclidean, see (4.4). Still, following
ZERMELO [1928], we give a direct proof only using the principle of induction:

(4.1) Theorem: Fundamental Theorem of Arithmetic. Z is factorial.

Proof. As for the existence of factorizations, we may assume that n > 2. If n
is indecomposable, we are done, in particular settling the case n = 2. If n is
decomposable, then there are 2 < a,b < n such that n = ab, hence both a and
b have a factorization, thus n has a factorization as well.

As for uniqueness of factorizations, we assume that n = [[,_, p; = H‘;:l qj €
N, where r,s € Ng, and 2 < p; < - < p,and 2 < ¢ < -+ < ¢, are
indecomposable. The case n = 1 being clear, we may assume that n > 2, hence
both r,s > 1. Assume that p; # g1, where we may assume that p; < q1, and
let n = (g1 —=p1) - [[joo 5 = n—p1 - Tlj=s @ = pr- (ILico pi — T1j—5 q;)- Hence
we have 1 < n’ < n, and thus by induction n’ has a unique factorization. Since
p1 # g; for all j, hence in particular pi { (g1 — p1), the left hand side implies
that the factorization of n’ does not involve p;. But the right hand side says
that p; is involved, a contradiction. Thus we have p; = ¢, and by canceling
out p; we are done by induction. i

Since Z* = {£1}, a set of representatives of the associate classes of indecom-
posable elements is given by the set P C N of positive primes. Thus any
0 # z € Z can be written uniquely as z = sgn(z) - [ ep p*»(*) where the sign
sgn(z) € {£1} is defined by sgn(z) - z > 0, and v,(z) € Ny. Thus in particular
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Table 1: Euclid-Mullin sequence.

L L+ T i | Dr
1 2
2 3 3
3 7 7
4 43 43
5 1807 13
6 23479 53
7 1244335 5
8 6221671 6221671
9 38709183810571 | 38709183810571

10 1498400911280533294827535471 139
11 208277726667994127981027430331 2801
12 583385912397051552474857832354331 11
13 6417245036367567077223436155897631 17
14 109093165618248640312798414650259711 5471
15 | 596848709097438311151320126551570873411 52662739

greatest common divisors and lowest common multiples always exist in Z; we
write ged, (-) and lem (), respectively, for the non-negative ones in question.

(4.2) Theorem: Euclid [~ —300]. P is infinite.

Proof. Assume to the contrary that P = {p1,...,p,}, for some r € N, and let
z:=1+]]_; pi € Z. Then we have p; { z for all i € {1,...,r}, and since z has
a factorization we infer z = 1, a contradiction. i

Inspired by this, for z € Z\ {0, +1} letting pmin(2z) € P be the smallest positive
prime divisor of z, we consider the Euclid-Mullin sequence [MULLIN, 1963]
recursively defined by p; := 2 and p, := pmin(l + H:;ll pi) € P, for r > 2; see
Table 1. Hence the Euclid-Mullin sequence consists of pairwise distinct positive
primes, thus providing an algorithm to produce infinitely many of them. Noting
that typically 1 + H;;} p; is not a prime, and that the positive primes do not
show up in the Euclid-Mullin in natural order, the question arises whether the
Euclid-Mullin sequence contains every positive prime, which is an open problem.

(4.3) Distribution of primes. We wonder how the positive primes are dis-
tributed amongst the positive integers. There are various aspects we could pos-
sibly consider. We show that in a certain sense there are ‘many’ primes, that
‘locally’ primes are not too evenly distributed, but that the ‘global’ distribution
is extremely smooth:
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a) For n € N let the associated factorial be defined as n! :=n-(n—1)---2-1; we
let 0! := 1. Then for n > 4 consider {n!—n,...,n!—3,n! —2}: Since i | (n!—1)
for all i € {2,...,n}, and n < n! — n, this set does not contain any prime.

Hence we conclude that amongst the positive integers there are arbitrarily long
consecutive gaps without primes. But we also have the following result saying
that we indeed have to wait long enough to encounter large gaps:

Theorem: Bertrand’s Postulate [1845] [TCHEBYCHEF, 1852].
For any x > 1 the left-open interval ]z, 2x] C R contains a prime. 1

b) The following theorem says that compared to all positive integers there are
many positive primes, actually many more than squares. To this end, we first
recall that the series }°, -, L diverges, while >, -, -5 exists:

k
For the former we have the estimate Y, ;= =1+ Y, (Zi:gk—l_;’_l >

ok—1

k
T+ s (Zi:zk—lﬂ %) = T+ s 5 =142 3, which diverges. For
the latter we have 7, oy 75 <143 5, ﬁ =1+Y, G —3) <2

actually, we have the surprising result Y, -, = = %2 by EULER [1734]. i
Theorem [EULER, 1737]. The series ZpeP 5 diverges.
Proof. Assume to the contrary that ZPEP L exists. From > opep (i - %) <

D on>2 (=15 — 1) <1 we infer that ZpeP 57 exists as well. Now, for n € N let

P<pn:={p € P;p <n}, and for z € Z\ {0, £1} let pmax(z) € P be the largest

positive prime divisor of z; let additionally pmpax(£1) := 0.

Letting N € N we have ZnSN% < meax(n)SN% = HpepSN (Zkzop_k) =
1 1

HpGPSN I—p T — HpePSN ﬁ = HPG'PSN (1 + pj)'

The natural logarithm In: Ryy — R, fulfilling 88 In(z) = X and a s In(x) =

12, is strictly increasing and concave, in particular we have ln(l + x) <
for all 2 > —1. Using this we get ln(anN 1) <In (HpeP<N (1+-))

1 1 1
ZPEPSN In (1 + ﬁ) < ZPGPSN 571 < D_pep 1+ Where by assumptlon the
right hand side exists. Thus limy e (3, =) exists, a contradiction. f

x
<

c) For x € Ryg let P<, :={p € P;p < z}, and let w(z) := |P<,| be the prime
number function. We are interested in its asymptotic behavior for x — oco.
The following deep theorem was conjectured by Gauss [1793] and LEGENDRE
[1798], and first proven by HADAMARD, DE LA VALLEE POUSSIN [1896]:

Prime Number Theorem. We have lim,_, (W(LL') . @) =1. i

In(n)

The values of w(n) and Lln?T)L together with m(n) - , where n := 10* for
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Table 2: Prime number function.

[ logy(n) ) gkl 7)) 2
1 4 4 10.921034
2 25 21 | 1.15129
3 168 144 | 1.1605
4 1229 1085 | 1.13195
5 9592 8685 | 1.10432
6 78498 72382 | 1.08449
7 664579 620420 | 1.07117
8 5761455 5428681 | 1.0613
9 50847534 48254942 | 1.05373

10 455052511 434294481 | 1.0478

k € {1,...,10}, are given in Table 2. Here, |-|: R = Z: x — max{z € Z; z < z}
denotes the (lower) Gauss bracket. The figures for 7(n) have been computed
using the Sieve of Eratosthenes being described in (4.5).

(4.4) Theorem. Z is Euclidean with respect to d: Z\ {0} — Ng: z — |z|.

Proof. Since § is monotonous, we only have to show that Z allows for quotient
and remainder with respect to §. To do so, we even show that for all a,b € Z
such that b # 0 there are unique ¢, 7 € Z such that a = gb+r and 0 < r < |b|:

Let R := {a—xb € No;a € Z,a > xb}. Since a+sgn(b)-|a|-b € Ny we conclude
that R # (). Hence by the Principle of Induction there is a smallest element
r € R, and we let ¢ € Z such that a — ¢b = r. Assume that r > |b|, then we
have a — qb —sgn(b) - b = r — |b| > 0, contradicting the minimality of . Hence
we have a = ¢b + r where 0 < 7 < |b].

To show uniqueness, let ¢',r’ € Z such that a = ¢'b+ 1" and 0 < ' < |b|.
Then we have gb+ 1 = a = ¢'b+ 1/, thus (¢ — ¢')b = v’ — r. Hence we have
lg —q'| - |b| = |r" — r| < |b|, which implies that ¢ = ¢’, and thus r = r" as well.

Using the above notation we denote the quotient by (a div b) := ¢ € Z, and
the remainder by (a mod b) := r € {0,...,|b| — 1} =: Z;|, so that we have
a = (a div b) - b+ (a mod b). Note that for b > 0, using the fraction § € Q, we
have (a div b) = [ ¢].

Thus, since Euclidean domains are factorial, this yields another proof of the Fun-
damental Theorem of Arithmetic. Moreover, greatest common divisors always
in exit in Z, and they can be computed without factorization, by the extended
Euclidean algorithm.
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Table 3: Extended Euclidean algorithm in Z.

Lilla ]| ri] si] &
O J126] L] 0
18] 35 of 1
o 1| 21| 1]-3
31| 1af-1] 4
af 2| 7| 2|-7
5 0] 5] 18

Example. Letting a :=2-32-7 = 126 and b := 5 - 7 = 35, Table 3 shows that
r:=17=2a—"Tbe gcd(a,b).

(4.5) Computing factorizations. Still we might want to compute factoriza-
tions. We turn to the question of how to do this. This is based on the following:

Proposition. Any decomposable n € N has a divisor p € P where p < |/n].

Proof. There are 2 < a,b < n such that n = ab, where we may assume that
a < y/n. Thus any p € P such that p | a fulfills p < a < y/nandp | n. i

a) Hence it is useful to determine the set P<,, of primes up to some prescribed
bound n € N. This is done using the Sieve of Eratosthenes [~ —200]:

o L+ [2,...,n]
o k+1
e while k < |/n| do
e if £ in L then # k prime
oj(—k‘2
e while 5 < n do
o L L\{j}
e j+—j+k
ek k+1
e return £L  # contains P<,,

We may assume that n > 2, and letting K := |/n] € N we may even assume
that n = (K+1)2—1 > 3. By induction on k we show that, after k € {1,..., K}
has been treated, for j € {2,...,(k+ 1)2 — 1} we have j € L if and only if j
is a prime, and for j € {(k +1)%,...,n} we have j € £ if and only if all prime
divisors of j exceed k:

For k = 1 we have £ = {2,3} U {4,...,n}, hence the assertion holds. Let k > 2,
thus k& < k2, and by induction we have k € £ if and only if k is a prime. If k is
not a prime, then £ is unchanged, and for j € {k?,...,n} we have j € £ if and
only if all prime divisors of j exceed k — 1, or equivalently k. If k is a prime,
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Table 4: Sieve of Eratosthenes.

2 3 4 5 62 7 8 93 10
11 12, 13 14y 153 162 17 18, 19 20
213 229 23 245 255 269 273 28, 29 302
31 32, 333 342 355 362 37 38 393 40
41 429 43 445 453 469 47 48, 497 504

then {k? k2 + k,k? + 2k, ...} are deleted from £, and then for j € {k%,... n}
we have j € £ if and only if k£ 1 j and all prime divisors of j exceed k — 1, which
is again equivalent to saying that all prime divisors of j exceed k. In particular,
for j € {k?,...,(k+1)? — 1} we have j € L if and only if j is a prime. i

In practice, this is run only once for some fixed n, and the set P<,, is stored; a
typical choice is n := 108, where 7(n) = 5761455. Note that to save space only
the differences between the successive elements of P<,, are stored; recall that
by Bertrand’s Postulate for neighboring primes p < ¢ € P we have ¢ — p < p.

Example. This is carried out for n := 50, hence k = 7, in Table 4: The primes
left over are given in bold face, and subscripts indicate at which stage an integer
is deleted. Hence we indeed find 7 (50) = 15, where

Peso = {2,3,5,7,11,13,17,19,23,29, 31,37, 41,43, 47}.

b) Given n € N, let P 5 = {p1,...,pr}, where r = 7(y/n) € Ny and p; <
- < pr. Then the factorization of n is found by trial division as follows:

o L+
o forp € [p1,...,pr] do
e while (n mod p) = 0 do
o L+ LUIp|
en<ndvp
e if n =1 then
e return L ## factorization
e return [n) # n prime

By the Prime Number Theorem, the number of trials needed is given as w(y/n) ~
% ~ exp (3 In(n) — Inln(n)). Hence trial division is an exponential time
algorithm, in terms of the size In(n) of the input n. Although there are better

integer factorization algorithms, trial division is used in practice to treat small
n, or to discard small prime divisors of large n.
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5 Quadratic number rings

(5.1) Quadratic number fields. a) Let d € Z \ {0,1} be square-free. Let
\/gER>0Q(Cifd>0,and\/g::i~\/me((jifd<0,wherei:\/—71€(c
is the imaginary unit. Let Q[vd] := {a + bVd € C;a,b € Q} C C be the d-th
quadratic number field, where for d > 0 and d < 0 the latter is called real
and imaginary, respectively. For d = —1 we get the Gaussian number field
Q[i] = {a + bi € C;a,b € Q}. Note that, if d’ = ¢2d for some 0 # ¢ € Z, that is
d is the square-free part of d’, then we have Q[vd'| = Q[v/d]; for d € {0,1}
the analogous construction just yields Q[v/0] = Q[v/1] = Q.

From (a+bvVd)+ (o’ +¥Vd) = (a+a')+ (b+¥)Vd € QVd] and ¢- (a+bVd) =
ca + cbv/d € Q[Vd], for a,a’,b,b,c € Q, we conclude that Q[v/d] is Q-subspace
of C. We show that the Q-generating set {1,v/d} C Q[v/d] actually is a Q-basis,
in particular we have dimg(Q[v/d]) = 2:

Proposition. For d € Z\ {0, 1} square-free, {1,v/d} is Q-linearly independent.

Proof. Let a,b € Q such that a — bv/d = 0 € C, and assume that [a, b] # [0, 0].
Then we have both a, b # 0. Multiplying both a and b with the product of their
denominators, we may assume that a,b € Z. Hence we get vd = 7 €Q, in
other words a? = b2d € Z. This is a contradiction for d < 0. Hence we may
assume that d > 0, in which case we consider factorizations: The multiplicities
vp(a?) = 2 - vy(a) and v, (b%) = 2 - v,(b) are even, while v,(d) € {0,1}, for
all p € P, where there is some p € P such that v,(d) = 1. Hence all the
multiplicities on the left hand side of a? = b%d are even, while there is an odd
one on the right hand side, a contradiction. i

From (a+bvd)(a’ +b'vd) = (aa’ +bb'd)+(ab +a'b)Vd € Q[V/d], for a,a’, b,V €
Q, we conclude that Q[\/ﬁ] C Cis a commutative ring, and since C is an integral
domain, Q[v/d] is so as well. For 0 # a + bvd € Q[Vd], that is [a,b] # [0,0],

-1 _ — —bV/d — .
we have (a4 bvV/d)~! = a+;\/3 = (a+b\a/3)(a_b\/3) =1 (a— bV/d) € C; note

that from a + bv/d # 0 we conclude that a? — b?d # 0 as well. This shows that
a+ bV/d is a unit in Q[v/d], implying that Q[v/d] indeed is a field.

b) Let x: Q[Vd] — Q[Vd]: a + bV/d — a — bv/d be the Q-linear conjugation
map; for d < 0 this is just the restriction of complex conjugation to Q[v/d).
Then for a,a’,b,b' € Q we have x((a + bv/d)(a’ + b’\/&)) = k((ad’ 4+ bb'd) +
(ab + a'b)Vd) = (aa’ + bb'd) — (ab + a’b)Vd = (a — bVd) - (¢ — V'Vd) =
r(a+bv/d)-k(a’+b+/d), and we have x(1) = 1. Thus & is a ring isomorphism; for
0 # 2 € Q[Vd] from k(2)-k(271) = k(zz7') = k(1) = 1 we get r(2) "' = K(z71).
Now let N: QWd] — Q: a + bV/d — (a + bVd) - k(a + bV/d) = (a + bV/d) -
(a — bVd) = a®> — b*d be the norm map. Then we have N(1) = 1, and for
2,7 € Q[Vd] we get N(22') = N(2)N(2') € Q, hence in particular N(x(z)) =
k(2) - K2(2) = Kk(2) - 2 = N(2).
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(5.2) Quadratic number rings. a) Let d € Z \ {0,1} be square-free, and
let Z[Vd] := {a + bVd € C;a,b € Z} C Q[v/d]. Then by the above consider-
ations Z[\/Zi] is a commutative ring, hence is an integral domain, being called
a quadratic number ring, where for d > 0 and d < 0 it is called real and
imaginary, respectively; recall that {1,\/(7} is Q-linearly independent. For
d = —1 we get the Gaussian integers Z[i| = {a + bi € C;a,b € Z} [1807].

In particular, the conjugation map on Q[\/Zi] restricts to a ring isomorphism
rk: Z[Vd] — Z[Vd]: a+bvd— a—by/d, and similarly the norm map Q[v/d] — Q
yields a map N: Z[Vd] = Z: z — z - k(2).

b) If 4 | (d — 1), then let Z[XY9] .= {a 4+ b14Y4 € Cya,b € Z} = {1 (20 + b+
b/d) € C;a,b € Z} = {%(a—!—b\/a) € Cia,b€Z,2 | (a—0b)} C Q[Vd]; note
that {1, 1+T‘/3} is Q-linearly independent, and that Z[v/d] C Z[H'Q‘/g]. We show

that Z[H—Q‘/a] is a commutative ring, also being called a quadratic number
1+\/j3}
2

ring; in particular, for d = —3 we get the Eisenstein integers Z]

{3(a+b/=3)€C;a,b€Z,2 | (a—b)}:

For a,a’,b,b’ € Z such that 2 | (a —b) and 2 | (a’ — V'), we get %(a—kb\/g) .
L +¥Vd) = L(adtbtld | abHa’b .\ /q) Writing d = 4k + 1 for some k € Z,
in particular saying that d is odd, and noting that both {a,b} and {a’,b’} are
either both even or both odd, we conclude that both aa’ + bb'd and ab’ + a’b
are even, and that aa’ + bb'd — (ab’ + a’'b) = 4kbb + aa’ + bV’ — ab' — a’b =
4kbb' +(a—0b)(a’ —0') is divisible by 4, implying that % € Z and % ez

such that 2 | (“algbb'd _ ab’era’b). ;

Hence we get the ring isomorphism k: Z[H'Q—‘/E] — Z[#}: S(a+bV/d) —
1(a—bV/d), where a,b € Z such that 2 | (a—b); note that 2 | (a—b+2b) = (a+b).
Moreover, for a,b € Z such that 2 | (a —b), writing a = a+ 2] and b = 8+ 2m,
where either « = 8 = 1 or a = 8 = 0, and I,m € Z, we get a®> — b?d =
@ +4l(a+1) — (B2 +4m(B+m)) (1 +4k) = a® — B2+ 4n = 4n, for some n € Z.
Hence we indeed get a norm map N: Z[HT‘/E] — Z: Ya+bVd) — 1(a® - b2d).

(5.3) Units in quadratic number rings. We aim at describing the units in
quadratic number rings, which never are fields, and where it turns out that the
real and imaginary cases behave fundamentally differently.

Theorem. Let d € Z \ {0, 1} be square-free.
a) We have Z[Vd]* = {z € Z[Vd];|N(z)| = 1}.
If 4 | (d —1) then similarly we have Z[H’T‘/&]* ={ze€ Z[1+2\/3]; |N(2)| =1}.

b) For d < 0 we get the following: For d < —2 we get Z[v/d]* = {£1}, while for
d = —1 we have Z[i]* = {£1, +i}; note that Z[i]* = {1,4,i?,i3}.
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It 4 | (d—1) then similarly for d < —7 we get Z[2£¥4]* = {41}, while for
d < —3 we have Z[@]* = {#£1, iliQ‘/j?’}; note that letting (g := %ﬁ eC
we have (2 = =Y=3 and ¢¢ = —1, hence Z[C]* = {1, ¢, ¢2, .., 5}

Proof. a) Since N: Z[V/d] — Z is multiplicative such that N(1) = 1, we con-
clude that N restricts to a group homomorphism N: Z[Vd]* — Z* = {#1},
implying Z[Vd]* C {z € Z[Vd]; |N(z)| = 1}; conversely, if z € Z[v/d] such that
N(z) = z - k(2) € {£1}, then 2= = N(2) - k() € Z[Vd], hence z € Z[\/d)*.

Similarly, if 4 | (d — 1) the group homomorphism N : Z[#]* — Z* implies
Z[Ad) C {2 € Z[HY9); N (2)] = 1}; conversely, if z € Z[1/4] such that
N(z2) = z-r(z) € {£1}, then 271 = N(2) - k(2) € Z[l"’?—‘/&], hence z € Z[H‘—Q\/E]*.
b) For d < 0 we get Z[Vd]* = {a+bVd € Z[Vd];a®> +b*-|d| = 1}, in particular
for d = —1 we have Z[i]* = {a+bi € Z[i]; a®>+b* = 1}; this implies the assertion.
Similarly, if 4 | (d — 1) then we get Z[%]* = {3(a+bVd) € Z[H—z‘/g];a2 +
b% - |d| = 4}, in particular for d = —3 we have Z[HT‘/:S]* ={ia+b/=3) €
Z[@]; a? + 3b? = 4}; this implies the assertion. i

Theorem. Let d > 2 be square-free. Then the (multiplicative) group of units
ZIVA)* = {a + bVd € Z[Vd);a* — b*d € {#1}} is infinite of shape {1} x (e4).

If4 | (d—1) then similarly Z[2Y4]* = {L(a4+bV/d) € Z[25Y9); a>—b2d € {+4}}
is infinite of shape {1} x (€},); here ¢4 and €, are called fundamental units. f

(5.4) Quadratic number rings as factorial domains. Let d € Z \ {0,1}
be square-free, and to unify notation let Oy := Z[\d] if 4 1 (d — 1), and
Oq = Z[H—Q\/E] if 4 | (d—1); that is (for reasons we are not explaining here) in
the latter case we consider the larger of the quadratic number rings.

We wonder which Oy are factorial, where again we distinguish the cases d < 0
and d > 0. For d < 0, the following deep theorem was conjectured by GAUSS
[1798] and first proven by STARK [1967]:

Theorem. Let d < 0. Then Oy is factorial if and only if
de{-1,-2} U {-3,-7,—11} U {-19, 43, —67, —163},

where the first bunch are the values such that 4 t (d — 1), while the latter two
bunches are the values such that 4 | (d — 1), and the first two bunches by (5.6)
are the values for which Oy is Euclidean. i

In contrast, for d > 0 it still is an open problem which rings O, are factorial,
where it is even unknown whether infinitely many of them are so. For d < 30 the
ring Oy is factorial if and only if d € {2,3,5,6,7,11,13,14,17,19, 21, 22, 23, 29},
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of which by (5.6) only for d € {14,22,23} the ring Oy is not Euclidean with
respect to the norm map.

Example. i) We look for specific elements being indecomposable, but not a
prime [DEDEKIND, 1871]: To this end, let d < —3 be odd, and we consider the
ring Z[v/d], for which we have Z[v/d]* = {#1}. From N(a+bVd) = a>+b*-|d| >
0, for a,b € Z, we conclude N (a 4 bv/d) # 2.

We show that 2 € Z[v/d] is indecomposable, but not a prime: Assume that 2 =
xy, where z,y € Z[Vd] \ {#1}, hence we have N(z)N(y) = N(zy) = N(2) = 4,
and since N(z),N(y) > 1 we conclude N(z) = N(y) = 2, a contradiction.
Moreover, we have 2 | 1+ |d| = (1 +V/d)(1 — V/d) € Z[/d], but a comparison
of coefficients shows 2 t (1 £ +/d).

Hence we conclude that Z[v/d] is not factorial. This proves the above theorem
for 4 | (d+1). As there are d < —3 such that 4 | (d — 1) and Oy is factorial,
we observe that Z[v/d] and O, indeed might be essentially different.

ii) Let d < —5 be odd such that 4 | (d +1). We show that d — 1 and 2 + 2v/d
do not have a greatest common divisor in Z[v/d]:

Assume z = a + bV/d € Z[ﬂ], where a,b € Z, is a greatest common divisor.
Then taking norms we get N(z) | (d —1)? and N(2) | 4(d — 1), hence N(z) |
(d—1)-ged, (4,d—1). Moreover, 2 | z € Z[Vd] yields 4 | N(z), and (1+/d) |

z € Z[Vd] yields (d — 1) | N(z), thus % | N(z). Hence we conclude
that

m (d—1) | N(2) | (d—1)-ged, (4,d—1). Since 4 | (d+ 1) we
have ged, (4,d —1) = 2, and thus a® + b - |d| = N(z) = 2(1 — d). Hence we get
be {0,£1}. If b = 0, then a comparison of coefficients yields z = a € {£1, £2},
hence N(z) € {1,4}, a contradiction. If |b| = 1, then we get a> = 2 — d, hence
ais odd, thus 4 | (a+1)(a—1) =a? —1=d — 1, a contradiction. i

iii) For —12 < d < —2 even, there are just two cases to be considered:

For d := —6 we get 2 -3 = (v/—6) - (—v/—6) € Z[/—6]. From N(a + by/—6) =
a®+6b> > 0, for a,b € Z, we infer that N(z) ¢ {2, 3} for all z € Z[/—6]. Hence
N(2) =4 and N(3) = 9 and N(++/—6) = 6 imply that these elements are all
indecomposable, while the above product says that none of them is a prime.
Hence Z[\/—6] is not factorial.

For d := —10 we get 2-5 = (v/-10) - (—v/—10) € Z[v/-10]. From N(a +
by/—10) = a? + 100> > 0, for a,b € Z, we infer that N(z) ¢ {2,5} for all
z € Z[\/—10]. Hence N(2) = 4 and N(5) = 25 and N(£+/—10) = 10 imply that
these elements are all indecomposable, while the above product says that none
of them is a prime. Hence Z[+/—10] is not factorial.

(5.5) Quadratic number rings as principal ideal domains. This is im-
mediately settled; recall that principal ideal domains are factorial anyway:
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Theorem. Let d € Z \ {0,1} be square-free. Then the ring Oy is a principal
ideal domain if and only if it is factorial. i

Example. We consider the ring R := Z[+/—5], which is not factorial, and
hence possesses non-principal ideals. Indeed these are related to non-unique
factorizations, which can be unified using ideals of R:

We have R* = {1} and N(a + by/=5) = a? + 5b?%; in particular we have
N(a +by/=5) ¢ {2,3}. Thus N(2) = 4 and N(3) = 9 and N(1 +£+/-5) =6
show that the elements 2,3,1 + /=5 € R are indecomposable. Hence 2 -3 =
6 = (1 ++/=5)(1 — v/—5) are two essentially different factorizations.

Let Iy == (2,14 v/=5) and Iy := (3,14 /=5). Then we have I3 = (4,2 +
2¢/=5,—4 + 2y/=5) = (2) and I I; = (9,3 + 3v/=5,3 — 3v/=5,6) = (3), as
well as I I := (6,2 +2v/=5,3 +3v/~5, -4+ 2y/=5) = (1 +/=5) and LI; =
(6,2 — 2y/=5,3 + 3y/=5,6) = (1 — v/=5). Thus we get I3 - I I; = (2)(3) =
(6) = (1++/=5)(1 —/=5) = LI - I,I; , showing that both factorizations lead
to the same product of ideals.

We determine |R/Iy| and |R/IF|: For a 4+ by/—5 € R we have a + by/—5 =
a—b=((a—b) mod 2) (mod I5), implying that |R/I5| < 2; since I3 = (2) # R
implies I # R as well, we deduce |R/I5| = 2. Similarly, we have a + by/—5 =
aF b= ((aFb)mod3) (mod Iy), implying that |R/IF| < 3; since If I3 =
(3) # If we have I # R; assuming that 1 = —1 (mod I3) yields 2 € I3,
hence 1 =3 — 2 € I3, a contradiction; we deduce |R/I5| = 3.

We show I, and Igt are non-principal ideals: Assume that Iy = (z) for some
2z € Rythen 2z | 2and z | 14++/=5, entailing N(z) | N(2) =4and N(z) | N(1+
v/=5) = 6, hence N(z) | 2, and thus N(z) = 1, that is z € {£1}, and hence
I, = R, a contradiction. Similarly, assume that 13i = (z) for some z € R; then
z | 3and z | 14+/=5, entailing N(z) | N(3) =9 and N(z) | N(1+£+/-5) =6,
hence N(z) | 3, that is z € {£1}, and hence I = R, a contradiction.

Since the elements 2,3,1 + /=5 € R are indecomposable and non-associate,
we infer these elements are pairwise coprime, that is we may let do := 1 €
ged(2,1 4 /=5) and di := 1 € ged(3,1+ +/—=5). But we have I, C (dy) = R
and Igﬂ C <d3i> = R, saying that the greatest common divisors in question
cannot be written as a sum of multiples of the elements under consideration. f

(5.6) Quadratic number rings as Euclidean domains. Let d € Z \ {0, 1}
be square-free. We wonder which Oy are Euclidean. This is rarely the case:

Theorem. The ring O, is Euclidean with respect to the norm map, that is has
degree map 0: Oy \ {0} — Np: z — |N(z)|, if (but not only if)

de{-1,-2} U{=3,-7,—11} U {2,3} U {5,13},

where we distinguish the cases 4 1 (d —1) and 4 | (d — 1), as well as d < 0 and
d > 0. In particular, the Gaussian and the Eisenstein integers are Euclidean.
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Proof. Note first that the multiplicativity of the norm map N: Oy — Z implies
monotonicity. Hence we only have to show that this allows for quotient and
remainder. To do so, we distinguish the cases 4 { (d — 1) and 4 | (d — 1).

i) If d € {~2,-1,2,3}, then Oy = Z[Vd]. Let u,v € Z[\/d] such that v # 0.
Then let uv~" = s + tv/d € Q[V/d] for some s,t € Q, and let 2,y € Z such that
|s—z| < 1and [t—y| < 3. Let ¢ :=z+yVd € Z[Vd] and r := u—qu € Z[Vd].
Then we have r = v+ (™! —¢q) =v- ((s — ) + (t — y)V/d). Since |(s — z)? —
dt—y)?| < 1+2-F <1lfor|d <2,and -2 < (s—x)?—3(t—y)* < ; ford =3,
we get [N(r)] = [N(v)] [N (uv™! —q)] = [N(v)] - [(s — 2)* —d(t —y)*| < [N(v)|.
ii) If d € {—11,-7,-3,5,13}, then Oy = Z[HT\/E]. Let u,v € Z[H'T\/E] such
that v # 0. Let again uv—! = s +tv/d € Q[V/d] for some s,t € Q, let y € Z such
that |2¢ —y| < 3, then let 2 € Z such that |[s—2— %[ < 1. Let ¢ := x+y1+T‘/E €
Z[HT‘/E] and r :=u—qu € Z[#]. Since |(s—z—Y%)?—d(t—¥)?| < 1+11- L <1
for [d < 11, and —12 < (s —x — ¥)? — 13(t — 4)? < 1 for d = 13, we get

IN(r) = [N(v)]- [N(uv™! = q)| = \1\72(11)|-|(8—33—%)2 (=52 <IN(@). 4

Q=

Theorem. a) For d < —13 the ring Oy is not Euclidean. Hence for d < 0 the
ring Oy is Euclidean if and only if it is Euclidean with respect to the norm map.

b) For d > 0 the ring O, is Euclidean with respect to the norm map if and only
ifd € {2,3,5,6,7,11,13,17,19, 21, 29, 33,37, 41,55, 73}. #

In part a), it is not too difficult to see that for d < —13 the ring Oy is not
Euclidean with respect to any degree map. (But still we do not prove this
here.) Since for d € {—5,—6,—10} we have already seen in (5.4) that the ring
Og4 = Z[\/d] is not factorial, let alone Euclidean, the second assertion follows.

In part b), generalizing the method used to prove the preceding theorem, it is
not too difficult to see that for d € {2,3,5,6,7,13,17,21,29} the ring Oy is
Euclidean with respect to the norm map. (But still we do not prove this here.)
The full assertion, building on quite a few predecessors, was finally proved by
INKERI [1949] and CHATLAND-DAVENPORT [1950]. But it still is an open
problem whether there is a real quadratic number ring which is Euclidean, but
not Euclidean with respect to the norm map; actually, the factorial domain O14
is considered to be a possible candidate.

6 Applications

We present a few applications of quadratic number rings. The first one comes
quite unexpected, in preparation of which we determine a group of units first:

(6.1) Example. Let d := 2 and ¢ := 1 + /2 € Z[/2]. Then we have Z[2]* =
{+e* € Z[V2]; k € Z}, where the elements given are pairwise different.
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Proof. We have N(e¢) = —1, thus £¢* € Z[/2]* for all k € Z. Conversely, if
2 = a+bV2 € Z[V2]*, by going over to +z or +271 = £N(2) - x(z) if necessary
we may assume that a, b > 0. We are going to show that z = €* for some k € Ny.
To this end, we use induction on a + b € N, where we have a4+ b = 1 if and only
if b =0, in which case a = 1 and thus z = 1 = . Hence let now a + b > 2:

We next show that b < a < 2b: Assuming to the contrary that 0 < a < b, we
get 262 £1 = a? < b2, hence b < F1, thus b = 0, a contradiction; assuming
to the contrary that a > 2b > 0, we get 2b%> £ 1 = a? > 4b%, hence 2b® < £1,
thus b = 0, a contradiction. Now we have ¢! = —x(e) = —1 + /2, thus
ze ! = (a+bv2)(=14+V2) = (20— a) + (a — b)v/2, where both 2b — a > 0 and
a—>b>0. Since (2b —a) + (a —b) = b < a+ b, by induction there is k € Ny
such that ze~! = €*, hence z = **1.

It remains to be shown that the elements +¢* € Z[v/2]* are pairwise different,
for all k € Z: Since e % = (e71)* = (—k(e))* = (—1)Fk(e*), and €* € Z if and
only if k = 0, it again suffices to consider the elements €* € Z[/2]* for k € No.
But now letting € = a 4 bv/2 for a,b € Z, we get ¥+t = (a + b\/i)(l +2) =
(a + 2b) + (a + b)y/2, which by induction on k € Ny implies that a,b > 0, and
that a + b is strictly increasing with k. i

The above considerations yield recursion formulae to compute the coefficients
ag, by, € Ny of €8 = ay + bpv/2 € Z[V2], namely apyq := ay + 2by, and b1 :=
ay + by for k € Ny, where ag = 1 and by = 0. Hence both sequences [ag, a1, . . .|
and [bg, by, ...] are strictly increasing, where aj is odd, while by is even and
bok+1 is odd, for k € Ny. A few explicit values are given in Table 5.

We are now prepared for our application, keeping the notation used:

n

(6.2) Example. Amongst the sums s, ;== " ;i =1+2+---+n €N, where
n € N, there are infinitely many squares.

Proof. We are actually able to describe the squares occurring precisely, which
in particular shows that there are infinitely of them; a few values are given in
Table 5. To this end, let n € N such that w =s, = 52, for some s € N, or
equivalently n(n + 1) = 2s%; note that ged, (n,n+1) =1.

i) Let n be odd. Then we have n = m? for some odd m € N such that m | s, and
we let [ € N such that ml = s. From n(n+1) = 252 we get n — % = —1, which
yields m? —21%2 = —1. Hence there is k € N odd such that e¥ = m+1v/2 € Z[\@]
Conversely, given ¥ = m+1v/2 € Z[/2] for some k € N odd, we obtain n := m?

and s := ml fulfilling —1 =m? — 21> =n — %, hence n(n + 1) = 2s%.

ii) Let n be even. Then let n’ := n + 1. Hence n’ being odd we have n’ = m?

for some odd m € N such that m | s, and we let [ € N such that ml = s.
From (n' — 1)n’ = 2s? we get n/ — 25° — 1, which yields m? — 212 = 1. Hence

n’

there is k& € N even such that ¥ = m + [v/2 € Z[V2]. Conversely, given
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Table 5: Units €¥ = ay, + bpv/2 € Z[\/ﬁ}

’k\ ak bi n s = sn‘
0 1 0 0 0
1 1 1 1 1
2 3 2 8 6
3 7 5 49 35
4 17 12 288 204
5 41 29 1681 1189
6 99 70 9800 6930
7 239 169 57121 40391
8 577 408 332928 235416
9 1393 985 1940449 1372105

10 3363 2378 11309768 7997214
11 8119 5741 65918161 46611179
12 | 19601 13860 384199200 271669860
13| 47321 33461 | 2239277041 1583407981
14 | 114243 80782 | 13051463048 9228778026
15 | 275807 195025 | 76069501249 53789260175

" =m+1v2 € Z[V?2] for some k € N even, we obtain n := m? — 1 and s := ml

fulfilling 1 = m? — 202 = (n + 1) — 2%, hence n(n + 1) = 2s°. 4

Next we consider a couple of Diophantine equations, whose solutions are found
using the Euclidean domains Z[i] and Z[v/—2], respectively:

(6.3) Example: Diophantine equations. a) The equation X3 = Y2 +1 has
only the integer solutions x = 1 and y = 0. In other words, n = 0 is the only
square integer such that n + 1 is a cube.

b) The equation X? = Y?+2 has only the integer solutions z = 3 and y € {£5}.
(This fact was reportedly already known to FERMAT.) In other words, n = 26
is the only integer such that n — 1 is a square and n + 1 is a cube.

Proof. a) Let [z,y] € Z? be a solution. We go over to the ring Z[i], which is
Euclidean, hence factorial. We have 23 = y? + 1 = (y —i)(y + i) € Z[i].

Let v € ged(y — i,y + i), then v | ((y+14) — (y — 1)) = 2i = (1 +14)? € Z[1].
Hence we have v ~ 1 or v ~ (1 +1i) or v ~ (1 +1i)?; note that N(1+1i) =2 € Z
indecomposable implies that (1 + i) € Z[i] is indecomposable. Moreover, since
1—i= —i(l +4) ~ 1+ 4, using the conjugation map we infer v1;(y +14) =
vi—i(y—i) = v14i(y—1i), hence 3 | v144(23) = 2v145(y+1), thus 3 | vi4(y+i).
Let 7 € Z][i] be indecomposable such that 7w ¢ (1+14). Then 7 { v € Z][i], hence
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7 divides at most one of 14, thus 3 | v (2%) = vy (y+i). Since Z[i]* = {1, +i}
consists of cubes, we infer that y 4+ ¢ € Z[i] is a cube. There are a,b € Z such
that y+i = (a+bi)® = a(a®—3b*)+b(3a> —b?)i € Z[i], implying b(3a®> —b?) = 1,
hence b = —1 and a = 0, and thus y = a(a® — 3b?) = 0.

b) Let [z,y] € Z? be a solution. Assume that y is even, then y? + 2 is even,
but not divisible by 4; hence x is even, thus x> is divisible by 8, a contradiction.
Hence y is odd. Now we go over to the ring Z[v/—2], which is Euclidean, hence
factorial. We have 2% = 4> + 2 = (y — vV=2)(y + V—-2) € Z[V/—2]. We next
show that y — v/—2 and y + /=2 are coprime in Z[y/—2]:

Let ¢+ dv/=2 € ged(y — vV=2,y ++/=2), then (c+dv/-2) | ((y+v-2)+ (y—
V=2) = 2y € ZIV=2) and (c-+ dv=2) | ((y++=2) — (y— v=3) = 2/~Z €
Z[\/—=2]. Taking norms yields ¢ +2d? | 4y € Z and ¢*+2d? | 8 € Z, implying
> +2d? | ged (4y?,8) = 4 € Z. Hence [c,d] € {[0, £1],[£1,0], [+2,0]}. Assume
that /=2 | (y—+/—2) € Z[\/=2], then /=2 | y € Z[\/=2], hence 2 | y?> € Z, a
contradiction; assume that 2 | (y — /=2) € Z[/=2], then /-2 | (y —V/-2) €
Z[\/—2], which is known to be a contradiction. Hence we have c+dv/—2 € {£1}.

Since Z[v/—2]* = {#1} consists of cubes, we infer that both y4+/—2 € Z[/—2]
are cubes, thus there is a + bv/—2 € Z[\/=2] such that (a +by/—2)% = y + /-2,
where the left hand side equals (a + by/—2)% = a(a? — 6b?) + b(3a? — 2b%)\/—2.
This yields a(a? —6b?) = y and b(3a% —2b2) = 1. Hence we infer |b| = 1. Assume
that b = —1, then 3a? = 1, a contradiction. Thus we have b = 1, hence 3a® = 3,
entailing a € {+1}. Hence we have y = a(a? — 6b%) € {F5}, and z = 3. 1

(6.4) Example: Gaussian primes. We proceed to determine the primes in
Zli]. Recall that Z[i] is Euclidean, hence is a principal ideal domain, and thus
is factorial. Conjugation is given as x: Z[i] — Z[i]: a + bi — a — bi, and the
norm map is N: Z[i] — Z: a + bi + (a + bi)(a — bi) = a® + b>. Moreover, we
have Z[i|* = {z € Z[i]; N(z) = 1} = {£1, £i}.

Lemma. Let 7 € Z][i] be a prime. Then there is a unique p € P C Z such that
7 | p € Z[i], and we have N () € {p,p?}.

Proof. We have N(w) € Z such that N(7) > 1. Hence considering the factor-
ization of N(w) € Z, from N(m) = - k() and 7 € Z[i] being a prime we infer
that 7 | p € Z[i] for some prime p € P such that p | N(mw) € Z. Moreover,
from 7 | p we get N(w) | N(p) = p?, hence N(w) € {p,p?}, which also shows
that the prime p € P such that 7 | p € Z[i] is uniquely determined. i

The primes 7 € Z[i] can be grouped according to the prime p € P they divide:

Theorem. Let 7 € Z[i] be a prime, and let p € P such that = | p € Z]i].

a) If p = 2, then we have 2 ~ (1 +4)?, in other words 7 € {1 & i} are the
prime divisors of 2 in Z[i]; the prime 2 is called ramified in Z[i].
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b) If 4 | p+1, then we have 7 ~ p, in other words m € {+p, +ip} are the prime
divisors of p in Z[i]; the prime p is called inert in Z][i].

c) If4 | p—1, then we have p = 7 - k(7), where m o k(w), in other words
{£m, tim, £k(7), tik(m)} are the prime divisors of p in Z[i]; the prime p is
called split in Z[i].

Proof. a) Let p = 2. From N(1 +¢) = 2 we infer that 1 + ¢ € Z[¢] is a prime,
and hence we have the factorization (1 + )% ~ (1 4+1i)(1 —i) = 2 € Z[i]. This
implies m ~ 1 + .

b) Let 4 | p+ 1. Assume that N(7) = p, then writing 7 = a + b, for some
a,b € Z, yields a2 + b*> = p. We have a = o’ + 4k and b = b/ + 41, for some
a', vV €{0,...,3} and k,l € Z. From this we get a® + b*> = ¢ + 4m, for some
c €{0,1,2} and m € Z, thus 4 { a® + b? + 1, a contradiction. Hence we have
N(7) = p*® = N(p), entailing 7 ~ p.

c) Let 4 | p— 1. Then by (10.6), as a consequence of Artin’s Theorem, the
quadratic congruence X% +1 = 0 (mod p) is solvable, hence let z € Z,, such
that p | 22 + 1. We consider the ideal I := (p,z + i) < Z[i]. Since Z[i] is a
principal ideal domain, we have I = (7) where 7 € ged(p, x + i) C Z[i].

For any z € I there are «, 8 € Z[i] such that z = pa + (x + i)3, hence we have
N(2) = N(pa+ (2 +0)B) = (pa+ (z+i)B) - (pila) + (& — )x(8)) = pN(a) +
(22 + 1)N(B) + p(z — i)ar(B) + p(x + i)k(a)p, bhowing that p | N(z) € Z[i].
In particular, m € Z[i] is not a unit, that is N (7

) >
Since 7 | p and 7 | 4+ ¢ we have N(7) | N(p) = N(m) | N(x+14) =
(x+i)(x —i) =22+ 1. Since 22 +1 < (p — )2+ —2(p—1) < p?, we
have N(7) < p?, hence we conclude that N(m) = p.

Thus in particular = € Z[i] is a prime. Assume that 7 ~ k(7), then 7 ~ k() |
k(z+i) =z —i, hence | ((x+1i)— (z—1i)) = 2¢, implying N(7) | N(2i) =4,
a contradiction. Thus we have 7 ¢ k(). Hence from k(7)) | k(p) = p we get
7 k(7)) | p. Since N (7 - k(7)) = p?> = N(p), we conclude that 7 - k(7) ~p. 4

In the last case, if 4 | p — 1, writing 7 = a + bi € Z[i] for some a,b € Z, from
N(m) =a%+b*> =p we get a,b # 0 and a # b, and the prime divisors of p are
given as {£, tim, £kr(7), Lir(w)} = {+a £ ib, b L ia}.

Moreover, 7 is found as follows: We first determine « € Z, such that p | 2241,
subsequently we compute 7 € ged(p, x+1i) C Z[i] using the Euclidean algorithm;

actually, by Wilson’s Theorem, see (10.5), we have x = ((i(pQI) ) mod p).

Corollary. A prime p € P is a sum of two squares in Z if and only if p = 2
or 4 | p— 1. In this case, there is a unique representation p = a? + b?, where

a,b € N such that a < b. i

This yields the following application to a question of integer arithmetic:
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(6.5) Theorem: Euler’s two-squares theorem [1754].
Let n =2°-T[_, pi" - [1;=1 q?j € N, where p;, g; € P are pairwise distinct odd

7

primes, such that 4 | p; —1 and 4 | ¢; + 1, and where ¢ € Ny and a;,b; € N,
for some 7, s € Np.

a) Then n is a sum of two squares in Z if and only if by, ..., bs are all even.

b) There is a primitive representation n = a? + b2, that is a,b € Z such that
ged, (a,b) = 1, if and only if ¢ € {0,1} and s = 0. In this case, if > 1 there
are precisely 2" ! primitive representations such that a,b € N such that a < b;
if » =0 then 1 = 0% 4 12 and 2 = 12 + 12 have a unique such representation.

Proof. a) If n = a? +b?> = N(a+bi) = (a+ bi) - x(a + bi), where a,b € Z, then
b.
we have the factorization a+bi ~ (1+4)-T[;_, (75 ~/<a(7ri)a;) 12, qu € ZJi],

i
where p; ~ m; - k(m;) € Z[i], and oy, o} € Ny such that a; + o) = a;, for all
i€ {l,...,r}. Hence b; is even, for all j € {1,...,s}. Conversely, if the latter
condition holds, then any element of Z[i] having a factorization as above gives

rise to a decomposition of n as a sum of two squares in Z.

b
b) If n has a primitive representation, then from 2(¢ 41V 2) -H;Zl qf] | ged, (a,b)
we get ¢ < 1 and s = 0. Hence let a+bi ~ (1+4)°-T[;_; (7 -/{(m—)o‘é)7 where
¢ < 1; we may assume that » > 1. Then we have gcd, (a,b) > 1 if and only
if there is p € P such that p | a + bi € Z[i]. From the given factorization of
a + bi we infer that this is equivalent to having m; - k(m;) ~ p; | a + bi for some
i € {1,...,r}, which in turn amounts to say that both «;,a > 0. Hence the
primitive representations are precisely given by choosing {a;, o} = {a;,0} for
all i € {1,...,r}. Thus there are 2" choices, which by interchanging all of the
a; and o consist of 277! pairs of mutually conjugate ones. i

Example. For p := 5 we get  := 2, hence N(x +1i) = 5 = p shows that
7 ~ 2+i € Z[i]; thus we get 5 = 12+22. For p := 13 we get x := 5, then quotient
and remainder yields p = (3—14)(x+1i)— (3—2i), hence N(3+2i) = 13 = p shows
that 7 ~ 3+ 2i € Z[i]; thus we get 13 = 224 32%. Thus for n := 65 = 5-13, up to
conjugation we get a+bi ~ (2+4)(3+2i) = 44+7i and a+bi ~ (244)(3—2i) = 8—1,
which hence yield 65 = 42 + 72 = 12 4 82,

(6.6) Sums of squares. By Euler’s Theorem there are infinitely many positive
integers which are a sum of two squares in Z. But since there are infinitely many
primes congruent to 3 modulo 4, see (13.1), there also infinitely many positive
integers which cannot be written as a sum of two squares in Z.

Hence, firstly we may ask, how ‘dense’ the set of positive integers which are a
sum of two squares in Z is as a subset of all positive integers: Letting o9(z) :=
{n € Nyn < x,n = a® + b? for some a,b € Z}|, for x € R+, due to LANDAU
[1909] we have lim, o (02()- 7&;(1’)) = ¢ > 0, hence lim,_, ‘TQT(‘E) = 0. (This
we do not prove here.)
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Secondly, we wonder whether allowing for more summands changes the picture,
and we may ask whether there is a fixed number s € N such that any positive
integer can be written as a sum of s squares in Z. Since 7 = 12 + 12 4 12 + 22
is the only way of writing 7 non-trivially as a sum of squares in Z, we conclude
that s > 4, if it exists at all. Indeed s exists, and we have s = 4 by the following
theorem (which is not proven here either):

Theorem: Lagrange’s four-squares theorem [1770].
Any positive integer can be written as a sum of four squares in Z. #

IIT Congruences

7 Residue classes

(7.1) Residue class rings. a) Let n € N. We consider the relation M,, :=
{[a,b] € Z?;(a mod n) = (bmod n) € Z,}, where Z,, := {0,...,n — 1}; in this
case we write ¢ = b (mod n). In other words, for a,b € Z we have a = b
(mod n), if and only if a and b have the same remainder upon division by n.

Then M, is an equivalence relation on Z, that is M,, is reflexive, symmetric and
transitive. The associated equivalence classes @ = [a],, = {b € Z;(a mod n) =
(bmod n)} C Z, for a € Z, are called residue classes modulo n.

Lemma. Fora € Z wehavea={a+kne€Z;kcZ}={beZ;n | (a—0b)}.

Proof. Let b € @, then there are ¢ € Z,, and r,s € Z such that a = ¢+ rn and
b = c+sn, hence b = a+(s—r)n; this shows a C {a+kn € Z; k € Z}. Let k € Z,
then n | kn = ((a+kn) —a) shows {a+kn € Z;k € Z} C{b € Z;n | (a—b)}.

Let finally b € Z such that n | (a —b), and let ¢,d € Z,, and r, s € Z such that
a=c+rnand b=d+sn, then n | ((a—b)+ (r — s)n) = ¢ — d. Hence from
|c — d| < n we conclude ¢ = d, showing that {b € Z;n | (a —b)} Ca. i

b) Hence we also write @ = a + nZ := {a + kn € Z;k € Z} C Z. Now let
Z/nZ := {a+nZ C Z;a € Z} be the set of residue classes. This gives rise to
the natural map v,,: Z — Z/nZ: a — a + nZ; note that v, is surjective.

Then quotient and remainder shows that Z/nZ = {a + nZ C Z;a € Z,} =
{0,...,n —1}. Moreover, since (a mod n) = a for a € Z,, we conclude that the
latter residue classes are pairwise different. Thus Z,, is a set of representatives
of the residue classes modulo n, that is the natural map induces a bijection
Zn, — Z/nZ, and hence we have the disjoint union Z =[], (a +nZ).

For example, for n = 2 the equivalence classes are 0+ 2Z = {0,2,—-2,4,—4,...}
and 1+2Z = {1,-1,3,-3,...}, that is the even and odd integers, respectively.
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Proposition. Let n € N.

a) The set Z/nZ = {0,...,n—1} is a commutative ring, being called the as-
sociated residue class ring, with addition @ + b := a + b and multiplication

@-b:= ab, for a,b € Z, with additive neutral element 0, the additive inverse of
@ being —a, and multiplicative neutral element 1.

Moreover, the natural map v, : Z — Z/nZ: a — @ is a surjective ring homo-
morphism such that ker(v,) = nZ <Z.

b) The set Z,, = {0,...,n — 1} is a commutative ring, with addition a 4+ b :=
((a + b) mod n) and multiplication a - b := ((ab) mod n), for a,b € Z,, with
additive neutral element 0, the additive inverse of a being ((—a) mod n) and
multiplicative neutral element 1.

Moreover, the map vy|z, : Zn, — Z/nZ: a — @ is a ring isomorphism.

Proof. a) Noting that nZ <Z is an ideal, the assertion follows from the homo-
morphism theorem, but we prefer to give an explicit proof. To this end, we only
have to show that addition and multiplication are independent of the choice of
representatives of the equivalence classes; then the rules of arithmetic in Z/nZ
are inherited from those in Z via the natural map:

Let a,a’,b,b’ € Z such that @ = ¢’ and b = ¥/, that is there are k,! € Z such
that @’ = a+ kn and b = b+ In. Hence we have o' +V' = (a+kn) + (b+1In) =
(a+b)+ (k+n and @'V’ = (a + kn)(b+ In) = ab + (al + bk + kin)n, thus
a’ +b =a+0band a't/ = ab.

In particular, the natural map becomes a ring homomorphism. Moreover, for
k € Z we have v, (kn) = kn = 0, hence nZ C ker(v,,); conversely, for a € ker(v,)
we have @ = v, () = 0, hence a = kn for some k € Z, showing that ker(v,,) C nZ.

b) We have already seen that restricting the natural map yields the bijection
Wn = Vplz,: Zn — Z/nZ: a — @. Hence Z, becomes a commutative ring by
transport of structure, that is by letting a + b := w, (wn(a) + w, (b)) =
wt@+b) =w,(a+b) = ((a+b) modn) and a - b := w, H(w,(a) - w,(b) =
wyl(@-b) = w; (a-b) = ((a-b) modn), for a,b € Z,, the additive and multi-
plicative neutral elements being given by w,1(0) = 0 and w,, (1) = 1, respec-
tively. This also shows that w,, is a ring homomorphism. i

Note that Z/nZ is the zero ring if and only if n = 1. Addition and multiplication
in the rings Z/nZ, where n € {2,...,5}, are as given below; note that the case
n = 2 is reminiscent of boolean algebra, by identifying 0 and 1 with the logical
values false and true, respectively, and ‘+’ and ‘-’ with the logical operations
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exclusive or and and, respectively:

F70 T 23 1] [0 1 23 1
T T 0T 070 T 3 3 2] [0]0 0000
i - I|T23 30| |1|071 23 1
% % % %%;% 2123320 71||2l02 1713

3/3 30713 [3/0371133

ilz7 0712 3||3l033 21
TT0 T 23 [ (0T 323 - o
’ou)1 3 3"0&)0 5 0‘ 10 1 2] [ [0 1 2]
I/T 2 30| (1|01 2 3 %gﬁ% % % g % g
212 30 1| 2|02 0 2 R N
313 071 2| /3/03 21

(7.2) Example: Fermat numbers. For n € Ny let F), := 22" 41 € N be the
n-th Fermat number. Then Fy =2'4+1 =3, F; =224+1 =5, [, = 2*4+1 =17,
F3 =28 4+1=257, [, = 2'6 41 = 65537 are all primes, and it was conjectured
by FERMAT [1640] that F,, always is a prime.

Nowadays, all F,, for n € {5,...,32} are known to be composite, but it still is
an open problem whether {Fp, ..., F4} are the only Fermat primes. Even worse,
complete factorizations are only known for n < 11; see also (13.3).

For example, the Fermat number F5 = 232 +1 = 4294 967 297 ~ 4-10° factorises
as F5 = 6416700417 [EULER, 1732]. Having the candidate divisor 641 in our
hands, we may prove that actually 641 | F5 by showing that F5 = 0 € Z/641Z:

We have 641 = 640 +1 = 5-27 + 1, thus 527 = —1 € Z/6417Z, and 641 =
625+ 16 = 54+ 2%, thus 2* = —5' € Z/641Z, hence F5 =2 +1=2"-2" +1=
5T 4T 5o 4 T= (D)4 +T=-T+1=0cZ/641Z. ¢

(7.3) Theorem. Let n € N.
a) Then 0 # @ € Z/n’Z is a zero-divisor if and only if ged | (a,n) > 1.

b) The group of units of Z/nZ equals (Z/nZ)* = {a € Z/nZ;gcd  (a,n) = 1}.
Hence the latter is also called the group of prime residues classes modulo n.

In particular, this shows that Z/nZ is an integral domain if and only if Z/nZ is
a field, which holds if and only if n is a prime.

Proof. Note that the greatest common divisors occurring in the assertions are
indeed independent of the residue class representatives chosen: If a,a’ € Z such
that @ = o/ € Z/nZ, then we have a’ = a + kn for some k € N, and thus
ged(a’,n) = ged(a + kn,n) = ged(a,n) C Z. Moreover, note that for @ € Z/nZ
we have ged, (a,n) € {1,...,n}, and ged (a,n) = n if and only if @ = 0.
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Since Z/nZ is finite, we already know that any of its non-zero elements is either
a zero-divisor or a unit. Hence the arguments to follow are somewhat redundant,
but still we prefer to give them explicitly:

We show that @ € Z/nZ is a unit if and only if ged, (a,n) = 1: Let @ € (Z/nZ)*,
then there is b € Z/nZ such that ab = T € Z/nZ, that is there is k € Z such that
ab+kn =1 € Z, which implies that ged, (a,n) = 1. Conversely, if ged,, (a,n) =
1 then there are Bézout coefficients ¢, ¢’ € Z such that ac + nc’ = 1 € Z, hence
we have a¢ = 1 € Z/nZ, implying that @ € (Z/nZ)* such that @' =¢ € Z/nZ.

We show that 0 # @ € Z/nZ is a zero-divisor if and only if ged (a,n) > 1:
Let d := ged, (a,n) > 1, then there is 0 # b € Z,, such that bd = n, thus we
have n | ab, hence ab = 0 € Z/nZ, implying that @ € Z/nZ is a zero-divisor.
Conversely, let ged (a,n) = 1, and let b € Z/nZ such that ab = 0 € Z/nZ,
then we have n | ab, and since a and n are coprime we infer that n | b, that is
b =0 € Z/nZ, which implies that @ € Z/nZ is not a zero-divisor.

The last assertion follows from observing that we have ged, (a,n) = 1 for all
0 # a € Z,, if and only if n is indecomposable, that is a prime. #

Note that the above argument shows that the inverse of @ € (Z/nZ)* is found us-
ing the extended Euclidean algorithm: Computing ged, (a,n) = 1 yields Bézout
coefficients ¢, ¢’ € Z such that ac +nc’ =1 € Z, thusa ' = ¢ € Z/nZ.

8 Linear congruences

(8.1) Theorem. Let n € N. Given a,b € Z, the linear congruence aX =
(mod n) has a solution, that is there is € Z such that az = b (mod n), or
equivalently T € Z/nZ such that az = b € Z/nZ, if and only if ged (a,n) | b.
In this case, but apart from this independently of the choice of b, there are
precisely ged, (a,n) solutions T € Z/nZ, or equivalently solutions x € Z,,.

Proof. Let d := gcd, (a,n). We first show that the condition given is necessary:
Given T € Z/nZ, we have ax = b if and only if there is k € Z such that
ax = b+ kn; in particular in this case we have d = ged, (a,n) | ax — kn = b.

To show sufficiency, we may now let n/,a’,b’ € Z such that n = dn’, a = dd’
and b = db’. Then for a solution T € Z/nZ of the linear congruence aX = b
(mod n) we have da’z = db’ + kdn/, for some k € Z, hence a’x = b’ +kn/, that is
T € Z/n'Z is a solution of the linear congruence ¢’ X = (mod n’). Conversely,
if T € Z/n'Z is a solution of the latter, from o’z = b’ + kn’, for some k € Z, we
infer ax = b+ kn, thus T € Z/nZ is a solution of the given linear congruence.

For the natural maps v,: Z — Z/n'Z and v, : Z — Z/n'Z we have nZ =
ker(v,,) C ker(v,) = n'Z, hence by the homomorphism theorem there is an
induced natural map v : Z/nZ — Z/n'Z: Z — Z. The kernel of v, is given as
ker(v)) = ker(vy)/ ker(vy,) = n'Z/nZ = {0+ nZ,n' +nZ,...,(d—1)n' +nZ};
in particular we have |ker(v),)| = d.
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By the above, T is a solution of aX = b (mod n) if and only if T is a solu-
tion of a’X = b’ (mod n/). We have ged, (a/,n') = 1, hence o’ € (Z/n'Z)*.

Thus there is ¢ € (Z/n'Z)* such that de =1 € (Z/n'Z)*, and we have
a'z =V € Z/n'Z if and only if T = b'c € Z/n'Z. Thus the given linear congru-
ence has a solution T := V¢ € Z/nZ, whose residue class v, (Z) =T € Z/n'Z
is uniquely determined, hence the set of solutions is given as T + ker(v}) =

{Z,x+n',...,2+ (d—1)n'} CZ/nZ. i

In particular, we have @ € (Z/nZ)* if and only if we always have a solution,
which is equivalent to saying that solutions, if existent, are unique.

Moreover, in general, the solutions can be found using the extended Euclidean
algorithm: Computing ged, (a,n) = d yields Bézout coefficients ¢, ¢’ € Z such
that ac+nc’ = d € Z, hence letting n' := 4 and o’ := § we have a’c+n'c’ =1,

-1 _
and thus we have ' = ¢ € Z/n'Z. Hence the set of solutions is given as
{Z,z+n',...,2 4+ (d—1)n'} CZ/nZ, where T :=b'c € Z/nZ.

Example. We consider the linear congruence 35X = b (mod 126), where we
may assume that b € Zi96. Hence we have n = 126 and a = 35, and there is
a solution if and only if d = 7 = ged , (35,126) | b, that is b € {0,7,...,119}.
In this case we have n' = 5 = % = 18and ¢ = § = 35 — 5, yielding
the linear congruence 5X = V' (mod 18), where b’ = g = 2 € Z13. From
d=7=2-126—"7-35=2n—"Ta, see (4.4), we get 1 =2-18 —7-5 = 2n' — Td/,
hence we have 5~ = —7 = 11 € Z/18Z. This yields T = 118’ € Z/18Z. Thus
the set of solutions is given as {118', 110" + 18,...,11b' + 108} C Z/126Z.

9

TN

(8.2) Simultaneous linear congruences. Let ny,...,n; € N, for some k €
N, and by,...,b, € Z. We wonder when the system of linear congruences X = b;
(mod n;), for all i € {1,...,k}, has a solution, and how these look like.

To this end, let I; := n;Z<Z and @le Z/1I; be the direct sum of the quotient
rings Z/I;, that is the Cartesian product of the sets Z/I;, which is a commutative
ring again with respect to component-wise addition and multiplication. Then
we have the natural map vy, . n.:Z — @le Z/ILi:x =[x+ I,...,¢+ I},
for which we have ker(vy,, . n,) = ﬂle I, =lem(ny,...,ng)+Z <Z. By the ho-
momorphism theorem, v, . n, induces a ring isomorphism Z/ ker(vy, .., L) —
im(vy, ... n, ), where the latter is described as follows:

Theorem: Generalized Chinese remainder theorem. Let [;; := I; +1; =
niZ + n;Z = ged | (ng,nj)Z, for i < j € {1,...,k}. Then we have

k
(v, ) = {01, - k] € @D Z/Lisbs + Iij = by + Ij € Z/I; for all i < j}.
i=1
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Proof. Let R C @le Z/I; denote the right hand side, where since I;,I; C
I;; the defining equations for R are indeed well-defined. By the natural map
VII:j 1 Z)I; — Z/1;;, for © € Z we get I/}’] (e+L)=x+1;; = Vllfj (x+1I;). Hence
we have im(v) C R. For the converse, we first consider the case k = 2:

Writing n,n’ € N and I := nZ + n'Z for simplicity, we have R = {[b, 0] €
ZInZ & Z/0'Z;b+1 =V + 1 € Z/I}. Letting d := ged (n,n’), there are
Bézout coefficients s,t € Z such that d = sn + tn’. Now for [b,b'] € R we have
b —b e I = dZ, thus there is k € Z such that ¥/ — b = kd = ksn + ktn/,
hence x = b+ ksn = b/ — ktn' € Z fulfills T = b+ ksn = b € Z/nZ and
T =10 —ktn/ =V € Z/n'Z, showing that v, ,(z) = [b,V’]. Hence we conclude
that im(v,, ,,v) = R, settling this case.

Next, for k > 2 we have the following relation ged, (lemy (n4,...,np—1), %) =
lemy (ged, (n1, 1), ..., gcd,y (ng—1,n%)): Since these numbers are determined
prime-by-prime, we may assume that n; = p®, for some p € P and «; €
Np; then in terms of the multiplicities o; € Ny the left hand side is trans-
lated into min{max{aq,...,ak—1},ar}, which is oy if a; > «p for some i €
{1,...,k — 1}, and otherwise is max{«1,...,ar_1}; the latter in turn equals
max{min{ay, g}, ..., min{og_1,ar}}, representing the right hand side.

Now we proceed by induction on k € N, where the case k = 1 is trivial. Hence
let k > 2, and let [by,...,b;] € R. Letting Jp_; := ﬂf;ll I;, the above relation
between greatest common divisors and lowest common multiples translates into
Jp_1+1; = ﬂf;ll I;;, Q7. By induction we may assume that there isZ € Z/J,_1
such that « + I; = b;+ I; € Z/I;, for i € {1,...,k — 1}. We have x + I;;, =
bi+ 1Ly =bp+1i € Z/ L, for alli € {1,...,k—1}, entailing x —by, € ﬂi.:ll I =
Jix—1 + I, or equivalently © + Jr_1 + I = by + Jp—1 + I € Z/(Jk,1 + Ik)
Thus the two-moduli case yields the existence of § € Z/(Jy—1 N Ii) such that
y+Jk_1=.T+Jk_1EZ/Jk_1 and y—‘rlk:bk—‘rkaZ/Ik. #

Corollary: Chinese remainder theorem. Let now nqy,...,n; be pairwise
coprime, that is ged (ns,n;) = 1, or equivalently I;; = I; + I; = Z, for all
i#7€{l,...,k}. Then we have

i) lem(ny, ..., ne) 1 = 15, na, that is ker(vn, ) = Moy I = [Ti_, i, and
ii) vp, ... n, is surjective, that is im(vp,,  n,) = @le Z/I;.

Thus vy, .. n, induces a ring isomorphism Z/(Hf=1 n;)Z — @le Z/n;Z. i

In other words, the system of linear congruences X = b; (mod n;), for all ¢ €
{1,...,k}, has a solution if and only if b; = b; (mod gcd_ (n;,n;)), for all i <
j€{1,...,k}, and in this case the solution is unique in Z/lemy (nq,...,ng)Z.
In particular, if the moduli nq,...,n; are pairwise coprime, then the system
always has a solution, which is unique in Z/ (Hf:1 n;)7Z.
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Reduction to the coprime case. A single linear congruence can always be
replaced by a system of linear congruences with respect to prime power moduli;
but note that to do so the modulus in question has to be factorised first: If
n = Hle pi* € N, where p; € P are pairwise distinct primes and a; > 0, for
i €{1,...,k}, then T € Z/nZ solves the linear congruence X = b (mod n) if
and only if T € Z/pJ*Z solves the linear congruence X = b (mod p;*), for all
i € {1,...,k}. Hence the number of solutions modulo nZ is given as the product
of the number of solutions modulo p{“Z, for i € {1,...,k}.

Assuming this, since the solvability conditions are always fulfilled between co-
prime moduli, the remaining checks can be done prime-by-prime. Given p € P,

applying the the natural maps 1/5 :,1, where k > 2, shows that if the condi-
tions are fulfilled for p-powers, then only the linear congruence with respect to
the largest p-power occurring is irredundant. Hence this reduces the problem of
finding the solutions of a given system of linear congruences to finding a solution
of a system of linear congruences with respect to pairwise coprime moduli.

(8.3) Solving simultaneous linear congruences. The results of (8.2) are
made constructive using the extended Euclidean algorithm as follows:

a) In the general case, the Newton method runs as follows: Let lp := 1 and
I :=lemy(ny,...,n;) =lemy(ng,li—1), for i € {1,...,k}. Then let 21 := b €
Z, and for i € {2,...,k} let successively z; € Z be a solution of the system

X=b (modn;) and X =wz;—1; (modl;_1),

which, letting d; := ged, (ng,l;—1) and s;,t; € Z being Bézout coefficients such
that d; = s;n; + t;l;_1, is found as x; := b; + x’%_bl - 8;n; € Z. Note that the
solvability conditions translate precisely into the conditions d; | (xi—1—10;), for
i €{1,...,k}, and that x; is unique modulo [;Z. This yields the following:

.lo(—l, l1 — ni, T (—bl modll

o foric[2,...,k] do
o l; < (nili—1) div ged (ng,li—1)  # lemy(ng, li—1)
L] [dz, Si,ti] — EEA(?’LZ, li,1) # di = gcd+(ni, lifl) = s;n; + tili,1
o if ((z;—1 — b;) mod d;) > 0 then # no solution

e return fail
e return xy
b) If the moduli ny,...,n; are pairwise coprime, there also is the more direct

Lagrange method: For i € {1,...,k} let m; := Hj# n;. Then we have
ged (mj,n;) = 1, hence there are Bézout coefficients s;,t; € Z such that s;m; +
t;n; = 1. Thus we have s;m; = 1 — t;n; = 1 € Z/n;Z, and s5m; = s; - Hj;éi n; =
0€Z/n;Zfor all i # j € {1,...,k}. Hence for z := Zle b; - s;m; € Z we have
T = Z?:l bjs;m; = bis;m,; = b; € Z/n;Z, for i € {1,...,k}. Thus x solves the

. . . . k
given system of linear congruences, and is unique modulo ([[;_; n)Z.
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Example. The system of linear congruences
X=1 (mod21) and X =2 (mod 45)

does not have a solution: We have ged, (21,45) = 3, but 1 # 2 (mod 3).

Alternatively, we may more explicitly argue as follows: The linear congruence
X = 1 (mod 21) is equivalent to the system of linear congruences X = 1
(mod 3) and X = 1 (mod 7), while the linear congruence X = 2 (mod 45)
is equivalent to the system of linear congruences X = 2 (mod 9) and X = 2
(mod 5); but now considering 3-power moduli we observe that + = 1 (mod 9)
entails z = 1 (mod 3), contradicting the condition z =2 (mod 3). i

Example. The following example is taken from [2, Ch.8.1]: Siz professors begin
courses of lectures on Monday, Tuesday, Wednesday, Thursday, Friday, and
Saturday, and announce their intentions of lecturing at intervals of two, three,
four, one, six, and five days respectively. The regulations of the university forbid
Sunday lectures (so that a Sunday lecture must be omitted). When first will all
sixz professors find themselves compelled to omit a lecture?

If 2 € N is the day sought for, where x = 1 is the first Monday, this leads to the
following system of linear congruences:

X=1 (mod?2), X
X =5 (mod6), X=

(mod 3), X =3 (mod4), X=4 (mod1l),
X=0

2
6 (mod 5), (mod 7).

To check the solvability conditions, we only have to consider pairs of non-coprime
moduli, which yields ged(2,4); = 2 where 1 = 3 (mod 2), and ged(2,6) = 2
where 1 = 5 (mod 2), as well as ged(3,6); = 3 where 2 = 5 (mod 3), and

ged(4,6)1 = 2 where 3 =5 (mod 2). Hence the system has a solution, which is
unique modulo lem; (2,3,4,1,6,5,7) =223 .57 = 420.

To find the solutions using the recursive method, we proceed as shown in Table
6; hence the smallest non-negative solution looked for is given as ©z = x7y =
371. Alternatively, we may transform the system suitably, in order to solve an
equivalent system with pairwise coprime moduli:

The linear congruence X =4 (mod 1) is always fulfilled, hence redundant. The
linear congruence X =5 (mod 6) is equivalent to the system of linear congru-
ences X =5 =1 (mod 2) and X =5 = 2 (mod 3). The linear congruence
X = 3 (mod 4) implies X = 3 = 1 (mod 2), hence the latter is redundant.
Thus we are left with the equivalent system of linear congruences

X=2 (mod3), X=3 (mod4), X=1 (modb), X=0 (modT7).
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Table 6: Generalized Chinese remainder theorem.

1] 2 2 1 1
21 3 6/1=1-3—-1-2 31 2 5
31 4| 12|2=-1-4+1-6 -21 3 11
41 1] 12(1=1-140-12 1] 4 11
5| 6| 12|6=1-6+0-12 115 11
6| 5| 60|1=5-5—-2-12 25| 6 11
7| 71420 1=-17-74+2-60 | =119 | O 371

Now the moduli are pairwise coprime (and prime powers), and we get:

1] 3140 |1=-1-140+47-3 | —140| 2
21 4/1056(1=1-105—-26-4 105 | 3
3| 5] 84 |1=-1-84+4+17-5 -84 1|1
41 7] 60(1=2-60—-17-7 1201 O

This yields the solution z := —2-14043-105—1-84+0-120 = —49 € Z. Hence
the smallest non-negative solution looked for is given as (z mod 420) = 371. f

9 Polynomial congruences

(9.1) Polynomial congruences. Given n € N and a polynomial f € Z[X], we
wonder when the polynomial congruence f(X) =0 (mod n) has a solution.

As in the special case of linear congruences, this question can be reduced to
prime power moduli: If n = Hle pi" € N, where p; € P are pairwise distinct
primes and a; > 0, for ¢ € {1,...,k}, then by the Chinese remainder theorem
T € Z/nZ is a solution of the polynomial congruence f(X) = b (mod n) if
and only if T € Z/p}*Z is a solution of the polynomial congruence f(X) = b
(mod pj*), for all ¢ € {1,...,k}. Hence the number of solutions modulo nZ is
given as the product of the number of solutions modulo p{“Z, for i € {1,...,k}.

But in contrast to the case of systems of linear congruences, where for any
prime p € P only a finite number of consistency checks are needed to decide
solvability, and then the solution is unique modulo the largest p-power occurring,
the situation here is more complicated:

k
Applying the natural map V;: ., where [ < k, to a solution of the polynomial

congruence f(X) =0 (mod p*) yields a solution of the polynomial congruence
f(X) = 0 (mod p'). But now the question is whether conversely a solution
modulo p'Z can be lifted to a solution modulo p¥Z, and if so how many lifts there
are. The answer will turn out to be positive, so that in conclusion solving a given



38

polynomial congruence modulo nZ reduces to solving polynomial congruences
modulo pZ, for various p € P.

More precisely, let f € Z/pZ[X] be the polynomial obtained by applying the
natural map v, to the coefficients of the given polynomial f € Z[X]. Then
solving the polynomial congruence f(X) = 0 (mod p) is equivalent to finding
the roots of f in the field Z/pZ. Now Z/pZ[X] is Euclidean, with degree map
given by polynomial degree, and quotient and remainder given by polynomial
division, hence in particular is factorial. (We take these facts for granted here,
but they are not too difficult to show anyway.) This implies that the number
of roots @ of f # 0, that is the number of (irreducible monic) divisors X — @ of
£, is bounded above by the degree of f; the polynomial f = 0 has all elements
of Z/pZ as roots. (We will not discuss here how root finding, or more generally
polynomial factorization, can be done algorithmically and efficiently.)

Example. Let n:=15=3-5and f := X? — 1 € Z[X]. To find the solutions
of the polynomial congruence f(X) = 0 (mod 15), that is the square roots
of 1 € Z/15Z, we first determine the solutions of the polynomial congruences
f(X) =0 (mod 3) and f(X) =0 (mod 3), respectively:

Given p € P, the polynomial f = X2 — 1 € Z/pZ[X] has precisely the roots
+1 € Z/pZ. Hence we let ay := +1 € Z/3Z and by := +1 € Z/5Z. Thus
1=gcd+(5,3) = —1-5+ 23 yields the four solutions —5ay + 6by (mod 15),
that is {41, +4} C Z/15Z, of the polynomial congruence X2 = 1 (mod 15).

(9.2) Polynomial congruences modulo prime powers. We are now going
to describe under which circumstances a solution of a polynomial congruence
modulo p*Z, where p € P and k € N, can be lifted to a solution modulo p'Z,
where [ > k. To do so, need a few preparations first:

Let 5% : Z[X] — Z[X]: f — 1) be the formal derivative, that is the Z-linear
map given by 1~ 0, and X — iX*~! for i € N. Letting f(9) := f € Z[X], by
induction on k € N we get its k-th formal derivative f(*) := (f(#=1))(1) ¢ Z[X].
Hence we have f(®)(X%) = 0 fori € {0,...,k—1}, and f(*)(X?) = (ij!k)!Xi_k =
k!(,i)Xi’k for i > k. Thus we may let fl¥ .= %f(k) € Z[X] be the k-th Hasse-
Teichmiiller derivative of f.

Now, for i € Np, binomial expansion yields (X +Y)' = 3, _ (1Y "*X* €
Z[X,Y], where we have (;)Y*~* = (X*)[¥I(Y), that is the evaluation of the k-th
Hasse-Teichmiiller derivative of X* € Z[X] at Y. Thus for any f € Z[X] we get
FY+X) =350 [H(Y) X* € Z[X,Y]. In particular, evaluating at [X — a, a]
for a € Z, we get the Taylor expansion F(X) =350 fH(a)- (X —a)* € Z[X],
and evaluating at [b,a] for a,b € Z, yields f(a +b) :_Zk>0 f¥l(a) - v* € Z.

Theorem: Hensel’s Lemma. Let p € P, let f € Z[X], and let a € Z such
that f(a) = 0 (mod p*) for some k € N. Moreover, let | € {1,...,k} and
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m € {0,...,1} such that p™ = ged, (f)(a),p'). Then precisely one of the
following cases occurs:

i) If m = 0, that is fM(a) # 0 (mod p), then there is a unique a € Z/p*+'Z
such that @ = a (mod p*) and f(a) =0 (mod p**+!).

ii) If m > 0 and f(a) # 0 (mod pF™™), then there is no element a € Z/p*+'7Z
such that @ = a (mod p*) and f(@) =0 (mod pF*!).

iii) If m > 0 and f(a) = 0 (mod p**™), then there precisely p™ elements
@ € Z/p**'7Z such that @ = a (mod p*) and f(@) =0 (mod pF*i).

Moreover, for any @ occurring above we have ged, (£ (a),p') = p™.

Proof. We consider z := a + yp* € Z for y € Z. Then Taylor expansion yields
f(@) = fla+yp®) =250 fWa) - (yp*) = fa) + fD(a) - yp* + y?p**z € Z,
where z := Y., fU!(a)-(yp*)' 2 € Z. Hence we have f(z) = f(a)+fM (a)-yp"
(mod p**!). Moreover, there is b € Z such that f(a) = bp*. Hence we have
fla)+fD(a)-yp* = p*-(b+fD(a)-y) € Z. Thus we have f(z) =0 (mod p*+!)
if and only if b+ f(M(a) -y = 0 (mod p!). Hence we are led to consider the
latter linear congruence:

If m = 0, that is (1 (a) € (Z/p'Z)*, then the linear congruence f(M)(a)-Y+b =0
(mod p') has the unique solution 7 := —b - f(l)(a)_1 € Z/p'Z. Hence a :=
a+ yp® € Z is the unique lift modulo p*'Z, implying i).

If m > 0, then the linear congruence fM(a)-Y +b =0 (mod p') has a solution
if and only if b = 0 (mod p™), or equivalently f(a) = 0 (mod p**+™). Hence,
if b £ 0 (mod p™) then the latter linear congruence does not have a solution,
implying ii), while if b =0 (mod p™) then it has precisely p™ solutions.

Finally, since @ = a (mod p*) we have f)(@) = fM(a) (mod p'), implying
that ged , (f(@),p") = ged  (fM(a),p') = p™. !

The typical cases are ‘simple root’ lifting m = 0, where [ = 0 or [ = k, and the
exceptional lifting m =1 = 1.

Remark. Hensel lifting is a ‘p-adic’ analogue of the (quadratically convergent)
Newton iteration to find zeroes of real-valued functions: Let f € C%(I) be a
two-fold continuously differentiable function, where I C R is an open interval,
such that f(£) = 0 for some ¢ € I, and fV) > 0 and f® < 0on I, where f(1) :=

g—i and f? .= ag% are the first and second derivatives of f. Choosing z¢ € I,
Sz
- f(1(>(1)i) ’
defined, and that lim;_,~, z; = £ converges (quadratically). This is motivated by
the idea of replacing f by the linear part [ of its Taylor expansion: The tangent
line to the graph of f at [z;, f(x;)] is given as I(2) := f(z;) + fD(2;) - (x — ),
;)

for z € R, where I(z) =0 if and only if z := z; — f“)(jz:i)‘

and letting ;41 := x; for i € Ny, it can be shown that the x; are well-
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Example. Let f:= X? — 2 € Z[X], hence f(1) = 2X € Z[X]. We consider the
polynomial congruence f(X) =0 (mod p*) for various p € P and k € N:

Let p := 7. Then we have f = X? —2 = (X — 3)(X + 3) € Z/7Z[X] and
fO =2X € Z/7Z[X]. Hence we may let a := 3. Then we have f(+a) = 0
(mod 7) and f)(+a) = F1 (mod 7), thus m = 0. Running Hensel lifting on a,
we get the unique solution of the polynomial congruence f(X) = 0 (mod 7%),
for k € N, being congruent to @ modulo 7Z, as indicated in Table 7, for [ =1
and | = k, respectively; we use numerically smallest residues in Z/7*Z, and ~
denotes elements of Z/7Z. Since negating respects solutions modulo 7*Z, for
k € N, Hensel lifting on —a runs in parallel with opposite signs.

For p := 5 we have {a* € Z/5Z;a € Z/5Z} = {0,+1}, hence f = X% —
2 € Z/5Z[X] does not have a root in Z/5Z[X], thus neither of the polynomial
congruences f(X) = 0 (mod 5%), where k € N, has a solution. Similarly, for
p = 3 we have {a® € Z/5Z;a € Z/5Z} = {0,1}, hence f = X2 —2 € Z/3Z[X]
does not have a root in Z/3Z[X], thus neither of the polynomial congruences
f(X) =0 (mod 3%), where k € N, has a solution.

Let p := 2. Then we have f = X2 € Z/2Z[X] and f(1) =0 € Z/2Z[X]. Hence
we may let a := 0. Then we have f(a) = 0 (mod 2) and f(Y(a) = 0 (mod 2),
hence we have m =1 = k = 1. Since f(a) = —2 # 0 (mod 22), the polynomial
congruences f(X) =0 (mod 2%), for k > 2, do not have a solution. (Indeed, a
square in Z is odd or divisible by 4, thus is incongruent to 2 modulo 4Z.) i

IV Residues

10 Prime residue classes

(10.1) Euler’s totient function. A map a: N — C is also called a number
theoretic function. A number theoretic function is called multiplicative if
for all m,n € N such that ged, (m,n) = 1 we have a(mn) = a(m)a(n). In this
case, if @ # 0 then we have «(1) = 1, and using factorizations « is uniquely
determined by its values on prime powers. Properties of number theoretic func-
tions are of general interest. Here is a most prominent example:

Recall that for n € N the group of prime residue classes equals (Z/nZ)* =
{@ € Z/nZ;ged, (a,n) = 1}. This gives rise to Euler’s totient function
¢: N—= N: nw— [(Z/nZ)*|. In particular, we have p(1) = 1, and n is a prime if
and only if p(n) =n — 1.

Proposition. a) Euler’s totient function ¢ is multiplicative.

b) For p € P and k € N we have p(p*) = (p—1)-pF~1; in particular ¢(p) = p—1.

Proof. a) For m,n € N such that ged, (m,n) = 1, by the Chinese remain-
der theorem we have the ring isomorphism Z/mnZ = Z/mZ @® Z/nZ: a +
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Table 7: Hensel lifting.

| k] al] b] 7]
1 3 1 1
2 10 2 2
3 108 | —1 | —1
4 —235 2 2
5 4567 2 2
6 38181 1 1
7 155830 2 2
8 1802916 | —3 | —3
9 —15491487 0 0
10 —15491487 0 0
11 —15491487 3 3
12 5916488742 1 1
13 19757775943 1 1
14 116646786350 0 0
15 116646786350 2 2
16 | 9611769806236
[ k] a b] f) ] y
1 3 1 -1 1
2 10 2 —22 -5
4 —235 23 —659 751
8 1802916 563854 450729 1667320
16 | 9611769806236 | 2779957025294 | 2402942451559 | —6397056082836

mnZ — |a+nZ,a+mZ)]. Hence this induces a group isomorphism (Z/mnZ)* =
(Z/mZ)* x (Z/nZ)*, where the right hand side becomes a group with respect
to component-wise multiplication. Thus we infer ¢(mn) = p(m)p(n).

b) For k € N we have (Z/p*Z)* = {z € Z/p*Z;ged , (z,p*) = 1} = {T €
Z/p*Z;ged, (z,p) = 1} which is in bijection with {x € Zyr;ged, (z,p) = 1} =
{x€Zyspt o} =Zp \{x € Zy;p | x} =Zpx \ {py € Zpr;y € Zpr—1}. This
entails ©(p*) = [(Z/p*2)*| = |Zyr| = |Zpemr| = p* = p* Tt = (p—1)-p""1. 4

This elucidates the cardinality of the finite group (Z/nZ)*. We now proceed to
investigate into its group structure. By the above argument, we will be able to
reduce to the case where n is a prime power. We need a few general preparations
from finite group theory first:

N=<

(10.2) Cosets. Let G be a (multiplicative) group, and let U < G be a sub-
group. We consider the following relation ~; on G: For elements g, h € G we
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let g ~y h if there is uw € U such that h = ug. Then from g = 1- ¢ we infer that
~y is reflexive; from h = ug we get ¢ = u~'h, showing that ~y is symmetric;
and from h = ug and k = vh, for k € G and v € U, we get k = vug, implying
that ~y is transitive. Thus ~y is an equivalence relation on G.

The equivalence class Ug := {ug € G;u € U} C G of g € G is called the
associated (right) coset of U in G. Let U/G := {Ug C G;g € G} be the set
of all cosets. Hence choosing a (right) transversal 7 C G of U in G, that is
a set of representatives of the equivalence classes, we have G = [[,. Ut; note
that a transversal always exists by the Axiom of Choice.

Lagrange’s Theorem. Let G be finite and U < G. For the associated group
orders we have |U| | |G|.

Proof. For g € G, the surjective map U — Ug: u — ug is injective as well,
hence is a bijection: For u,v € U such that ug = vg we get u = ugg~' =
vgg~! = v. This implies that all cosets have the same cardinality |U|, which

entails |G| = |U] - |T; note that by assumption all cardinalities are finite. i

(10.3) Element orders. Let G be a group, and g € G. Then (g) := {¢* €
G;k € Z} < G is the smallest subgroup of G containing g: Any subgroup of
G containing ¢ also encompasses (g); and (g) contains 1¢ and is closed with
respect to multiplication and taking inverses, thus indeed is a subgroup of G.

The subgroup (g) is called the subgroup of G generated by g. The number
lg| :=|(g)| € NU {oc} is called the order of g. In particular, if G is finite, then
|g| is finite as well, and Lagrange’s Theorem implies that |g| | |G]|.

Proposition. For g € G let I(g) := {i € Z; g = 1}.

a) Then I(g) IZ is an ideal, where we have I(g) = {0} if and only if [g[ = ooc.
Moreover, Z/I1(g) — {(g): k + g* is an isomorphism from the additive group
(Z/1(g),+) to the multiplicative group (g).

b) If |g| is finite, then we have I(g) = |g|Z and (g) = {¢* € G;k € Z}y}; in
particular, we have g9 = 1, and thus if G is finite we infer gl& = 1.

Proof. a) We have ¢° =1 € G, and for i,j € I(g) we have g=% = (¢°)"! =1
and ¢'tJ = g'g/ = 1, showing that I(g) C Z is an additive subgroup; and for
k € Z we get g'* = (¢°)* = 1, showing that I(g) <Z is an ideal. Now for k,l € Z
we have g¥ = ¢! if and only if ¢! = 1, that is k — [ € I(g), or equivalently
k =1¢€ Z/I(g). Hence the map Z/I(g) — (g): k — g* is well-defined and
a bijection, where from k +1 = k+1 — ¢Ft = ¢¥¢' we infer that it is a
homomorphism from (Z/I(g),+) to (¢9). In particular, we have I(g) = {0} if
and only if |Z/I(g)| = oo, that is |g| = co.
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b) If |g| is finite, then {0} # I(g) = nZ <JZ is principal, where we may assume
that n € N is smallest such that n € I(g). From n = |Z/I(g)| = |{g)| = |g| we
get I(g) = |g|Z. The last assertion follows from |g| | |G].

Corollary. a) Let n := |g| be finite. Then for k € Z we have |g*| = m.

In particular, we have |g*| = n, that is (¢*) = (g), if and only if ged, (k,n) =1,
in other words if and only if k € (Z/nZ)*.

b) Let g™ = 1 for some n € N, and let pq,...,p. € P be the prime divisors of
n, where r € Ng. Then |g| = n if and only if g £ 1 for all ¢ € {1,...,7}.

Proof. a) For i € Z we have i € I(g*), that is ¢g'* = 1, if and only if n | ik,

which holds if and only if m | 4; entailing I(g*) = m -Z7Z.

b) If |g| = n then g has the required properties. Conversely, let g fulfill these
conditions. Then from g™ = 1 we infer that |g| | n. Assume that |g| < n, then
lg| is a proper divisor of n, and thus using the factorization of n we infer that

lg| | 7, for some i € {1,...,7}, entailing g7 =1, a contradiction. i

(10.4) Cyclic groups. Let G be a group. Then G is called cyclic, if there is
g € G such that G = (g). In this case we write G = C|,|. For example, we have
(Z,+) = (1) = (—1), which is infinite, and for n € N we have (Z/nZ,+) = (1),
hence the latter is cyclic of order n.

Theorem: Characterization of cyclic groups. Let G be finite.

a) Let G be cyclic. Then any subgroup of G is cyclic as well. There is a subgroup
of G of order d € N if and only if d | |G|; in this case it is uniquely determined.

In particular, there are precisely ¢(|G|) elements of G which can be chosen as
a generator, where ¢ denotes Euler’s totient function.

b) The group G is cyclic if and only if G has at most one subgroup of order d
for any d € N. In particular, if |G| is a prime then G is cyclic.

Proof. a) Let G = (g) such that n :=|G|. For U < G let Iy (g) :={i € Z;¢' €
U}. Then we have ¢° =1 € U, and for 4, € Iy(g) we have g~ = (¢°)"t € U
and gt = g'g’ € U, showing that I;;(g) C Z is an additive subgroup; and for
k € Z we get g'* = (¢")F € U, showing that I;;(g) <Z is an ideal. Hence we
have Iy (g) = mZ, for some m € N, and thus U = (g).

Since the order of any subgroup of G divides |G|, we only have to show existence
and uniqueness in this case: Hence let d | n and m := % € N. Then U :=
(¢9™) < G has order |[¢"| = X = d. As for uniqueness, if k& € Z such that
|g¥| = d, then we have m =d = 7, hence m = ged, (k,n) | k. This

implies g* € (¢™) = U, thus U contains all elements of G of order d.
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This proves a). Before proceeding we note that, counting the possible generators
of all subgroups of G, we have shown that 3,y 4, ¢(d) = n.

b) If G is cyclic, then we have just seen that G has the required property.
To show the converse, let G fulfill the assumption on the subgroup structure,
where n := |G|. Given d € N, there is an element of G of order d only if
d | n. In this case, if there is an element g € G of order d, then (g) < G
is the unique subgroup of order d. Thus all elements of order d generate one
and the same subgroup, which is cyclic, and thus has precisely ¢(d) elements of
order d. Hence the number of all elements of order d < n is bounded above by
2od|ndzn P(d) =n —@(n) <n. Thus there is an element of order n. i

(10.5) Prime residue classes. The preceding considerations imply the fol-
lowing classical theorems due to EULER, FERMAT and WILSON, but we also
provide direct proofs:

Euler’s Theorem [1735]. For n € N and @ € (Z/nZ)* we have a#™) = 1.

Proof. This follows from |a| | [(Z/nZ)*| = p(n).

More directly, we may proceed as follows: For @ € (Z/nZ)* we consider the bijec-
tion A\g: Z/nZ — Z/nZ: T — az. Since for T € (Z/nZ)* we have ax € (Z/nZ)*
as well, we infer that Az restricts to a bijection A\g: (Z/nZ)* — (Z/nZ)*. Hence
we have @) - ze@z/nz)- T = Hfle(Z/nZ)* aT = [lze@z/nz)- T € (Z/nZ)", thus
multiplying with (er(Z/nZ)* T) € (Z/nk)* yields @) =T e (z/nZ)*. ¢

Fermat’s Theorem [1640]. For p € P and @ € (Z/pZ)* = (Z/pZ) \ {0} we
have a*~! =1 € (Z/pZ)*; thus for all @ € Z/pZ we have @’ = a € Z/pZ.

Proof. For @ # 0 this is Euler’s Theorem for the special case of prime moduli.

Again, more directly we may proceed as follows: First note that fori € {0,...,p}

we have (¥) = W € Z, thus for i ¢ {0, p} we have (?) =0 (mod p),

while (5) = (z) = 1. Now we show that a? = a (mod p), for a € Ny, proceeding
by induction: The case a = 0 being trivial, let a > 1. Then we have (a + 1)P =

P o(®)a'=a?+1=a+1 (mod p).

K2

In other words, we have a¥ = @ € Z/pZ, for a € Z/pZ. 1f a # 0, then a €
(Z/pZ)*, thus multiplying with @~ € (Z/pZ)* yields a?~' =1 € (Z/pZ)*.

Wilson’s Theorem [1770]. Let 1 # n € N. Then n is a prime if and only
if (n—1)! = —1 (mod n). In this case, if n is an odd prime, then we have
(%59 = (=1)"*" (mod n).
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Proof. Let n be decomposable. We prove slightly more than asserted: If n = 4
then 3! = 2 (mod 4); if n = p? for an odd prime p, then n > 2p implies
n=p*| (n—1)!, thus (n—1)! =0 (mod n). Thus we may assume that n = ab
where 1 < a < b < n, hence n=ab | (n—1)!, thus (n —1)! =0 (mod n).

Let now n = p be a prime. Then, by Fermat’s Theorem, for all @ € (Z/pZ)*
we have @”~' = T, hence (Z/pZ)* is the set of roots of X*~' —1 € Z/pZ[X],
thus XP~1 -1 = Hae(z/pZ)*(X — @) € Z/pZ|X]. Evaluating at X s 0 yields
[lac(z)pm)- @ = (=1)P"? € Z/pZ, entailing the first assertion.

Alternatively, without invoking Fermat’s Theorem, we may argue as follows:
We may assume that p is odd. Then for @ € (Z/pZ)* we have @ = @~ ! if and
only if @ = T, that is @ is a root of X2 —1 = (X —1)(X +1) € Z/pZ[X], which
thus holds if and only if @ € {+1}. Hence pairing elements with their inverses
yields [Tze iz pzy\ a1y @ =1, thus —1-1-lzc /2y (o1y @ = —1 € (Z/DZ)".

Finally, for an odd prime p we have —1 = (p — 1)! = (E51)! - H;%l (p—1)

(—1)P51 : ((%)!)2 (mod p), implying the second assertion. i

(10.6) Prime moduli. The basic structural observation is the following the-
orem, which in its general form is due to ARTIN, but the number theoretic case
was already known to GAUSS.

Artin’s Theorem. Let K be a field and G < K™ be finite. Then G is cyclic.

Proof. Let U < G be a subgroup of order d € N. Then all elements of U have
order dividing d, and thus are roots of the polynomial X% —1 € K[X]. Since K
is a field, there are at most d such roots in K. Hence U consists of all elements
of G of order dividing d, thus U is uniquely determined. This shows that G has
at most one subgroup of order d for any d € N, thus G is cyclic. i

In particular, if d € Z such that d < 0 and square-free, then Z[vd] C Q[v/d],
and Z[HQ—‘/E] C Q[V/d] whenever 4 | (d — 1), have finite groups of units, hence
these are cyclic: Indeed, for d # —1 we have Z[\/d]* = {£1} = Cy, while Z[i]* =
{1,0,i%,i3} = Cy; for 4 | (d—1) and d # —3 we have Z[1EY]* = {41} = Oy,
while Z[¢Z = {1,(6, . .., (8} = Cé, where (g := Y3,

More interestingly, if p € P then (Z/pZ)* = Cp_1 is cyclic [GAUSS, 1798]. An
element p € (Z/pZ)* such that (p) = (Z/pZ)*, that is having order p — 1, is
called a primitive root modulo p. There are precisely ¢(p — 1) primitive roots
modulo p, which for a fixed one p are given as {p* € (Z/pZ)*;k € (Z/(p—1)Z)*}.
Hence it suffices to determine the smallest positive primitive root p € Z,; those
for p < 1000 have been found by JACOBI [1839], and are given in Table 8.
Artin’s Conjecture [1927] says that any a € Z\ ({—1} U {b* € Z;b € Z}) is
a primitive root modulo infinitely many primes. Note that indeed 0 & (Z/pZ)*
and —1 € (Z/pZ)* has order 2, for any odd prime p, and that a = b2, for some
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Table 8: Smallest primitive roots.

[ p ]| p <1000

1]2

2 | 3,5,11,13,19,29,37,53,59,61,67,83,101, 107,131, 139, 149,163, 173,
179,181,197, 211, 227,269, 293, 317, 347, 349, 373, 379, 389,419, 421, 443,
461, 467,491,509, 523, 541, 547,557, 563, 587, 613, 619, 653, 659, 661, 677,
701,709, 757,773,787, 797,821,827, 829, 853,859, 877, 883,907, 941, 947
3| 7,17,31,43,79,89,113,127, 137,199, 223,233, 257, 281, 283, 331, 353, 401
449,463, 487,521,569, 571,593, 607,617, 631, 641,691, 739, 751,809, 811
823,857,881,929, 953,977

5| 23,47,73,97,103, 157,167,193, 263,277, 307, 383, 397,433, 503, 577, 647,
673,683, 727,743,863, 887,937,967, 983

6 | 41,109,151,229, 251,271,367, 733, 761,971,991

7 | 71,239,241, 359, 431,499, 599, 601,919, 997

10 | 313,337

11 | 643,719,769, 839

13 | 457,479

15 | 439

17 | 311,911

19 | 191

21 | 409

0 # b € Z, implies i = =T¢ (Z/pZ)* for any odd prime p such that
a € (Z/pZ)*, which in particular encompasses all odd primes p > a.

Corollary. For p € P odd, the congruence X? = —1 (mod p) is solvable if and
only if p=1 (mod 4); in this case, the solutions are :I:(%)! € Z/pZ.

Proof. The solutions of the congruence in question are precisely the elements
7 € (Z/pZ)* fulfilling 72 = —1. Since this implies #* = T, these are precisely the
elements of (Z/pZ)* of order 4. Now we have (Z/pZ)* = Cp_1, hence (Z/pZ)*
has elements of order 4 if and only if p =1 (mod 4).

In this case, there are ¢(4) = 2 such elements. (This is consistent with the fact
that the polynomial X2+1 € Z/pZ[X] has at most two roots in Z/pZ.) Finally,

it follows from Wilson’s Theorem that ((%)!)2 = —1 (mod p), #
11 Groups of prime residues

(11.1) The group of prime residue classes. Givenn = []._, p{* € N, where
p; € P are pairwise distinct, a; € N and r» € Ny, the Chinese remainder theorem
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implies Z/nZ = @_, Z/p}'Z as commutative rings, hence for the associated
groups of units we have, as commutative groups:

(Z/nZ)* = H Z/p"T)*.

Thus, in order to describe the group structure of (Z/nZ)*, it suffices to deal
with the groups (Z/p*Z)*, where p € P and k € N.

(11.2) Prime power moduli. The structure of (Z/p*Z)*, where p € P and
k € N, is elucidated by the theorem to follow; recall that |(Z/p*Z)*| = (p*) =
(p — 1)p*~1. To proceed, we need a purely group theoretic lemma first:

Lemma. Let G be a commutative finite group, and let g,h € G.
a) If (g)N(h) = {1} then we have (g, h) = (g) x(h), in particular |(g, h)| = |g]|-|h|.
b) If ged , (|g|,|h|) = 1 then (g) N (h) = {1}, and (g, h) = (gh) is cyclic.

Proof. a) Let n := |g| € N and m := |h| € N. Then we have (g, h) = {g’h? €
G;i € ZLn,j € L} < G: Since G is commutative, the right hand side indeed is
a subgroup, which is necessarily contained in any subgroup containing {g, h}.
Letting i,i’ € Z, and j,j’ € Z., such that g*h? = ¢" hi', we get gt~ = hi'—J €
(g) N (h) = {1}, thus ¢' = g% and h? = h7', entailing i = i’ and j = j/. Hence
we have [{g, h)| = nm, and thus any element of (g, h) can be written uniquely
as g'h?, where i € Z,, and j € Z,,. In other words, we have (g, h) = (g) x (h).

b) For x € (g) N (h) we have |z| | ged  (n,m) = 1, implying (g) N (k) = {1},
hence (g, h) = (g) x (h). Thus, by uniqueness, for k € Z we have (gh)* = g*h* =
1 if and only if nm = lemy (n,m) | k, hence |gh| = nm = |{(g, h)]|. i

Theorem. a) Let p € P be odd, and let p € Z be a primitive root modulo p.
Then for k € N we have (Z/ka)* = <ﬁk> X <1 —|—p> = Op_1 XCpl«—l = C(p_l)pk—l,

where p;, := ﬁpk_l has order p — 1, and T + p has order p*~1.

b) For k > 2 we have (Z/2FZ)* = (—1) x (5) = Cy x Cox—2, where 5 = 1 + 22 has
order 2¢72; hence (Z/2Z)* is not cyclic for k > 3, while (Z/4Z) ={-1} 20,
and (Z/27)* = {1}.

Proof. i) For p odd, we first specify an element 5, € (Z/p*Z)* of order p — 1:

We consider the polynomial g := XP~! — 1 € Z[X], whose Hasse-Teichmiiller
derivatives are given as gl/l = (pgl)X”_l_j € Z[X], for j € {1,...,p — 1}
Since (p;l) # 0 (mod p), for any @ € (Z/pZ)* we get gV'l(a) Z 0 (mod p). Now
let p; :=p € (Z/pZ)* be a primitive root. Hence proceeding by induction on
k € N, (linear) Hensel lifting shows that there there is a unique element p ; €
(Z/p*+'Z)* such that ppi1 — pr =0 (mod p*) and pf | =1 (mod pF+t).
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Now Py, is found as follows: We have g (p) = (p — ™2 = —p ' (mod p).
Hence letting g(px) = pZ71 —1 = byp¥, for some by, € Z, and y € Z such that y =
—by - (—pp )7t = brpr (mod p), we get pri1 = pi + pebip® = pr(L+byp*) = pf,
(mod p**1). Hence by induction on k € N we get pj1 = o (mod pF*1).

By construction we have 7% " = T € (Z/p*Z)*, hence 7, has order dividing
p— 1. But since pp = p (mod p), and p € (Z/pZ)* has order p — 1, using the
natural map ng : Z/ka — Z/pZ we conclude that p; has order p — 1 as well.

ii) For p arbitrary, we specify elements of (Z/p*Z)* of maximum p-power order:

For any p € Pand k € Ny and j € {1,...,p"} we have (”]k) = %Hzgg(pk—z) €
k . . .

Z, and thus up((pj ) =k+vp((j — 1)) —vp(5!) = k — v, (j). Moreover, we have

Jj > vp(j) for all j € N, where for p odd we have j > v,(j) + 2 for all j > 2,
while for p = 2 we have j > v5(j) + 2 for all j > 3.

We consider the polynomial fj := X' —1e Z[X], whose Hasse-Teichmiiller
derivatives are given as f,?] = (pjk)ka*j € Z[X], for j € {1,...,p*}. Evalu-
ating at 1 yields f,gj ](1) = (pj k) € Z. Hence applying Taylor expansion, using

fx(1) =0, for all a € Z we obtain (1—|—a)pk —1=fr(l+a) = ?io f,ij](l) @l =
k . k .
1 (pjk) cal =pFa+ Py (pjk) -a’ € Z. Now we distinguish two cases:
ii) a) Let p be odd and k > 2, and let a := p. Then we get (1 +p)P" ~ —1 =
k—2 k—2 . k—2 .
fr—2(L+p) = p* 1 + Z§:2 (pj ) - p’. We have Vp((pj ) p) = (k-2) -
vp(4) + 7 >k, for j > 2. Hence we infer that (1 +p)pk72 =1+ pF ! (mod p*).

Next we get (1+pF )P =1 = fi(l+p*") = 30, () -pI*=1 " We have

Vp((f) pI* D) =14 §(k—1) > 1+ (k—1) = k for j < p, while for j = p

we get v, ((0) -pP=D) = p(k — 1) > k; note that the latter inequality is
P

equivalent to k > ~E5. Thus we have (1 + pF~1P = 1 (mod p*). Hence we

get (1+p)P = ((1+p* P = (1+p1)? =1 (mod p¥), from which we
conclude that T+ p € (Z/p*Z)* has order pF—1.

2k—3

ii) b) Let p := 2 and k > 3, and let @ := 4. Then we get (1+4)° " —1 = fr_s(1+
k—3 k—3 . k=3 - . .
4)=2"1432 (%)) 4 We haviiugp((Qj ) 47) = (k—3)—1a(j)+2j > k
for j > 3, while for j = 2 we get v, ((*, ) -4?) = (k—3) —12(2) +4 > k. Hence
we infer that (1+4)2" " =1+ 251 (mod 2*).
Next we get (1 + 2812 —1 = f1(1 +2F1) = 2F 4 22872 Thus we have
(1426-1)2 = 1 (mod 2¥). Hence we get (1+4)2" " = ((1+4)2" "2 = (1+
2k=1)2 = 1 (mod 2¥), which shows that T+ 4 € (Z/2*Z)* has order 2¥~2.
iii) Let p be odd, and let 0 := p;, and 7 := 1 +p. Then ged, (|p,|, |1 +p|) =
ged (p—1,p*7") =1 and [p| - [T+ p| = (p — 1)p*~" = [(Z/p*Z)*| shows that
(Z/p*Z)* = (py) x (T +p).
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Table 9: Powers of a primitive root modulo 5.

k11 2 3 4 5 6 7 8 9 10
pe |2 7 57 182 2057 14557 45807 280182 280182 6139557
—1068 —1068 —32318 —110443 —3626068

Let finally p := 2, let k > 3, and let 0 := —1 and 7 := 1 +22. Then 2 =

1+ 2k=1 € (7} is the unique element of () of order 2. Hence from 1 + 2*~1 #£ ¢
we conclude that (o) N (7) = {1}. Since |o| - |7| = 2-2F=2 = 2*~1 = |(Z/2FZ)*|
we infer that (Z/2%Z)* = (o) x (r). Moreover, since (Z/2*Z)* has at least two
elements of order 2, this group is not cyclic. i

Example. For p := 3 and p := —1 we get p, = —1, for k € N. For p :=5 and
p = 2 a few powers are shown in Table 9, where we also give the numerically
smallest residue in Z/5*Z if it is negative.

(11.3) Corollary: Gauss. Let n € N. Then (Z/nZ)* is cyclic if and only if
n € {1,2,4} U {p*, 2p*;p € P odd, k € N}

Proof. Let n = 2 - [[;_, p{" € N, where 2 # p; € P are pairwise distinct,
a € Ny and a; € N, for some r € Nyg. Then we have (Z/nZ)* = (Z/2°Z)* x
[1i=:(Z/p{*Z)*. Since each group (Z/piZ)* = Cy,—1 x C a;-1 has an element
of order 2, we conclude that (Z/nZ)* is not cyclic whenever r > 2.

If a > 3 then (Z/2°Z)* = Cy x Caa-2 is not cyclic, hence (Z/nZ)* neither is. If
r =0, then (Z/2°Z)* is cyclic if and only if a < 2.

Let r = 1. If @ = 2, then both (Z/p}*Z)* and (Z/2*Z)* have an element of order
2, thus (Z/nZ)* is not cyclic; if a < 1, then (Z/nZ)* = (Z/p*Z)* is cyclic. 4§

12 Quadratic residues

(12.1) Quadratic congruences. We consider the question when the quadratic
congruence X2 = a (mod n), where n € N and a € Z, is solvable. Being
a special case of a polynomial congruence (actually the easiest one next to
the linear case), by the Chinese remainder theorem this question is reduced to
congruences X2 = a (mod p¥), where p € P and k € N. The latter can be
treated by a further reduction to the case of congruences X? = a (mod p), and
subsequent lifting. In order to proceed along these lines, we need a purely group
theoretic lemma first:
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Lemma. Let G = (y) = C,, be a cyclic group of even order n € N.
a) We have a surjective group homomorphism ¢: G — {£1}: 7 — (=1)%

b) Let Q := {¢*> € G;g € G} be the set of squares in . Then we have
Q= (y?) ={g € G;q(g9) = 1} < G, the unique subgroup of order %.

c) Let z := 73 € G be the unique element of order 2. Then for any g € G we
have g% € (z), where g € Q if and only if g% = 1.

Proof. a) Transporting the natural ring homomorphism Z/nZ — 7Z/27 with
the group isomorphisms (Z/nZ,+) — G: i+ 4" and (Z/2Z,+) — {£1}: j —
(—1)7 yields the group homomorphism ¢q: G — {£1}: 4% — (—1)%.

b) If g € (v?), then g = (v?)? = (y%)? for some i € Z, hence g € Q. Conversely, if
g = h? € G, then there is i € Z such that h = %, hence g = (7")? = (7?)* € (¥?).

Thus Q = (v?), where |7?| = m = 4; with uniqueness since G is cyclic.

Moreover, if g € Q then ¢ being a homomorphism implies that ¢(g) = 1. Con-
versely, if g = 7% € G, for some i € Z, from 1 = ¢(g) = q(7*) = (=1)" we infer
that i is even, hence g € (y?) = Q.

c) We have z # 1 and 22 = (y2)? = 4" = 1 € G, hence 2 has order 2; with
uniqueness since G is cyclic. Now let g € G. Then (g%)? = ¢g" = 1 shows that
g has order dividing 2, hence g € (z). Moreover, we have g2 = 1 if and only if
g has order dividing 5, which holds if and only if g is contained in the unique
subgroup of order 7, which equals Q. i
Let N := G\ Q be the set of non-squares in G. Thus we have Q = {7% S
G;i € Z%} and N = {7?*l € G;i € Z%} =Qv,henceG=QUN =QU Qv
is the partition of G' into Q-cosets; in particular we have |Q| = [N] = §.

(12.2) Quadratic congruences modulo prime powers. We consider the
quadratic congruence X2 = a (mod p*), where p € P and k € N and a € Z.
The particular case of a Z 0 (mod p) admits a systematic treatment:

Theorem. Let p € P and k € N, and let a € Z such that p t a.

a) Let p be odd. Then the congruence X? = a (mod p*) has a solution if and
only if the congruence X? = a (mod p) has. In this case, there are precisely
two solutions modulo p*, which just differ by sign.

b) Let p = 2, and let | := min{3,k}. Then the congruence X2 = a (mod 2¥)
has a solution if and only if @ = 1 (mod 2'). In this case, for k& > 3 there are
precisely 4 solutions modulo 2*, while for & = 2 there are precisely 2 solutions
modulo 4, and for k£ = 1 there is a unique solution modulo 2.

Proof. a) If X2 = a (mod p*) has a solution then X? = a (mod p) also has.
We consider the converse: Let z1 € Z such that 27 = a (mod p); hence there
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are precisely two solutions +7; € (Z/pZ)*. Let f := X? — a € Z[X], hence we
have f(V) = 2X € Z[X]. Since fM)(£2;) # 0 (mod p), by Hensel lifting for any
k € N there are unique +7; € (Z/p*Z)* such that +z, = +x; (mod p) and
(£21)? = a (mod p*). (Note that this argument breaks down for p = 2, so that
we have to argue differently in this case.)

b) If X2 = a (mod 2*) has a solution then X2 = a (mod 2') also has; and if
7 € (Z/2'Z)* is a solution, then we get @ = 77 = 1 € (Z/2!Z)*. We consider
the converse: For k < 3, hence | = k, we have (Z/2Z)* = {1} and (Z/AZ)* =
(—1) =2 Cy and (Z/8Z)* = (—1) x (5) = Oy x O3, respectively, where all elements
have order dividing 2, hence are solutions of X? =1 (mod 2¥). Hence let now
k > 3, thus | = 3, and we have (Z/2*Z)* = (—1) x (5) = Cy x Cor—».

The set of @ € (Z/2*Z)* such that the congruence X2 = a (mod 2%) is solvable
coincides with the set of squares Q C (Z/2*Z)*. Considering the cyclic direct
factors of (Z/2*Z)* we infer that Q = (52> < (Z/2*Z)* actually is a subgroup,
where |Q| = |52| = 2k=3; note that 52 = 1 (mod 8) shows again that all elements
of Q are congruent to 1 modulo 8. We consider the surjective natural map
v: Z/2¥7 — 7,/8Z. Hence we have |ker(v)| = % = 2k=3 implying that there
are precisely 2873 elements @ € Z/2*Z such that a = 1 (mod 8). Thus the
latter set coincides with Q, entailing that the congruence X2 = a (mod 2¥) is
solvable if a =1 (mod 8).

Finally, for 7,7 € (Z/2*Z)* we have 7> = 3 if and only if (7 -7~ !)? = 1, which

holds if and only if 7 -7~ € (1) x (52 - ) 22 Cy x Cy. Hence given solvability
the congruence X2 = a (mod 2*) has precisely 4 solutions. i

Below, we are going to describe the solvability of the congruence X2 = a
(mod p), where p € P is odd and a € Z such that p { a, which is left open
in the above considerations. Before doing so, we present an example; note that
the congruence X2 =0 (mod p) is always uniquely solvable modulo p:

Example. We consider the quadratic congruence X? = 453 (mod 1236), actu-
ally posed by GAUSS. We have 1236 = 22-3-103, hence by the Chinese remainder
theorem this is equivalent to solving the system of quadratic congruences

X?2=1 (mod4), X?=0 (mod3), X?=41 (mod 103).

Hence this is more general than the case discussed above, but still we may
proceed as follows: The first congruence is equivalent to X = +1 (mod 4). The
second congruence is equivalent to X = 0 (mod 3), in other words we have
X =43 (mod 12). For the third congruence, we observe that 41 = 41 4 103 =
144 = 122 (mod 103), hence we infer X = 412 (mod 103). Now the extended
Euclidean algorithm entails 1 = ged, (12,103) = 43 - 12 — 5 - 103, thus we get
X =43 (=5-103) £ 12 (43 - 12) = {£297, 321} (mod 1236).
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(12.3) Quadratic residues. Let p € P be odd. Then a € Z such that p { a

is called a quadratic residue, if there is b € Z such that @ = b e (Z/pZ)*,
otherwise a is called a quadratic non-residue; in other words, a is a quadratic
residue if and only if the congruence X? = a (mod p) is solvable.

Let Q, :={a € (Z/pZ)*;a € Z quadratic residue} and N, := {a € (Z/pZ)*;a €
Z quadratic non-residue} be the sets of squares and non-squares in (Z/pZ)*,
respectively. For a € Z such that p 1 a let the Legendre symbol be defined

as (&) = lifac @ and (&) = ~1ifa e N welet (2):=0ifp | a.

Note that (;) only depends on residue classes, hence we may also write (%)
In this sense, recalling that (Z/pZ)* is cyclic of even order p — 1, if p € Z is a
primitive root modulo p, then m coincides with the surjective natural group
homomorphism (Z/pZ)* — {£1}: p' — (—1)*. This entails:

Proposition: Euler criterion. (Legendre symbols are determined in Z/pZ.)

a

For any a € Z such that p 1 a we have (;) =4 (mod p).

Proof. If (%) =1, then T =T¢ (Z/pZ)*; if (%) = —1, then since —1 €
(Z/pZ)* is the unique element of order 2, we have ar =-T¢ (Z/pZ)*. il
Example. For p := 3 we get Q3 = {1} and V- 1

3= }; for p:=5 we get Q5 =
{£1} and N5 = {£2}; for p := 7 we get Q7 = {1,

{-1
2,4} and N7 = {—1, -2, —4}.
(12.4) The quadratic reciprocity law. In order to compute Legendre sym-

bols <%), by factoring a € Z and using the multiplicativity of (;), it suffices

to be able to determine (_?1) and (%), as well as (1), where ¢ € P is odd

P
such that g # p; recall that to find (%) we might as well compute (%) for any
b=a (mod p). We now proceed to the famous quadratic reciprocity law, whose
main part is to relate (%) to (%), that is to compare the quadratic residuosity

properties of distinct odd primes.

Theorem: Quadratic reciprocity law [GAuss, 1796]. Let p € P be odd.

a) Let ¢ € P be odd such that ¢ # p. Then we have (%) . (%) = (—1)%_1'7.

In other words, if p =1 (mod 4) or ¢ =1 (mod 4) then we have (%) = (9),
while if both p,¢q =3 (mod 4) then we have (%) = - (E).

q

b) ‘2. Erginzungssatz’. We have (%) =(-1)
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In other words, we have 2 € Q, if and only if p = £+1 (mod 8).

p—1

c) ‘1. Ergénzungssatz’. We have (’71) =(-1)"=z.

In other words, we have —1 € Q,, if and only if p =1 (mod 4).

Proof. Note first that c) is just the Euler criterion applied to a := —1; alterna-
tively, as a consequence of Artin’s Theorem, the quadratic congruence X? = —1
(mod p) is solvable if and only if p =1 (mod 4).

(5)
5

Moreover, for the reformulation of b) note that since (Z/8Z)* = (—1)
Cy x Cy we have p? = 1 (mod 8) for any p, where from (Z/16Z)* = (1)
Cy x C4 we conclude that p? =1 (mod 16) if and only if p € (1) x (5
is p = {£1,£7} (mod 16), in other words p = +1 (mod 8).

111

X
X

2

()
h

=+
&
=+

To prove the main assertions a) and b) we proceed in a series of steps: Following
EISENSTEIN, let Hp :=1+4+Zp_1 = {1,..., ”2;1} Then any @ € (Z/pZ)* can be
written uniquely as @ = €,@, where ¢, € {1} and o € H,,.

i) Let @ € (Z/pZ)*, and for i € H,, let @i = €;a;, where ¢; € {£1} and a; € H,.

Then we have the Gauss Lemma saying that (%) = Hie?—tp €

We first show that the «;, for i € H,, are pairwise distinct: Let a; = o for
i,j € Hyp, then we have % =2 a; = @%j” € (Z/pZ)*, hence i = j, that

2 =
is %2372 =1, hence iijfl = 41, that is i = 45, which finally implies i = j.

—1 - —_ —_— p— —
Thus we have @'z 'Hieﬂp 1= Hz‘eﬂp ai = Hie?—t,, €0 = Hier € Hieﬂp a; =

p—1

Hie?—tp € - Hierf € (Z/pZ)*, thus (%) =az = Hieﬂp €. #

ii) Using the notation introduced above, for @ € (Z/pZ)* and i € H, let ai =
€ + €;p, where e; € Z. Now, if ¢, = 1, then we have 2ai = 2a; + 2e;p,
hence % = 2% + 2¢;, thus L%J = 2¢; is even. If ¢, = —1, then we have

2ait = —2q; + 2e;p, hence % = f% + 2e;, thus L%J = 2¢; — 1 is odd.

In conclusion ¢; = (—1)L%J, thus (%) = Hieﬂp(—l)L rl = (-1 Tieny L5,

)
iii) Now let a € Z be odd such that p 1 a. Then, using (%) = (i) = (2)2 =1,
)

wee (3) = (252) = (45) = (3) - (5) = (57) 1o vis
(20) = (~)Zreme L5 = ()P, HUED — (Cp) Py T (e ),

p

The sum formula for arithmetic series yields Zie?—tpi = z i = (%1) =
2_4 ia
(pfl)s(p“) = ng_l, hence we get (2?“) = (-1 - (—1)27"6%L 2l
2_ i 2
In particular, for a := 1 we get (%) = (-1 - (—1)21'9%[5J = (-1,

proving b). Thus, from (2?“) = (%) . (%) we get (%) = (—1)216HPL%J,
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iv) Let now ¢ € P be odd such that ¢ # p. Letting H := H, x H,, we consider

= |{[i,j] € H;qi > pj}| and 7 := [{[i,j] € H;qi < pj}|. Since p 1 ¢i and
q )[ pj, we have gi # pj anyway, and thus o + 7 = |H| = Tl A
For i € H, we have % < (I(p b - 4, hence L%J < Tl Thus for j € H,

we have ¢i > pj if and only 1f Jj< L‘;J, hence we get o = 3,5, [4]. By

symmetry, we also have 7 = 3", L%J This finally entails (%) . (%) =

(-Fienl 8 B ) = (= () proving a).

The quadratic reciprocity law allows to compute Legendre symbols straightfor-
wardly, and thus to decide the solvability of quadratic congruences with respect
to odd prime moduli quickly; but note that this does not provide the solutions:
Example. We have (

) = = (35) - (&5) =
12 (&) (B) = (F)- = (—1) -1 = —1, as well as
(i) = (1) ='(21y = (5). (41) =(F)(F) =CD(n=1
13 Applications

(13.1) Primes in arithmetic progressions. We consider arbitrary modulo
n € N. Then for any prime p € Z we have either p | n or p € (Z/nZ)*.
Hence, given @ € (Z/nZ)*, we ask ourselves, kind of conversely, whether there
are infinitely many primes p € P such that p = @.

The following refers to the cases n = 4 and n = 3, respectively, where in both
cases the first part is seen straightforwardly, while the second part follows from
the quadratic reciprocity law.

Proposition. a) There are infinitely many p € P such that p = —1 (mod 4).
b) There are infinitely many p € P such that p =1 (mod 4).

Proof. a) Assume to the contrary that {p1,...,p,}, for some r € N are all the
primes p € P such that p = —1 (mod 4). Then let z := —1+4-[[;_, p; € Z,
hence z = —1 (mod 4). But for any ¢ € P such that ¢ | z, by construction we
have ¢ =1 (mod 4), hence we have z =1 (mod 4) as well, a contradiction.

b) Assume to the contrary that {pi,...,p,}, for some r € N, are all the primes
p € P such that p = 1 (mod 4). Then let z := 1+4-[[/_, p? € Z, and let
g € P such that ¢ | z. Then by construction we have ¢ = —1 (mod 4). But
—1=(2-[[;_, pi)? (mod q) shows that ¢ =1 (mod 4), a contradiction. i

Proposition. a) There are infinitely many p € P such that p = —1 (mod 3).
b) There are infinitely many p € P such that p =1 (mod 3).



55

Proof. a) Assume to the contrary that {p1,...,p,}, for some r € N, are all the
primes p € P such that p = —1 (mod 3). Then let z := -1+ 3-[[,_, p; € Z,
hence z = —1 (mod 3). But for any ¢ € P such that ¢ | z, by construction we
have ¢ =1 (mod 3), hence we have z =1 (mod 3) as well, a contradiction.

b) Assume to the contrary that {pi,...,p,}, for some r € N, are all the primes
p € P such that p = 1 (mod 3). Then let z := 3 +4-[[,_,p? € Z, and let
g € P such that g | z. Then by construction we have ¢ = —1 (mod 3), hence

() = (5}) = —1. But =3 = (2-[[;_; p:)* (mod q) shows that 1 = (?) =
(%) . (%) = (—1)% . (—1)q%1 (%) = (%), a contradiction. i
The following deep theorem (which is not proved here) provides an affirmative
answer to the question whether there are are infinitely many primes p € P such

that p = @, for some fixed @ € (Z/nZ)*. Actually, the precise answer uses the
prime number function w(x) := [P<y|, for € Rsq:

Theorem: Dirichlet [1837]. Let n € N and @ € (Z/nZ)*. Then we have

lim {p € P<s;p=a (mod n)}| _ 1
z—00 7(x) [(Z/nZ)]
Hence there are infinitely many primes p € Z such that p = a (mod n). i

(13.2) Varying prime moduli. We change the point of view, fix a € Z, and
let the modulus p € P, being odd such that p t a, vary. We ask ourselves
whether there are infinitely many odd primes such that a is a quadratic residue
and a quadratic non-residue modulo p, respectively.

Theorem. Let 0 # a € Z. Then there are infinitely many odd primes p € P
such that p 1 a and (%) =1.

Proof. Assume to the contrary that {pi,...,p,}, for some r € Ny, are all odd
primes p € P such that p { a and (%) = 1. Let b € Z such that gcd (a,b) =1
and 2 | ab, chosen large enough such that z := (b-[[/_, p;)* — a > 1; note that
here we need a # 0. Then ged (a,b-[;_, p;) = 1 entails ged | (z,ab-[],_; pi) =
1. Let ¢ € P such that ¢ | z, then by construction ¢ is odd such that (%) =—1.

But a = (b-[],_, pi)* (mod q) shows that (g) =1, a contradiction. i
Theorem. Let a € Z be not a square. Then there are infinitely many odd

primes p € P such that p 1 a and (%) =—1.
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P
square-free. We first consider some exceptional small cases:

Proof. By the multiplicativity of ( ) we may assume that a € Z\ {0,1} is

i) Let a := —1. Then for an odd prime p € P we have (%) = —1 if and only
if p=—1 (mod 4), of which we already know that there are infinitely many.

ii) Let a := 2. Then for an odd prime p € P we have (%) = 1 if and only

if p = 41 (mod 8). Hence assume to the contrary that {3} U {p1,...,p,}, for
some r € Ny, are all the odd primes p € P such that p = £3 (mod 8). Then
let z := 34 8- [[_; pi € Z, hence in particular z = 3 (mod 8). But for any
g € P such that ¢ | z, by construction we have ¢ = +1 (mod 8), hence we have
z = =+1 (mod 8) as well, a contradiction.

iii) Let a := —2. Then for an odd prime p € P we have 1 = (%) = (’71) . (%)
if and only if p = 1 (mod 4) and p = +1 (mod 8), or p = —1 (mod 4) and
p = =+3 (mod 8), that is p=1 (mod 8) or p =3 (mod 8).

Hence assume to the contrary that {5} U {p1,...,p,}, for some r € Ny, are all
the odd primes p € P such that p = —1 (mod 8) or p = —3 (mod 8). Then let
z:=5+8-][_, pi € Z, hence in particular z = —3 (mod 8). But for any g € P
such that ¢ | z, by construction we have ¢ = 1 (mod 8) or ¢ = 3 (mod 8),
hence we have z =1 (mod 8) or z =3 (mod 8) as well, a contradiction.

iv) Hence we may now assume that a = (—1)°-2°-[[;_, ¢;, where ¢; € P
are pairwise distinct odd primes, for some s € N, and €,e € {0,1}. Assume to
the contrary that {p1,...,p,}, for some r € Ny, are all the odd primes p € P

such that p 1 a and (%) = —1. Then we have p; # ¢; for all ¢ € {1,...,r}
and j € {1,...,s}. Hence, letting € Z such that Z € N, by the Chinese
remainder theorem let z € N such that

z=1 (mod 8), z=1 (modp;) forallie{l,...,r},

z=z (mod gs), z=1 (modgq;) forallje{l,...,s—1}.
Letting z = HZ:l I, where [, € P and t € N, we have [, # 2 and [}, # p; and
Iy #qj, forall k € {1,...,t} and i € {1,...,r} and j € {1,...,s}. Hence we
get [y (2) = Ihet () Thies (2) T I (2)-
Since z =1 (mod 4), and I, = £1 (mod 4), we infer that I, = —1 (mod 4) for
an even number of k € {1,...,t}. Since (7—:) =1lifand only if [y =1 (mod 4),

we conclude that H2:1 (;—kl) = 1. Similarly, since z =1 (mod 8), and I, = +1

(mod 8) or I, = +3 (mod 8), where (£3)2 = 1 (mod 8), we infer that [, = +3
(mod 8) for an even number of k € {1,...,t}. Since (%) = 1 if and only if

Iy = +1 (mod 8), we conclude that [T, _, (%) =1

Since (ﬁ) = (l—’“) whenever [, = 1 (mod 4), while (‘ZI—Z) =+ (é—]) whenever

Ik qj j
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I = —1 (mod 4), which happens for an even number of k € {1, ..., ¢}, for fixed

je{l,...,s} we get szl (?—Z) = szl (lq—’;) Thus in conclusion we have

Mies () =Taa e () =152 (5) = () TB2(5) = -1 Hence

there is k € {1,...,t} such that (ﬁ) = —1, a contradiction. i

(13.3) Example: Fermat numbers. Finally, we consider the Fermat num-
bers F,, := 22" +1 € N, for n € Ny, again. The following, due to LUCAS, is one
of the few general properties known to hold for prime divisors of F,:

Lemma. Let n > 2, and p € P such that p | F,,. Then we have 272 | p — 1.

n+1

Proof. Note that p is odd. For 2 € (Z/pZ)* we have 2" = T, hence? =T.
This implies that 2 € (Z/pZ)* has order 2"+, from which we infer 2"% | p—1.

Thus, since n > 2, we have p = 1 (mod 8). Hence we have (%) = 1 and there

= * 2 _ 5 —ont2 _gvgntl _ 52" o
is @ € (Z/pZ)* such that @ = 2. Hence we have @ = (@) =2 =1.
Assume that @27 =T, then —-1=2° = (@®)?" =a*"" =T, a contradiction.
Hence we have a2 # 1; thus actually necessarily a2 = —1, but we do not

need that. This implies that @ has order 2”2, which entails 2"*2 | p — 1. 1

Applying this for n € {2,3,4} shows that it a fairly weak statement: For n = 2
we have 2272 = 16, hence we get p = 17 = 2* + 1 = F,. For n = 3 we have
2342 = 32 hence we get p € PN {32-k+ 1;k € {1,...,8}} = {97,193,257},
where F3 = 28 + 1 = 257. For n = 4 we have 2*t2 = 64, hence we get
pePN{64-k+1;k € {1,...,210}} = {193,257, ...,65537}, a set of cardinality
210, where Fy = 216 + 1 = 65537.

Still, in rare cases, see Table 10, it is helpful to discover small prime divisors of
F,, explicitly, by running through the numbers p := 2"*2.k+41 € N, for smallish
k € N, and checking whether p divides F},; in this case p is a prime. We also
indicate the 2-parts of the numbers p — 1 found, which may indeed exceed
n + 2. Finally, the decomposability or primality of the co-factors remaining
after dividing out the prime divisors found can be checked using the Fermat
decomposability test or the Lucas primality test, respectively, see (14.3).

14 Primality testing

(14.1) Fermat test. Letting 1 # n € N, we aim to decide algorithmically
whether n is a prime or decomposable, but without actually computing the
factorization of n. To do so, recall that n is a prime if and only if p(n) =n—1,
where in this case the group of prime residues (Z/nZ)* = C,,_1 is cyclic.

a) Without actually determining ¢(n) = [(Z/nZ)*|, we may proceed as follows:
If n is a prime, then Euler’s Theorem implies @~ ! = T, for all @ € (Z/nZ)*.
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Table 10: Prime divisors of Fermat numbers.

’ n \ 2 \ k \ D \ va(p— 1) \ co-factor prime?
5 128 5 641 7 yes
6 256 1071 274177 8 yes
9| 2048 1184 2424833 16 no

10 | 4096 11131 45592577 12
1583748 | 6487031809 14 no

11| 8192 39 319489 13
119 974849 13 no

12 | 16384 7 114689 14

1588 26017793 16
3892 63766529 16 no

Hence we have the Fermat decomposability test, saying that if if there is
@ € (Z/nZ)* such that @"~! # 1, then n is decomposable; in this case @ is called
a Fermat decomposability witness for n.

But this does not provide a primality test: If n is decomposable, but stillg" ! =
1 for some 1 # @ € (Z/nZ)*, then n is called a Fermat pseudo-prime with
respect to the base @, which is called a Fermat liar for n. If n is a Fermat
pseudo-prime with respect to all bases 1 # a € (Z/nZ)*, then n is called
a Carmichael number [KORSELT, 1899; CARMICHAEL, 1910]. These are
precisely the decomposable numbers escaping the Fermat decomposability test.

Example. i) We consider 2!2 + 1 = 4097 = 17 - 241. Then we have 2
(Z/4097Z)*, and letting a := 2 we get 2'2 = —1 (mod 4097), hence 224 =
(mod 4097), and 4096 = 170 - 24 + 16 yields 24096 = (224)170. 216 = 912 24
—16 £ 1 (mod 4097). Hence 2 is a Fermat decomposability witness for 4097.

ii) We have 561 = 3-11-17, hence (Z/561Z)* = (Z/3Z)* X (Z/11Z)* x (Z/1TZ)* =
Cy x Cyp x Chg, implies that for all @ € (Z/561Z)* we have glem+(2,10,16) — T
where lem (2,10,16) = 80 | 560 = 561 — 1; thus 561 is a Carmichael number.
The Carmichael numbers < 10* are {561, 1105, 1729, 2465, 2821, 6601, 8911}

I = m

b) Hence the question arises, how many Carmichael numbers there are. Indeed,

there are infinitely many of them, where more precisely we have the estimates
_ In(In(In(n)))
n? < |{k € {1,...,n}; k Carmichael number}| < n' (46 S5t | for n —

oo and for all € > 0 [ALFORD-GRANVILLE-POMERANCE, 1992; POMERANCE-
SELFRIDGE-WAGSTAFF, 1980].

Still, the set U,, := {@ € (Z/nZ)*;a"~' = 1} < (Z/nZ)* is a subgroup, where
we have U, = (Z/nZ)* if and only if n is either a prime or a Carmichael number.

If U,, < (Z/nZ)*, then by Lagrange’s Theorem we have U | L
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that the fraction of Fermat liars is at most % Hence we have the following
randomized algorithm to decide decomposability:

Given an error bound 0 < e < 1, for at least [—log,(€)] randomly chosen
elements of (Z/nZ)* we perform the Fermat decomposability test; if a Fermat
decomposability witness is found then ‘decomposable’ is returned, otherwise
‘prime’ (or ‘probably prime or Carmichael’, to be precise) is returned. Thus this
is a Monte-Carlo algorithm inasmuch the answer ‘decomposable’ is correct,

while the answer ‘prime’ is incorrect with an error probability of at most e.

(14.2) Lucas test. Let still 1 # n € N. The Lucas primality test [1876]
aims at proving that (Z/nZ)* is cyclic of order n — 1, by exhibiting an element
a € (Z/nZ)* of order n—1. The latter property is verified, letting p1,...,p, € P
be the prime divisors of n — 1 for some r € Ny, by checking whether a"~! = T

and @7 #1, forallie{1,...,r}.

If n is a prime, then the tuple [a;p1,...,p,] is a called a Lucas primality
certificate for n, where the primitive root @ € (Z/nZ)* is called a Lucas pri-
mality witness. But to achieve this we need to apply a factorization algorithm
to n — 1, and to apply the Lucas primality test recursively to verify primality
of the prime factors of n — 1 found. Unfortunately, no ‘fast’ (more precisely,
polynomial) factorization algorithm is known.

This finally yields a Pratt primality certificate [1975] for n, consisting of a
Lucas primality certificate for n, together with Pratt primality certificates for
the prime factors of n—1; note that the recursion is anchored by the empty Lucas
primality certificate [2;] for n = 2. In terms of complexity theory of algorithms
a Pratt primality certificate for n is a polynomial certificate for primality of
n, saying that using this primality of n can be verified algorithmically needing
computing time which is polynomial in the input size In(n). Similarly, providing
a proper divisor of n is a polynomial certificate for decomposability of n.

(14.3) Example: Fermat numbers. We consider the Fermat numbers F,, :=

22" 41 € N, for n € Ny, again. The Fermat decomposability test amounts to
finding @ € (Z/F,Z)* such that af»~1 = 42> # 1 (mod F,), while the Lucas
primality test amounts to finding @ € (Z/F,Z)* such that o =2 ! #1

(mod F,) and a»~!' = a?* =1 (mod F,). Actually, we can do better:

Lemma: Pepin’s test [1877]. Let n > 1. Then we have 3 { F,,, and F), is a
F'IL

=1 (mod F,).

prime if and only if 3

Proof. We have F,, = (=1)>" +1 = —1 (mod 3), hence 3 € (Z/F,Z)*. Now let

F, be a prime; then since F,, = 22" +1 =1 (mod 4) we have (Fi = (%) =
Fp—1

(%1) = —1, hence the Euler criterion yields 372 = —1 (mod F,). Conversely,
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Fp—1

let 375 = 32" "' = —1 (mod F,), hence 37~1 = 32" =1 (mod F,), thus
3 € (Z/F,Z)* has order 22" = F,, — 1, implying that F), is a prime. #

Hence the second part of the above argument shows that if Fj, is a prime then
3 is a Lucas primality witness.

Now the Fermat numbers Fy = 22 +1 =5, F, =2441 =17, F3 = 28 +1 = 257,
F, = 2' 11 = 65537 are seen to be primes as follows, letting a := 3: For n =1
we get 375 =32 =9= -1 (mod Fy); for n = 2 we successively compute
32 =9 (mod F,) and 3* = 81 = —4 (mod F,) and 3% =38 =42 = -1
(mod F); similarly, sparing the details, for n = 3 we get 355 = 3128 =

(mod F); and for n = 4 we get 37— = 332768 = _1 (mod Fy).

Fg5—1

To the contrary, for F5 = 23241 = 4294967297 we get 32 = 10324303 # —1
(mod F3), implying that Fj is not a prime. Indeed, we already know that 641
is a prime divisor of F5, and for the co-factor ¢ := 61;1—51 = 6700417 we have
c—1=27-3.17449, and 5 turns out to be a Lucas primality witness.

Similarly, for Fy = 264 + 1 we get 375 # —1 (mod Fy), implying that Fy is
not a prime. Indeed, we already know that 2424833 is a prime divisor of Fy,
and for the co-factor ¢ := % we get 31 # 1 (mod c), implying that c is
not a prime, with Fermat decomposability witness 3. i

Finally, recall that for n € Ny and a := 2 we have 22" = —1 (mod F,), hence
22" =1 (mod F,), showing that 2 € (Z/F,Z)* has order 2"1. Since 2"*! |
22" = F,, — 1, with equality if and only if n < 1, we conclude that 2 is a Lucas
primality witness for Fy and F}, while it is a Fermat liar if F;, is decomposable,
and does not yield any insights if F;, is a prime for n > 2.
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V Exercises

15 Exercises to Part I (in German)

(15.1) Aufgabe: Pythagoriische Tripel.

Es sei 1 # n € N ungerade. Man zeige: Es gibt ein primitives pythagoréisches
Tripel [z,y,2] € N mit y = n. (Insbesondere gibt es also unendlich viele
pythagoréische Tripel.)

(15.2) Aufgabe: Kongruenz-Zahlen.

Ein n € N heit Kongruenz-Zabhl, falls es z, y, z € Q gibt mit 22 +y? = 22 und
n = %xy (Geometrisch: Falls es ein rechtwinkliges Dreieck mit Flacheninhalt
n und rationalen Seitenldngen gibt.)

a) Aus der Parametrisierung der pythagoréischen Tripel entwickle man ein Ver-
fahren, das alle Kongruenz-Zahlen (in nicht-natiirlicher Reihenfolge) aufzihlt.

b) Man zeige, daf 5, 6 und 7 Kongruenz-Zahlen sind.

(15.3) Aufgabe: Rechnen in kommutativen Ringen.

Es seien R ein kommutativer Ring, und a,b € R. Man zeige:

a) Es gelten 0-a =0 und (—1)-a = —a und —(ab) = (—a)b.

b) Fiir n € N gilt die binomische Formel (a +b)" = > (7)a'b"".

i=0 \¢

(15.4) Aufgabe: Einheiten.
Es seien R ein kommutativer Ring, und R* die Menge der Einheiten in R.

a) Man zeige, da8 es fiir a € R* genau ein Element a=! € R gibt mit a-a=! = 1.
Man zeige, dafl R* eine kommutative multiplikative Gruppe ist.

b) Fiir a € R* und n € Z gebe man eine formale Definition des Ausdrucks ‘a™’
an. Man beweise damit die folgenden Rechenregeln fiir Potenzen: Fiir a,b € R*
und n € Z gelten (=) = a~" und (ab)" = a™b™.

(15.5) Aufgabe: Ringhomomorphismen.
a) Es seien R und S kommutative Ringe, und ¢: R — S ein Ringhomomorphis-
mus. Man zeige, dafl ¢(0r) = 0g gilt.

b) Man gebe ein Beispiel einer Abbildung ¢: R — S zwischen kommutativen
Ringen R und S an, die additiv und multiplikativ ist, aber ¢(1r) # 1g erfiillt.

c) Wieviele Ringhomomorphismen R — {0} bzw. {0} — R gibt es?

(15.6) Aufgabe: Kommutative Ringe.

Es seien R und S kommutative Ringe, und ¢: R — S ein Ringhomomorphismus.
Man betrachte die folgenden rein formalen Eigenschaften (und erinnere sich an
dhnliche Eigenschaften von Vektorraumhomomorphismen):
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a) Man zeige: Bild(y) := {¢(a) € S;a € R} ist abgeschlossen unter Addition
und Multiplikation, und wird damit zu einem kommutativen Ring.

b) Man zeige: Kern(p) := {a € R;p(a) = 0} ist abgeschlossen unter Addition,
und wird damit zu einer additiven Gruppe.

¢) Man zeige, dafl Kern(¢) folgende Abgeschlossenheitseigenschaft bezliglich der
Multiplikation hat: Sind a € Kern(¢) und b € R, so ist auch ab € Kern(yp).

Insbesondere ist Kern(y) also abgeschlossen unter Multiplikation. Aber: Wann
wird Kern(yp) damit wieder zu einem kommutativen Ring?

(15.7) Aufgabe: Isomorphiesitze.
Es seien R ein kommutativer Ring und I < R. Man zeige:

a) Ist J QR mit J C I, so gilt (R/J)/(I/J) = R/I.
b) Ist S C R ein Teilring, so gilt S/(SNI) = (S+1)/I.

Hinweis. Man wende den Homomorphiesatz auf die Abbildung v; an.

(15.8) Aufgabe: Assoziiertheit. )
Man zeige: Assoziiertheit in einem Integritdtsbereich ist eine Aquivalenzrelation.

(15.9) Aufgabe: Integritatsbereiche.
Es sei R ein endlicher kommutativer Ring.

a) Man zeige: Ist 0 # a € R, so ist a entweder eine Einheit oder ein Nullteiler.
b) Man folgere: Ist R ein Integritdtsbereich, so ist ein Korper.
Hinweis. Fiir a € R betrachte man die Abbildung \,: R — R: z — ax.

(15.10) Aufgabe: Kleinste gemeinsame Vielfache.

Es seien R ein Integritatsbereich, und () # S C R eine Teilmenge. Man gebe eine
formale Definition von kleinsten gemeinsamen Vielfachen der Elemente von
S an, und formuliere eine Eindeutigkeitsaussage.

(15.11) Aufgabe: Teilbarkeit.
a) Es seien R ein Integrititsbereich, p € R prim und ¢ € R. Man zeige: Es
gilt entweder p | a, oder p und «a sind teilerfremd. Welche Aussage erhilt man
daraus, wenn a ebenfalls prim ist?

b) Es seien R faktoriell, a,b € R\ {0} teilerfremd und ¢ € R. Man zeige: i) Es
gilt a | be genau dann, wenn a | ¢ gilt. ii) Aus a | cund b | ¢ folgt ab | c.

(15.12) Aufgabe: Euklidische Ringe.
Es seien R ein Integritdtsbereich, und §’: R\ {0} — Ny eine Abbildung, die die
Bedingung i) aus (3.3) erfiillt. Man zeige: Die Abbildung

5: R\ {0} = Np: a+— min{d’(b);b € R\ {0},a | b}
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erfiillt beide Bedingungen i) und ii) aus (3.3).

(15.13) Aufgabe: Hauptideale.
Fiir Ideale I, J eines Hauptidealbereichs zeige man: Es gilt (I+J)(INJ) = 1J.

(15.14) Aufgabe: Faktorringe.
a) Es sei I := (2, X) < Z[X]. Man zeige: Es ist |Z[X]/I| < 2.

b) Man gebe einen surjektiven Ringhomomorphismus ¢: Z[X] — Z/27Z mit
I C ker(p) an. Daraus folgere man: Es gilt |Z[X]/I| = 2 und I = ker(yp).

16 Exercises to Part II (in German)

(16.1) Aufgabe: Z ist faktoriell.

Wiéhrend zum Beweis der Existenz von Faktorisierungen nur die Multiplikation
benutzt wird, wird fiir die Eindeutigkeit auch die Addition verwendet. Dies ist
notwendig so, wie das folgende, auf HILBERT zuriickgehende Beispiel zeigt:

a) Man zeige: Die Menge H := {3k + 1 € N;k € Ny} ist ein multiplikatives
Monoid. Man bestimme die Einheitengruppe von H. Man gebe eine formale
Definition von Assoziiertheit und von unzerlegbaren Elementen an.

b) Man zeige, dal jedes Element von H als Produkt unzerlegbarer Elemente
geschrieben werden kann. Sind diese Darstellungen eindeutig?

(16.2) Aufgabe: Satz von Euklid.

Der Beweis des Satzes von Euklid iiber die Unendlichkeit der Menge P der
positiven Primzahlen legt folgende Konstruktion nahe: Fiir z € Z \ {0, +1} sei
Pmin(z) € P der kleinste Primteiler von z. Nun betrachte man die durch p; := 2
und p; 1= pmin(l + H;;ll pj) € P, fiir ¢ > 2, rekursiv definierte Folge.

a) Man zeige: Die Primzahlen pq, ps, ... sind paarweise verschieden.

b) Gilt moglicherweise sogar immer p; = 1 + H;;ll p;?

(16.3) Aufgabe: Euler-Produkte.
a) Fiir s € Ryg und N € N zeige man: Es gilt

1 1
Z ;: H 1_p—s'

nEN,pmax (n)SN pePSN

Wie kann man daraus folgern, dal P unendlich ist?
b) Fiir 5 > 1 zeige man: Es gilt ((s) :== >, oy = = limy o0 (HpeP<N 1_7;,5)
c) Fiir s € Ryp und N € N zeige man: Es gilt

1
ZHGN,meT, (n)<N, quadratfrei ns _ H (1 . p_QS)

T
2 neN,pmas (M) <N 73 PEPon
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d) Fiir s > 1 zeige man: Es gilt

ZnENp (n)<N quadratfrei# 2s 1
(St it 1) _ gy (T (1)) =

N—roo ZneN,pnlaz (’I’L)SN ns N—oo pGPSN 4(25)

(16.4) Aufgabe: Legendre-Identitit.

Es seien n € N und p € P. Man zeige: Es gilt v,(n!) =35, [5¢]-

(16.5) Aufgabe: Fakultiten.

Es sei 1 # n € N. Man zeige: Es gibt eine Primzahl p € P mit v,(n!) = 1.

(16.6) Aufgabe: Fakultiten und Teilbarkeit.
Es seien m,n € N. Man zeige: i) Es gilt m!-n! | (m+n)!. ii) Ist ggT (m,n) =1,
so gilt sogar m!-n! | (m+n —1)!. Was passiert im Falle ggT_ (m,n) > 17

(16.7) Aufgabe: Primzahlen.
Es seien 1 # a € N und k£ € N. Man zeige:

a) Ist a® — 1 prim, so ist @ = 2 und k prim. Ist umgekehrt 27 — 1 prim, wenn
p € P prim ist? Primzahlen der Form 2P — 1 heiflen Mersenne-Primzahlen.

b) Ist 2% 41 prim, so ist k = 2" fiir ein n € Ny. Ist umgekehrt 22" 41 € 7Z stets
prim? Primzahlen der Form 22" + 1 heiBen Fermat-Primzahlen.

(16.8) Aufgabe: Arithmetik von Fermat-Zahlen.
a) Fiir n € Ny sei F,, := 22" +1 € N die n-te Fermat-Zahl. Man zeige: Fiir
m,n € Ng mit m # n sind F,, und F,, zueinander teilerfremd.

b) Daraus gewinne man einen neuen Beweis fiir die Unendlichkeit von P.

(16.9) Aufgabe: Nicht-Quadratzahlen.
Es sei n € N. Man zeige, daf§ keine der Zahlen n(n + 1) und n(n + 2) und
n(n + 1)(n + 2) eine Quadratzahl ist.

(16.10) Aufgabe: Rationale Zahlen.
a) Man zeige: Jede Zahl r € Q hat eine eindeutige Darstellung der Form r = ¢,
wobei a € Z und b € N mit ggT, (a,b) = 1.

b) Man zeige: Sind a,b € Z und r € Q, so sind genau dann ra € Z und rb € Z,
wenn 7 - ggT | (a,b) € Z ist.

(16.11) Aufgabe: Grofite gemeinsame Teiler.
Fiir k,m,n € N zeige man: Es gilt ggT, (k™ — 1,k" — 1) = keeTy(mmn) _ 1,
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(16.12) Aufgabe: Euklidischer Algorithmus.
a) Es seien [F1, Fy,...] C N die durch F,,45 := F,y1 + Fy, fir n € N, sowie

Fi := 1 und Fy := 1 rekursiv definierten Fibonacci-Zahlen. Weiter seien
7+ := 3(1+£/5) € R. Man zeige: Es gilt F, = %(Tﬁ -1 = LL\/% + 1.

b) Es seien nun a,b € N mit a > b, so da§ der Euklidische Algorithmus [ — 1
Divisionen mit Rest bendtigt, wobei I € N. Man zeige: Es gilt a > Fj.

c) Man folgere den Satz von Lamé: Es gilt [ <log, (V5 (a+ 3)).

(16.13) Aufgabe: Lineare diophantische Gleichungen.

a) Es seien n € N und ay,...,a,,¢c € Z. Man zeige: Die Gleichung a1 X; +
-++ 4 ap X, = ¢ hat genau dann eine Losung in Z", wenn ggT, (a1,...,a,) | c
Wie kann man in diesem Falle mit dem Euklidischen Algorithmus eine solche
Losung bestimmen?

b) Man betrachte die Gleichung aX +bY = ¢, mit a,b, ¢ € Z und ggT | (a,b) | c,
und sei [z, y] € Z? eine Losung. Wie gebe die Menge aller Losungen in Z?2 an.

(16.14) Aufgabe: Quadratische Zahlkorper.
Es seien d,d’ € Z\ {0, 1} quadratfrei mit d # d’. Man zeige:

a) Man zeige: Es gilt Q(vd] N Q[Vd'] = Q.
b) Man bestimme alle Ringhomomorphismen Q[vd] — Q[V/d].

(16.15) Aufgabe: Quadratische Zahlringe fiir 4 | (d — 1).
Es seien d € Z \ {0,1} quadratfrei mit 4 | (d — 1), und

1++Vd 1+Vd
5 ]::{a+b 5

Ry=17] €C;a,be Z}.

Man zeige:

a) R, ist ein kommutativer Ring, und es gilt
1
Ry = {§(a+b¢&) €Cia,b€Z,2 | (a—10)}.
AuBerdem wird durch N: Ry — Z: z — z - k(z), wobei x die Konjugation sei,
eine multiplikative Abbildung mit Werten in Z definiert.
b) Es gilt R} = {z € R4;|N(z)| = 1}. Daraus folgere man: Ist d < 0, so ist R
endlich. Genauer gilt R} = {£1} fiir d < —7, und R* 5 = {£1, %}

c) Fird e {—11,-7,-3,5,13} ist R4 Euklidisch beziiglich der Gradabbildung
Ry \ {0} = Ng: z— |[N(2)|.



66

(16.16) Aufgabe: Quadratische Zahlringe als faktorielle Ringe.
Es seien d € Z \ {0,1} quadratfrei, sowie Oy := Z[\/d] falls 4 { (d — 1), und

Oq = Z[H—Q\/E] falls 4 | (d—1). Durch Betrachtung geeigneter Faktorisierungen
zeige man fiir moglichst viele der folgenden Félle (das sind alle mit |d| < 30),
daBl O4 nicht faktoriell ist:

a) d € {-5,—6,—10,—13, —14, —15, —17, —21, —22, —23, —26, —29, —30}.
b) d € {10,15,26, 30}.

(16.17) Aufgabe: Unzerlegbare, nicht-prime Elemente.
a) Es sei d < —3 quadratfrei und ungerade. Man zeige: Das Element 2 € Z[v/d]
ist unzerlebgar, aber nicht prim.

b) Es sei d < —5 quadratfrei mit 4 | (d + 1). Man zeige: Die Elemente d — 1
and 2 4 2v/d haben keinen groften gemeinsamen Teiler in Z[v/d)].

(16.18) Aufgabe: Faktorisierungen.
a) Man bestimme alle Teiler von 10 und 21 im Ring Z[v/—5].

b) Man zeige: v/—5 ist prim in Z[/—5]. Was folgt daraus fiir die Eindeutigkeit
von Faktorisierungen von 5 in Z[/—5]?

(16.19) Aufgabe: Gauf3sche Zahlen.
a) Man bestimme die Faktorisierung der Zahlen 2, 3, 5 und 7 im Ring Z[i] der
Gauflschen Zahlen. Welche dieser Zahlen sind prim?

b) Es seien a := 10 — 5 € Z[i] und by := 5 — ki € Z[i], wobei k € {3,4,5}.
Man bestimme jeweils einen grofiten gemeinsamen Teiler von a und by, in Z][d],
zusammen mit zugehorigen Bézout-Koeffizienten. Man bestimme auch die Fak-
torisierung dieser Zahlen.

(16.20) Aufgabe: Eisenstein-Zahlen.
a) Es sei w := (1 +4v/3) € C. Man bestimme die Faktorisierung der Zahlen 2,
3, 5 und 7 im Ring Z[w] der Eisenstein-Zahlen. Welche davon sind prim?

b) Es seien a := 5+ 4w € Z[w] und b := 7 + 2w € Z[w]. Man bestimme einen
grofiten gemeinsamen Teiler von a und b in Z[w], zusammen mit zugehorigen
Bézout-Koeflizienten. Man bestimme auch die Faktorisierung dieser Zahlen.

(16.21) Aufgabe: Diophantische Gleichungen.
a) Man zeige, da8 die Gleichung X3 = Y2 + 1 nur die ganzzahligen Lésungen
xz =1 und y = 0 hat.

b) Man zeige, da8 die Gleichung X? = Y2 + 4 nur die ganzzahligen Losungen
x=>5und y € {£11}, sowie z = 2 und y € {£2} hat.

Hinweis. Man benutze den Ring Z[i] der GauBischen Zahlen, und in b) unter-
scheide man die Fille y gerade und y ungerade.
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(16.22) Aufgabe: Quadratzahlen.
Man zeige, dafl sich unter den Summen 1+ 2 + --- 4+ n, fir n € N, unendliche
viele Quadratzahlen befinden.

Hinweis. Man benutze die Einheitengruppe Z[v/2]*.

17 Exercises to Part IIT (in German)

(17.1) Aufgabe: Zerlegbarkeit von Fermat-Zahlen.

Fir n € Ny sei F, := 22" +1 € N die n-te Fermat-Zahl. Man zeige durch
Rechnung in geeigneten Restklassenringen (per Hand, und nicht durch schlichte
Division mit Rest):

a) [EULER] Es ist 641 | F5 = 4294967 297.
b) [LANDRY] Es ist 274177 | Fg = 18446 744073 709551 617.

(17.2) Aufgabe: Teilbarkeitsregeln.

Man betrachte n € N. Man teile die Dezimaldarstellung von n in Abschnitte
der Lange k € N auf; eventuell ergénzt man dazu fithrende Nullen. Die Summe
QS (n) € Ny dieser Abschnitte heifit die k-te Quersumme von n. Addiert man
die Abschnitte mit abwechselndem Vorzeichen, so heifit der Betrag QS, (n) € Ny
der so erhaltenen Zahl die k-te alternierende Quersumme von n. Man zeige:

a) Es ist genau dann 3 | n, wenn 3 | QS;(n).
b) Es ist genau dann 9 | n, wenn 9 | QS;(n).
c¢) Es ist genau dann 11 | n, wenn 11 | QS7 (n).
d) Es ist genau dann 7 | n, wenn 7 | QS35 (n).
e) Es ist genau dann 13 | n, wenn 13 | QS5 (n).

Wie sieht das allgemeine Prinzip hinter diesen Regeln aus? Was passiert, wenn
man eine andere Darstellung von n, also etwa die Bindrdarstellung, benutzt?

(17.3) Aufgabe: Primzahlen in Kongruenzklassen.
Man zeige, dafl es jeweils unendlich viele Primzahlen p € P gibt mit
i) p=2 (mod 3), ii) p =3 (mod 4), iii) p =5 (mod 6), iv) p = +3 (mod 8).

(17.4) Aufgabe: Das Kokosnuf3problem.

Fiinf Seefahrer werden auf eine einsame Insel verschlagen, auf der es als Nahrung
nur Kokosniisse gibt. Sie sammeln eine gewisse Anzahl von Kokosniissen am
Strand an. Da sie sich gegenseitig miffitrauen, beginnt des nachts der erste
von ihnen, ein Fiinftel der am Strand gelagerten Kokosniisse zu vergraben, an-
schliefend i3t er eine auf. Spéter verfahrt der zweite genauso mit den am Strand
verbliebenen Kokosniissen, ebenso der dritte, vierte und fiinfte. Am Morgen
bleibt eine durch fiinf teilbare Anzahl Kokosniisse am Strand iibrig. Wieviele
Kokosniisse waren zu Beginn mindestens vorhanden?
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(17.5) Aufgabe: Lineare Kongruenzen.
Man untersuche die folgenden Kongruenzen aX = b (mod n) auf Losbarkeit in
Z, und bestimme gegebenenfalls alle Losungen:

i) a:=13, b:= 32, n:= 35,
ii) a := 33, b:= 15, n:= 273,
iii) @ := 51, b:= 35, n := 119.

(17.6) Aufgabe: Chinesischer Restsatz.
Man untersuche die folgenden Systeme linearer Kongruenzen auf Losbarkeit in
Z, und bestimme gegebenenfalls alle Losungen:

i) X =21 (mod 72), X =69 (mod 75), X =99 (mod 100).
ii) X =21 (mod 72), X =69 (mod 75), X =61 (mod 100).

(17.7) Aufgabe: Sesame Street.

Ernie, Bert and the Cookie Monster want to measure the length of Sesame
Street. Each of them does it his own way. Ernie relates: ‘I made a chalk mark
at the beginning of the street and then again every seven feet. There were two
feet between the last mark and the end of the street.” Bert tells you: ‘FEvery
eleven feet, there are lamp posts in the street. The first one is five feet from
the beginning, and the last one is exactly at the end of the street.” Finally, the
Cookie Monster says: ‘Starting at the beginning of Sesame Street, I put down
a cookie every thirteen feet. I ran out of cookies twenty-two feet from the end.’
All three agree that the length does not exceed one thousand feet. How long is
Sesame Street?

(17.8) Aufgabe: Simultane Kongruenzen.
Man untersuche die folgenden Systeme linearer Kongruenzen auf Losbarkeit in
Z, und bestimme gegebenenfalls alle Losungen:

i)3X =1 (mod5), 5X =3 (mod7), 2X =4 (mod 8).
ii) 3X =9 (mod 27), X =57 (mod 99), 22X = —55 (mod 121).

(17.9) Aufgabe: Modulare Inverse.
Wie kann man den Chinesischen Restsatz dazu benutzen, fir n € N und @ €
(Z/nZ)* das Inverse @ ' € (Z/nZ)* zu bestimmen?

(17.10) Aufgabe: Direkte Summen von Restklassenringen.
Es seien m,n € N. Man zeige: Es gibt einen Ringisomorphismus

(Z/mZ) ® (Z/nZ) = (Z/ggT  (m,n)Z) & (Z/kgV 4 (m,n)Z).
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(17.11) Aufgabe: Teilerfremde Ideale.
Es seien R ein kommutativer Ring, und Iy,...,I; < R, fir k € N, paarweise
teilerfremde Ideale, das heifit, es gilt I; + I; = R fir alle i < j € {1,...,k}.

a) Man zeige: Es gilt Hle I, = ﬂle I; <R.

b) Man zeige: Die Abbildung v: R — @?:1 Z)Ii: x— [+ I1,...,¢+ Ii] ist
ein surjektiver Ringhomomorphismus mit ker(v) = ﬂle I, <R.

(17.12) Aufgabe: Polynomringe.
a) Es seien R ein Integritdtsbereich. Man zeige: Der Polynomring R[X] ist
ebenfalls ein Integritatsbereich.

b) Es seien 0 # g € R[X]| normiert und f € R[X]. Man zeige: Es gibt eindeutig
bestimmte ¢, € R[X] mit f = gg + r, wobei r = 0 oder Grad(r) < Grad(g).

¢) Man zeige: Der Ring R[X] ist genau dann Euklidisch, wenn R ein Korper
ist. Welche Gradfunktion kann man in diesem Fall wéhlen?

(17.13) Aufgabe: Lagrange-Interpolation.
Es seien K ein Korper, k£ € N, und aq,...,ar € K paarweise verschieden.

a) Man zeige: Die Ideale (X — a;) Q K[X], fir ¢ € {1,...,k}, sind paarweise
teilerfremd; siehe Aufgabe (17.11).

b) Daraus folgere man: Sind by,...,bx € K, so gibt es genau ein Lagrange-
Interpolationspolynom f € K[X] mit f = 0 oder Grad(f) < k, und f(a;) =
b, fiir alle ¢ € {1,...,k}. (Die a; heiBlen auch die zugehédrigen Stiitzstellen.)

¢) Um ein Interpolationspolynom konkret anzugeben, passe man die konstruk-
tive Losungsmethode des Chinesischen Restsatzes im teilerfremden Fall an: Fiir
diese Lagrange-Methode betrachte man die Polynome L; := Hj#(X —aj) €
K[X], furi € {1,...,k}. Welche Werte nimmt L; auf den Stellen a1, ..., a, an?

d) Alternativ kann man auch die konstruktive Losungsmethode des Chinesis-
chen Restsatzes im allgemeinen Fall anpassen: Fiir diese Newton-Methode
nehme man rekursiv das Interpolationspolynom fiir £ — 1 Stellen als bekannt
an, und modifiziere dieses durch Addition eines geeigneten Vielfachen von Ly.

Was sind die Vor- und Nachteile dieser beiden Methoden?

e) Man bestimme mit diesen Methoden jeweils das Interpolationspolynom fiir
die reellen Funktionen sin(-) und cos(-) an den sechs Stiitzstellen +§, £%, 7.

(17.14) Aufgabe: Hermite-Interpolation.
Es seien K ein Korper, k € N, und aq,...,ar € K paarweise verschieden. Ziel
ist eine Verallgemeinerung der Lagrange-Interpolation aus Aufgabe (17.13):

a) Es seien eg, ..., e, € N. Man zeige: Die Ideale (X — a;)¢) < K[X], fiir i €
{1,...,k}, sind paarweise teilerfremd. Wie mufl man die e; fiir den Spezialfall
Lagrange-Interpolation wéahlen?
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b) Daraus folgere man: Sind b19,...,01,e,-1,02,0,--,0ke,—1 € K, so gibt
es genau ein Hermite-Interpolationspolynom f € K[X] mit f = 0 oder
Grad(f) < Y-F e, und fUl(a;) = b, ;, fiiri € {1,...,k}und j € {0,...,e;—1}.

¢) Man bestimme das Hermite-Interpolationspolynom fiir die reelle Funktion
sin(-) an den Stiitzstellen 0 und 7, das erste Ableitungen beriicksichtigt.

Hinweis zu b). Man benutze die Taylor-Entwicklung.

(17.15) Aufgabe: Polynomkongruenzen.

a) Es sei n € N. Man zeige: Die natiirliche Abbildung v,,: Z — Z/nZ: a — a
kann eindeutig zu einem Ringhomomorphismus v, : Z[X] — (Z/nZ)[X] mit
vn(X) = X fortgesetzt werden. Dieser induziert dann einen Isomorphismus
Z[X]/{n) = (Z/nZ)[X]. Wie sehen die Elemente des Ideals (n) <Z[X] aus?

Fiir f, g € Z[X] schreiben wir f := v,,(f); und f = g (mod n), falls f = g.

b) Eine Zahl a € Z heifit eine Nullstelle von f modulo n, falls f(a) = 0
ist. Man zeige: Dies ist genau dann der Fall, wenn @ eine Nullstelle von f ist.
Weiter zeige man: Dies ist genau dann der Fall, wenn es g € Z[X] gibt mit
f=g- (X —=a) (mod n).

c¢) Bekanntlich hat ein Polynom 0 # f € Z[X] vom Grad d hichstens d paarweise
verschiedene Nullstellen in Z. Gilt eine analoge Aussage auch fiir Polynome in
(Z/nZ)[X] und ihre Nullstellen in Z/nZ?

(17.16) Aufgabe: Hensel-Lemma.
a) Man untersuche die polynomielle Kongruenz X% = 1 (mod 5*) auf Lésbar-
keit in Z/5FZ, und bestimme gegebenenfalls alle Losungen, fiir k € {1,...,8}.

b) Wie kann man daraus die Faktorisierung von X* — 1 € Z[X] berechnen?

(17.17) Aufgabe: Ganzzahlige Wurzeln.

a) Es seien n > 2 und 0 # a € Z. Man gebe einen Algorithmus an, der mittels
des Hensel-Lemmas entscheidet, ob a die n-te Potenz einer ganzen Zahl ist, und
gegebenenfalls eine ganzzahlige n-te Wurzel von a bestimmt.

Wie kann man dieses Problem auch mittels der Newton-Iteration 16sen?

b) Man entscheide, welche der Zahlen 1860865 und 1860867 eine dritte Potenz
einer ganzen Zahl ist, und bestimme gegebenenfalls die dritte Wurzel.

(17.18) Aufgabe: Ganzzahlige Nullstellen.
Es sei f:= X*+25X3 +129X2 + 60X + 108 € Z[X].

a) Man untersuche die polynomielle Kongruenz f =0 (mod 5*) auf Losbarkeit
in 7 /57, und bestimme gegebenenfalls alle Losungen, fiir k € {1,...,3}.

b) Wie kann man daraus die Nullstellen von f in Z bestimmen?
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(17.19) Aufgabe: Unlésbare diophantische Gleichungen.
Man zeige:

a) Ist n € N mit n =3 (mod 4), so hat X2 + Y? = n keine Losung in Z2.
b) Ist n € Nmit n =7 (mod 8), so hat X? + Y2 + Z? = n keine Losung in Z3.

18 Exercises to Part IV (in German)

(18.1) Aufgabe: Zyklische Gruppen.

Es seien G eine zyklische Gruppe der Ordnung n > 3, und {g1,...,9,m)} € G
die Menge der Elemente der Ordnung n. Man zeige: Es gilt Hf:(?) g =1€G.
(18.2) Aufgabe: Satz von Euler.

Fiir teilerfremde a,n € N zeige man (ohne Benutzung des Satzes von Lagrange):
Es gilt a¥™) =1 (mod n).

Hinweis. Man benutze die Abbildung \,: Z,, = Z,:  — az (mod n), und
betrachte das Produkt iiber alle teilerfremden Reste modulo n.

(18.3) Aufgabe: Kleiner Satz von Fermat.
Fiir eine Primzahl p € P zeige man: Fiir a € Z gilt a? = a (mod p). Daraus
folgere man: Ist p { a, so gilt a?~! =1 (mod p).

Hinweis. Man benutze Induktion. Wann teilt p den Binomialkoeffizienten (’Z’ )7

(18.4) Aufgabe: Satz von Wilson.
a) Man zeige: Eine Zahl 1 # n € N ist genau dann eine Primzahl, wenn
(n—1)!= -1 (mod n) gilt.

Mit diesem Test untersuche man n := 89 und n := 91 auf Unzerlegbarkeit. Wie
verhélt sich der Aufwand zur Anwendung des Siebs des Eratosthenes?

b) Nun sei p € P. Man zeige zunéchst: Ist p ungerade, so gilt

(B5H)* = (-1 (mod p).

Daraus folgere man: Die quadratische Kongruenz X? = 1 (mod p) ist immer
16sbar; die quadratische Kongruenz X? = —1 (mod p) ist genau dann lésbar,
wenn p £ 3 (mod 4) ist. Welche Losungen gibt es jeweils?

(18.5) Aufgabe: Elementordnungen.
Es seien p € P und @ € (Z/pZ)* habe Ordnung 3. Man zeige: Das Element
a+ 1€ (Z/pZ)* hat Ordnung 6.

(18.6) Aufgabe: Primitivwurzeln.
Man bestimme alle Primitivwurzeln modulo p, fiir alle Primzahlen p < 50.



72

(18.7) Aufgabe: Dezimaldarstellung.
Man bestimme die letzten drei Ziffern der Dezimaldarstellung von 99",

(18.8) Aufgabe: Allgemeine quadratische Kongruenzen.
Es seien p € P und a,b € Z. Man betrachte man die quadratische Kongruenz
X2 +aX +b=0 (mod p). Man zeige: Die Kongruenz ist genau dann unlésbar,

2 . . C 1 2_
wenn (%) = —1; sie genau dann eindeutig losbar modulo p, wenn (“Tf“’) =

0; und sie hat genau dann zwei Losungen modulo p, wenn (%) =1.

(18.9) Aufgabe: Quadratische Kongruenzen.
Man bestimme jeweils alle Losungen der folgenden Kongruenzen:
i) 103X?% = 53 (mod 143), ii) 103X?% = 35 (mod 143).

(18.10) Aufgabe: Quadratische Reste.
Welche der folgenden Zahlen sind quadratische Reste modulo 9977
i) 665, ii) 666, iii) 667.

(18.11) Aufgabe: Primzahlen in Kongruenzklassen II.
Man zeige, dafl es jeweils unendlich viele Primzahlen p € P gibt mit
i)p=1 (mod 3), ii)p=1 (mod4), iii)p=1 (mod 6).

(18.12) Aufgabe: Lind-Reichardt-Gleichung.

a) Man zeige: Die diophantische Gleichung X* = 2Y2 + 17 hat eine Losung
modulo jeder Primzahl p € P mit p = £1 (mod 8) oder p = 3 (mod 8). Was
passiert fiir p = —3 (mod 8)?

b) Man zeige: Die diophantische Gleichung X* = 2Y2 + 1724 hat keine nicht-
triviale ganzzahlige Losung.

(18.13) Aufgabe: Summen von Quadraten.
Es sei p € P ungerade. Man zeige: Es ist genau dann p = 24 2y?, fiir geeignete
x,y € Z, wenn p =1 (mod 8) oder p =3 (mod 8) ist.

(18.14) Aufgabe: Quadratische Polynome.
Es sei a € Z. Man zeige: Jeder Primteiler von 9a? + 3¢ + 1 € Z ist kongruent
zu 1 modulo 3.

(18.15) Aufgabe: Fermat-Test.
Man untersuche die Zahlen 2% — 1, fiir k € {9,11,13,15} auf Unzerlegbarkeit.
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(18.16) Aufgabe: Fermat-Liigner.
a) Es seien p € P prim, so daf auch 2p — 1 € P ist, und n := p(2p — 1) € N.
Man zeige: Es gibt genau %gp(n) Fermat-Liigner fiir n.

b) Es seien p # ¢ € P mit p,q = 3 (mod 4) und ggT(p — 1, — 1) = 2, sowie
n:= pq € N. Man zeige, da§ [{a"~' € Z3;a € Z3}| = [{a® € Z};a € Z}}] gilt,
und bestimme daraus den Anteil der Fermat-Liigner in Z,.

(18.17) Aufgabe: Fermat-Zahlen als Moduli.

Fiir n € Ny sei F, := 22" +1 € N die n-te Fermat-Zahl. Man zeige: Es ist
2 € (Z/F,Z)*. Man bestimme die Ordnung von 2 € (Z/F,Z)*, und zeige, dafl
sie F,, — 1 teilt. Wann gilt Gleichheit?

(18.18) Aufgabe: Carmichael-Zahlen.
Es sei 1 # n € N zerlegbar. Man zeige:

a) Es ist n genau dann eine Carmichael-Zahl, wenn n quadratfrei ist und fiir
jeden Primteiler p € P vonn gilt p—1 | n— 1.

b) Eine Carmichael-Zahl ist n ungerade und hat mindestens drei Primteiler.
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