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I Introduction 1

I Introduction

1 Gaussian integers

(1.1) Primes as sums of two squares. Let p € Z be an odd prime.

For z € Z, we have either z = 0 (mod 2) and hence 22 = 0 (mod 4), or z = +1
(mod 4) and hence 2> = 1 (mod 4). Thus, if there are a,b € Z such that
p = a? + b2, then precisely one of a or b is odd, and hence we have p = 1
(mod 4). In other words, if p = —1 (mod 4), then p cannot be written as a sum
of two squares in Z. (For p = 2 we have the representation 2 = 12 + 12.)

The question arises what happens in the case p = 1 (mod 4): Looking at a
few examples, see Table 1, we are led to conjecture that there always is a
representation of p as a sum of two squares in Z, and this representation is
unique, up to signs and order. Moreover, if this holds actually true, we wonder
whether a and b can possibly be computed algorithmically. To this end we place
ourselves into a broader context:

(1.2) Gaussian numbers. Let Q C R be the fields of rational and real
numbers, respectively; let K € {Q,R}. Then the polynomial X2 + 1 € K[X]
is irreducible. Hence the quotient K-algebra L := K[X]/(X?+1) of K[X] with
respect to the principal ideal (X2 + 1) < K[X] is a field, being called the field of
Gaussian numbers if K = Q, and the field of complex numbers if K = R;
in the latter case we also write L = C.

Letting i := X be the imaginary unit, where ~: K[X] — L is the natural
map, the set {1,i} C L is a K-basis, thus any z € L can be written uniquely
as z =« + iy € L for some z,y € K. By construction we have i = —1, thus
we also write i = /—1 and L = K(i) = K(v/—1); but note that i is merely a

choice of one of the two square roots of —1 in L.

We have X2 + 1 = (X —4)(X + i) € L[X]. Thus, being the splitting field of
a separable polynomial, the field extension K C L is finite Galois such that
Autg (L) = {id,k}, where k: L — L: 2z = x +iy — Z = x — iy is called
(complex) conjugation.

Let N = Nyyx: L - K:z=x+iy — 2z = (x +iy)(e —iy) = 2° +9°
be the associated norm map. It is multiplicative in the sense that N(zz') =

N(2)N(2') for 2,2’ € L, and we have 27! = % € L for ze L* = L\ {0}.

For z € C we have N(z) > 0, where N(z) = 0 if and only if z = 0. Hence let

|z] := v/N(2) € R be the complex absolute value. This defines a metric on C,
so that both R and C (but not Q and Q(4)) become complete topological fields.

(1.3) Gaussian integers. We consider the subring Z[i] := {a + bi € C;a,b €
Z} C Q(i) C C, being called the ring of Gaussian integers; being a subring
of a field it is an integral domain. Moreover, conjugation restricts to a ring
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automorphism of Z[i], and we have N: Z[i] — Z. We collect a few immediate
facts about the structure of Z[i]:

Theorem. The group of units of Z[i] is given as Z[i]* = {£1,+i} = (i) = C4.

Proof. Let O := Z[i]. We show that O* = N~!({1}) C O: Since N is mul-
tiplicative such that N(1) = 1, we get the group homomorphism N(O*) C
{£1} = Z*. This implies O* C N~1({1}). Conversely, if z € O such that
N(z)=2z=1, then 27! =% € O C Q(i), hence z € O*.

Finally, for 2 = a + bi € O we have N(z) = a? + b?> = 1 if and only if a € {1}
and b=0,or a =0 and b € {£1}. i

Theorem. The ring Z[i] is Euclidean with respect to the degree map N.

Hence Z[i] is a principal ideal domain, and thus is factorial, where greatest com-
mon divisors (not only exist, but) can be computed by the Euclidean algorithm.

Proof. Recall that an integral domain R is called Euclidean, if there is a degree
map ¢: R\ {0} — Ny such that for all a € R and b € R\ {0} the following is
fulfilled: i) There are (not necessarily unique) ¢, € R such that a = ¢b + 7,
where r = 0 or d(r) < (b), and ii) if a | b then d(a) < §(b). (Actually, the
latter condition can be dispensed of.)

Let now O := Zli]. Since monotonicity follows from multiplicativity of N, we
only have to show that quotients and remainders exist: Let u,v € O such that
v # 0, let uww™! = s+ it € Qi) for some s,t € Q, let #,y € Z such that
|s—z|<fand[t—y| <3 andlet g:=x+iyc Oand r:=u—que O.

Then r = v(uv~! —q), where uv™ —q = (s —x) +i(t —y). From N(uv=!—q) =

(s—x)2+ (t—y)? < § we get N(r) = N(v)N(uww™!' —q) < IN(v). i

(1.4) Gaussian primes. We proceed to describe the primes of the factorial
domain O := Z[i]. This is achieved by relating them to the primes of Z, also
called rational primes; let Pz C Z be the set of positive rational primes.

Lemma. Let 7 € O be a prime. Then there is a unique p € Pz such that
7 | p € O, and we have N(r) € {p,p?}.

Proof. We have N(m) € Z such that N(7) > 1. Hence we consider the factor-
ization of N(m) in Z. From 7 | N(n) = 77 € O, and m € O being a prime, we
infer that there is a prime divisor p | N(7) € Z such that 7 | p € O.

Hence we get N(m) | N(p) = p? € Z, thus N(n) € {p,p?}. This also shows that
p € Pz such that 7 | p € O is uniquely determined. i
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Theorem. Let m € O be a prime, and let p € Pz such that 7 | p € O.

i) If p = 2, then we have 2 ~ (1+1i)?2, in other words m € {£1+1i} are the prime
divisors of 2 in O; the rational prime 2 is called ramified in O.

ii) If p = —1 (mod 4), then we have m ~ p, in other words m € {%p, +ip} are
the prime divisors of p in O; the rational prime p is called non-split in O.

iii) If p = 1 (mod 4), then we have p ~ 77, where m o 7, in other words
{&m, +im, £, +i7} are the prime divisors of p in O; the rational prime p is
called split in O.

Proof. i) Let p = 2. From N(1+4) = 2 we infer that 1+ € O is a prime. We
get the factorization (1 + )2 ~ (1 +4)(1 —i) =2 € O, implying m ~ 1 + 4.

ii) Let p = —1 (mod 4). Assume that N(x) = p, then writing 7 = a + b for
some a,b € Z, we get p = a® + b> = {0,1} (mod 4), a contradiction. Hence we
have N(m) = p? = N(p), which since 7 | p entails 7 ~ p.

iii) Let p = 1 (mod 4). Then by Artin’s Theorem we have (Z/(p))* =
Cp—1, thus (Z/(p))* has an element of order 4. Hence the quadratic congruence
X2 +1=0 (mod p) is solvable in Z; let « € Z such that p | #2 +1 € Z. Hence
we have p | (z+1)(x —i) € O, but since %(mii) € Q(i)\ O we have p 1 (z+1),
implying that p € O is not a prime.

We have m | p | (z +i)(z — i), so that (up to conjugation) we may assume
that m | (z +14). Assume that 7 ~ 7; then 7 ~ 7T | x +4¢ = & — ¢, hence 7 |
((x+1i) — (z—1i)) = 24, implying p = N(m) | N(2i) = 4, a contradiction. Hence
we have 7 £ 7. From 7 | p = p we get 77 | p. Thus from N(77) = p? = N(p)
we infer n7 ~ p. #

The above proof also shows that in case iii) the factorization of p =1 (mod 4)
can be found algorithmically as follows:

e We determine = € Z such that 2> = —1 (mod p): Actually Wilson’s Theo-
rem [1770], see Exercise (14.1), says that = € {£(25%)! (mod p)}; instead we
may just run through = € {0,...,p — 1} incrementally, and check whether 2 =
—1 (mod p); or we may pick y € {0,...,p — 1} randomly, and check whether

p—1

y"= =1 (mod p), if not then y*= = —1 (mod p) implies that = € {£y"T

(mod p)}. (Note that both deterministic methods need O(p) multiplications

modulo p, thus run in exponential time; the randomized method finds a non-
1

square modulo p with probability % ~ 3, while taking powers needs O(Inp)

multiplications modulo p, so that this runs in linear time.)

e Now note that w 1 (z—1), that is T t (x+41), hence m € ged(p, z+4) C O. Thus
we just compute T = a + bi € ged(p, x + 1) € O using the Euclidean algorithm,
where (up to associates) we may assume that 0 < a < b. (It is well-known that
the Euclidean algorithm over Z, and thus over O, runs in polynomial time.)
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Table 1: Primes as sums of two squares.

P a b‘ ’ P a b‘ ’ P a b
5 = 12 + 22 113 = 77 + & 217 = 92 4+ 142
13 = 22 4+ 32 137 = 42 + 112 281 = 5% + 162
17 = 12 4+ 42 149 = 72 + 102 293 = 22 4+ 172
29 = 22 4+ 52 157 = 6% + 112 313 = 122 4+ 132
37 = 12 + 62 173 = 22 + 132 317 = 112 4+ 142
41 = 42 4+ 52 181 = 92 + 107 337 = 92 4+ 162
53 = 22 4+ 72 193 = 7% + 122 349 = 52 + 182
61 = 52 + 62 197 = 12 + 142 353 = 8 4 172
73 = 3 + 8 229 = 22 + 152 373 = 7 4 18?2
89 = 52 + & 233 = 8 + 132 380 = 102 + 172
97 = 42 4+ 92 241 = 42 4+ 152 397 = 62 4+ 192
101 = 12 + 102 257 = 12 + 162 401 = 12 4+ 202
109 = 32 + 107 260 = 10> + 132 409 = 32 + 202

(1.5) Corollary: Primes as sums of two squares [FERMAT, 1640].

A prime p € Pz is a sum of two squares in Z if and only if p = 2 or p = 1
(mod 4), in which case there is a unique representation p = a® + b, where
a,b € N such that a < b.

Proof. We may assume that p =1 (mod 4). We show that the decompositions
of p coincide with the solutions of the norm equation N(-) = p in O = Z[i]:
Letting 7 = a+bi € O be a prime divisor of p, then we have p = N(7) = a®+b?;
conversely, if p = a? + b, then letting m := a + bi € O we have 77 = N(7) = p,
implying that 7 is a prime divisor of p. Finally, uniqueness follows from the fact
that the prime divisors of p are given as {+a + ib, +b + ia}. i

Example. i) For p =5 we get z = 2 and 7 ~ 2 + 4, hence p = 12 + 22.
ii) For p = 13 we get z = 5 and m ~ 2 + 3i, hence p = 22 + 3%.

iii) For p = 313 we get x = 25 and 7 ~ 12 + 13i, hence p = 122 + 132
iv) For p = 317 we get © = 114 and 7 ~ 11 + 144, hence p = 112 + 142

(1.6) Theorem: Two-squares Theorem [EULER, 1754].

Let n =2 [r_, pt* - TIi_, ¢ € N, where py, g € Py are pairwise distinct odd
primes, such that py =1 (mod 4) and ¢; = —1 (mod 4), and where ¢ € Ny and
ak, by € N for some r, s € Ng.

i) Then n is a sum of two squares in Z if and only if by, ..., bs are all even.

ii) There is a primitive representation n = a?+b?, that is a, b € Z are coprime,
if and only if ¢ € {0,1} and s = 0. In this case, for r = 0 we have 1 = 0% + 12
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and 2 = 12+ 12, and for » > 1 there are precisely 2"~! primitive representations
such that a,b € N such that a < b.

Proof. i) If n = a® + b? = N(a + bi) = (a + bi)(a — bi), where a,b € Z, then
b

o1
we have the factorization a + bi ~ (144) - [[,_, (mo*me* %) - T, ¢° € Z[1],
where py, ~ mpTx € Z[i] and oy € {0,...,ax}. Hence the b; are all even.

Conversely, if the latter holds, then any element of Z[i] having a factorization
as above gives rise to a decomposition of n as a sum of two squares in Z.

c by
ii) If » has a primitive representation, then from 2L3] -1 4* | ged(a,b) €Z
ak*ak*ak)

we get ¢ < 1and s = 0. Hence let conversely a+bi ~ (1+4)-[[,_, (73 7y
where ¢ € {0,1}. The case r = 0 being immediate, we may assume that r > 1.

Then a and b are not coprime, if and only if there is a prime p € Pz such
that p | a + bi € Z[i]. From the factorization of a + bi we infer that this is
equivalent to having 7,7, ~ pr | a + bi for some k, which in turn amounts to
say that oy € {0,ax}. In other words, the primitive representations are given
by choosing ay, € {0, ay} for all k, so that there are 2" choices in total. i

Example. Forn := 65 = 5-13, up to conjugation we get a+bi ~ (2+1)(3+2i) =
4+ Tiand a+ bi ~ (2+14)(3 — 2i) = 8 — 4, hence 65 = 42 + 72 = 12 4 §2.

(1.7) Remark. Recall (an easy special case of) the theorem on primes in co-
prime residue classes [DIRICHLET, 1837], in particular saying that there are
both infinitely many positive rational primes congruent to 1 (mod 4) and con-
gruent to —1 (mod 4), see Exercise (14.2). Thus there are infinitely many
primes (or likewise integers) which can be written as a sum of two squares
in Z, and infinitely many positive primes (or likewise positive integers) which
cannot.

Hence we may ask how ‘dense’ the set of integers which are a sum of two
squares in Z is, as a subset of all positive integers [LANDAU, 1909]: Letting
oa(x) == |{n € Nyn < x,n = a® + b? for some a,b € Z}|, for x € R+, we have

v/ In(z)

limg s o0 (02($> : T) = ¢ > 0, hence lim,_, ‘72;”) =0.

2 Galois theory

We recall some notions and facts from Galois theory needed in the sequel.

(2.1) Field extensions. Let K be a field, let K be a (fixed field containing)
an algebraic closure of K, and let K C L be a finite (hence algebraic) field
extension, where we may assume that L C K. The extension K C L is called
simple, if there is a primitive element a € L such that L = K(a).
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Let Injg (L) = HomK_algebra(Lf) be the set of all K-algebra homomorphisms
from L into K; in particular, these restrict to the identity on K, and thus
are embeddings. We have Autg (L) C Injg (L), where the group Autg (L) of
K-algebra automorphisms of L is called the Galois group of L over K.

Theorem: [KRONECKER]. Let f € K[X] be irreducible, and a € K such
that f(a) = 0. Then for z € K there is a (unique) K-algebra (iso)morphism
p: K(a) = K(z) such that a¥ = z, if and only if f(z) = 0.

Proof: (idea). Letting X — a induces an isomorphism K[X]/(f) — K(a).

(2.2) Normality. Let K be a field, let K be an algebraic closure of K, and let
K C L be a finite field extension, where we assume that L C K. The extension
K C L is called normal, if any irreducible polynomial in K[X] having a root
in L already splits in L[X].

If f € K[X] is non-constant such that n := deg(f) € N, and splits over K as
f=a-T[[-.;(X —a;) € K[X], then M := K(ai,...,a,) C K is called the
splitting field of f in K; the extension K C M is finite of degree [M : K| | n!.

Theorem. The extension K C L is normal, if and only if L is the splitting field
of some non-constant polynomial in K[X]. i

(2.3) Separability. Let K be a field, let K be an algebraic closure of K, and
let K C L be a finite field extension, where we assume that L C K.

An irreducible polynomial in K[X] is called separable, if it has only simple
roots in K, or equivalently (by Kronecker’s Theorem) if it has a simple root in
K. A non-constant polynomial in K[X] is called separable, if all its irreducible
divisors are separable. (Note that we do not require that the polynomial in
question is square-free, as is sometimes done in the literature.)

Separability can actually be checked without referring to K: Letting & = 0x €
Endg (K[X]) be the (formal) derivative with respect to X, given by 9(1) =0
and 9(X?%) = dX9! for d € N. Then an irreducible polynomial in f € K[X] is
separable if and only if f and 9(f) are coprime.

The field K is called perfect if all irreducible polynomials in K [X] are separable.
In particular, a consideration of derivatives shows that fields of characteristic 0
and finite fields are perfect.

An element a € L is called separable over K, if its (irreducible) minimum
polynomial p, € K[X] over K is separable. The extension K C L is called
separable if any element of L is separable over K; this holds if and only if L is
generated by separable elements (which follows from the general main theorem of
Galois theory). In particular, any finite extension of a perfect field is separable.
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Theorem: Existence of primitive elements. Let cy,..., ¢, € K be separa-
ble over K, where r € N, and b € K. Then K C K(cy,...,¢,b) is simple.

Proof. Letting a := ¢y, by induction over r it suffices to show that K C K(a,b)
is simple, where we may assume that a ¢ K. If K is finite, then K(a,b) is finite
as well, thus K(a,b)* is cyclic, hence K C K(a,b) is simple. Hence we may
assume that K is infinite.

Let fiq, iy € K[X] be the minimum polynomials of a and b over K, respectively.
We have pa = [T, (X — a;) € K[X], where the a; are pairwise distinct, for
some n > 2, and a = a; (say), and pp, = H]m:l(X —b;) € K[X], for some m > 1

and b= by (say). Let d € K\{% eLyie{2,...,n},j €{1,...,m}}, which
since K is infinite is a non-empty set, and let ¢ := da + b € K(a,b). In order to
show that K(a,b) = K(c), it suffices to show that a € K(c¢):

Let f € ged(pe(X), po(c — dX)) C K(c¢)[X]. Since po(a) =0 and pp(c — da) =
pp(b) = 0 we have X —a | f. Since f | pq, we conclude that its roots are
amongst the a;. Assume that pp(c — da;) = 0 for some i € {2,...,n}, then for
some j € {1,...,m} we have b; = ¢ —da; = d(a — a;) + b, implying d = Zj_;l;, a
contradiction. Thus we have X —a; {1 pp(c—dX) for all i € {2,...,n}, implying
that X —a; 1 f. This entails that f ~ X —a € K(c)[X], thus a € K(c). i

Proposition. Let K C L be separable, aIEl let K C M C L be an intermediate
field. Then any K-embedding of M into K has precisely [L: M] extensions to
K-embeddings of L into K. In particular, [Autg (L)| < |Injx(L)| = [L: K].

Proof. Let 0 € Injg(M). Since we may assume that M C L is simple, by
Kronecker’s Theorem there is an extension ¢ € Injg (L) of o. Then, if o €
Injy (L) also is an extension of o, considering 6~ '7: L7 — L% shows that
the set of all extensions is in bijection with Inj.(L?), which by Kronecker’s
Theorem again has cardinality [L7: M?] = [L: M]. i

(2.4) Galois extensions. Let K be a field, let K be an algebraic closure of K,
and let K C L be a separable finite extension, where we assume that L C K.
For S C Autg (L) let K C Fix;,(S) C L be the associated fixed field. Then the
extension K C L is called Galois if Fixy, (Autx (L)) = K. The key observation
(which actually holds for any finite field extension) now is a follows:

Theorem: [ARTIN]. For any H < Autg (L) we have [L: Fixy(H)] = |H|.
In particular, K C L is Galois if and only if |Autx (L)| = [L: K]. i

Theorem: Main theorem of Galois theory. The extension K C L is Galois
if and only if it is normal.
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Proof: (idea). Considering the minimum polynomial of a primitive element,
this follows from Kronecker’s Theorem. i

Theorem: Galois correspondence. Let K C L be a Galois extension, and

let G := Autg(L). Then the following holds:

i) The following maps are mutually inverse inclusion-reversing bijections:
F:{H < G subgroup} — {K C M C L intermediate field}: H — Fixy(H)
G: {K C M C L intermediate field} — {H < G subgroup}: M — Auty, (L)

ii) For a subgroup H < G we have [L: Fixy (H)] = |H|, and for an intermediate
field K C M C L we have [M: K| = [G: Autp (L)].

iii) For an intermediate field K C M C L the extension K C M is Galois if
and only if M? = M for all 0 € G, which holds if and only if Auty/ (L) < G is
a normal subgroup. In this case we have G/Auty (L) = Autg (M). i

ITI Algebra

3 Algebraic integers

(3.1) Norm, trace, and discriminant. a) Let K C L be a finite field exten-
sion of degree n := [L: K| = dimg (L) € N, and let p = py /g : L — Endg (L) =
K™*™: z +— (y — yz) be the (right) regular action of L.

For z € L let x. = X2,./k = Xp(») € K[X] be the characteristic polynomial of
p(z), also being called the field polynomial of z in L/K. Moreover, N(z) =
Np/k(2) :=det(p(z)) € K and T'(2) = Tk (2) := Tr(p(2)) € K are called the
norm and the trace of z € L over K, respectively. (Recall that (—1)"N(z)
and —T'(z) are the constant and second leading coefficients of ., respectively.

From p(az) = ap(z), for z € L and a € K, we get T(az) = aT(z) and N(az) =
a™N(z). From p(z)+p(y) = p(z+y) and p(z)p(y) = p(zy), for 2,y € L, we infer
that T: L — K is K-linear, and that N: L* — K* is a group homomorphism.

The symmetric K-bilinear trace form of L over K is defined as L x L —
K: [z,y] = T(zy) =: (z,y). Letting B := {y1,...,yn} C L be a K-basis we get
the associated Gram matrix I's := [(yi, y;)lij = [T'(viy;)]i; € K™*", and the
discriminant of B is defined as the Gram determinant disc(B) := det(I'p) € K.

Proposition. For z € L we have x, = p!, where | := [L: K(2)], as well as
N(Z) = (NK(Z)/K(Z))l € K and T(Z) =1- TK(z)/K(Z) c K.
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Proof. We consider the extension K C K(z) C L; recall that the minimum
polynomial p, € K[X] of z over K does not depend on L. We have the K-
basis B 1= {1,2,...,2%7 1} C K(z), where d := deg(y,) = [K(z): K], and
P (2)/K(2) € K% ig the companion matrix associated with ..

Let C := {y1,...,u} € L be a K(z)-basis, where [ = %. Then C - B :=
{y1, 912, -, y129 Y Y0, 922, .., y22%7 L.} € L is a K-basis, with respect to
which the action of z is given by a block diagonal matrix, all of whose [ blocks of
size d x d coincide with the companion matrix px(.)/x(2). Hence we have x, =

L, as well as det(p(2)) = det(pre(z)/ (2))! amd Tr(p(2)) = 1 Tr(psecoy/x(2)- 1

(3.2) Field embeddings. a) The above notions are closely related to Galois
theory: Let K C L be a separable finite extension of degree n := [L: K], let K
be (a field containing) an algebraic closure of K, where we assume that L C K,
and let I := Injy(L). For z € L, the elements z° € K, for o € I, are called its
(algebraic) conjugates. We first consider norms and traces:

Proposition. For z € L we have x. = [],;(X —27) € K[X]; in particular we
have N(z) =[[ ;27 € K and T(2) =Y ;27 € K.

Proof. x. x(:)/x = He = [Iyer (X — 27) € K[X], where I, := Injy(K(2)).
Since any K-embedding of K(z) into K extends to [ := [L: K(z)] embeddings
of L, we get x. = pb = [T e, (X —27)! =1, e, (X — 27) € K[X]. t

Proposition. Let K C M C L be an intermediate field. Then we have tran-
SitiVity, saying that NM/K [e] NL/M = NL/K and TM/K (e} TL/M = TL/K

Proof. Let {o1,...,0m} C I such that Inj, (M) = {o1|pm>---,0m|r}, where
m = [M: K]. Forie {1,...,m} let Injy0, (L) = {m1,...,75,}, where | =
[L: M]. Thus from I = {oy7; 531 € {1,...,m},j € {1,...,1}} we get Ny /i (2) =
o l m i \Ti » l o l o
[Lerz® = Ilizs Hj:l(z )7 = [licy Noeiyyes (277) = iz Noym ()7 =
Nk (N (2)), and similarly 77/ (2) = >0, ;27 = Zézl Z;”Zl(zai)ﬂ‘,j =
Sics Toopares (27) = Xicy Tayne (2)7 = Taayie (T (2) :

b) Now we turn to discriminants: Letting B := {y1,...,yn} C L be a K-basis,
and I = {01,...,0,}, we have T(y;y;) = > ey (Wiy;)7* = D py y;Fy7*, hence
letting Ap = [y]'];; € K" we get T = A2 . Ag, so that disc(B) = det(Ag)2.

Proposition. The trace form (-,-) is non-degenerate, or equivalently for any

K-basis B C L we have disc(B) # 0.

(Conversely, non-degeneracy of the trace form implies separability of the field
extension; but we will neither need nor prove this fact here.)
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Proof. There is a primitive element z € L such that L = K(z). Hence
letting z; := 29 € K, the z; are pairwise distinct. For the K-basis B :=

{1,2,,...,2" 1} C L we have Ag = [(2/71)7];; = [2/'];;, which is the Van-
dermonde matrix associated with {z1,...,2,}. From this we get disc(B) =
det(Ag) = [Ticicjen(z = 20)° = (D) TLjeqr,mpins(z = 2) 20

For z as above, having minimum polynomial p, € K[X], the element disc(z) =
disc(p,) == disc(B) € K* is also called the discriminant of z and of p,.

Corollary. We have disc(z) = (—1)(2) Nk ((0p)(2)).

Proof. We have du. = Y7 ([1,.:(X —2;)) € K[X]. Hence for z = 21, say, we
get (9p2)(21) = [1]_y(21—2)), thus Np k ((Op=)(21)) = [Tz (1 (zi—25)) =
e, iz = ) = (D Thggenla = %) = (D) - dise(z). 4

Example. We consider the Gaussian numbers Q(7), see (1.2). Then Q C Q(z)
is Galois such that Autg(Q(7)) = {id, x}, where k: z =z +iy — Z =z — iy is
conjugation. Thus we have T(z) = z +Z = 2z and N(z) = 2z = 2% + 2.

Moreover, Q(i) has Q-basis B := {1,i}. This yields I'g = {F‘;((i)) TIE(—Zi)] =

B _02} and Ag = B _ZJ, hence disc(B) = det(I's) = det(Ap)? = —4.

(3.3) Integral extensions. Let R be a commutative (unital) ring, and let
R C S be an extension of commutative rings, that is S is a commutative
(unital) ring and we have 1 = 1g. (Note that, for example, R — R @ {0} C
R ® R = S does not qualify.) In other words, S is an R-algebra with structure
homomorphism being the identity on R.

An element s € S is called integral over R, if there is 0 # f € R[X] monic,
such that f(s) = 0 € S; note that in particular R # {0}, that f is necessarily
non-constant, and that evaluating f at s refers to the universal property of
R[X]. The extension R C S is called integral, and S is called integral over
R, if each element of S is integral over R.

Theorem. An element s € S is integral over R, if and only if there is an
R-subalgebra of S containing s which is finitely generated as an R-module.

Proof. For s € Slet R C R[s| := Y ,5,s'R C S be the smallest R-subalgebra
of S containing s. Let now s be integral, and let f = X% + Ef;ol fiXt e R[X],
where d > 1, such that f(s) = 0. Then we have s = — Y %"} fisi so that
R[s] = Z?;(Jl s'R is generated by {1,s,s?...s971} as an R-module.
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Let conversely R C R[s] CT C S, where T is an R-subalgebra which is finitely
generated by {t1,...,t;} as an R-module, where k € N. Then for j € {1,...,k}
we have t;s = Zle tia;j, for some a;; € R. Let A := XE), — [a;;] € R[X]F**
be the characteristic matrix associated with [a;;] € RF**. Thus det(A4) € R[X]
is monic of degree k > 1. We show that det(A)(s) = det(A(s)) = 0, entailing
that s is integral over R:

We have [t1,...,tx] - A(s) = 0 € T*. Hence by Cramer’s Rule we have 0 =
[t1,...,tk]-A(s)-adj(A(s)) = [t1, ..., tx] det(A(s)) € T*, thus t;-det(A(s)) = 0,
foralli € {1,...,k}. Thussince 1 € T is an R-linear combination of {¢1,...,tx},
we infer that det(A(s)) = 0. 1

Corollary. i) The extension R C S is integral if and only if S is generated as
an R-algebra by integral elements.

ii) Given extensions R C S C T, then R C T is integral if and only if both
R C S and S CT are integral.

Proof. i) We may assume that S = R[T], where T is integral over R. Picking
s € S, there are {t1,...,tx} C T, where k € Ny, such that s € R[t1,...,tx].
Since ¢; is integral over R|[tq,...,t;—1], we conclude that R[ty,...,t;] is a finitely
generated Rl[t1,...,t;—1]-module, for all i € {1,...,k}. Hence by induction over
k we infer that R[t,...,tx] is a finitely generated R-module.

ii) We may assume that R C S and S C T are integral. Picking ¢t € T,
there is 0 # f = X + Zztol 5, X" € S[X], where d > 1, such that f(¢) = 0.
Hence S’ := R[s1,...,84—1] is a finitely generated R-module, S’[t] is a finitely
generated S’-module, so that S’[t] is a finitely generated R-module. 1

The extension R C S is called finite, if S is a finitely generated integral R-
algebra (where it suffices to assume that some generating set is integral), or
equivalently if S is a finitely generated R-module.

(3.4) Integral closure. Let R C S be a ring extension. The subset R C R =
R’ = {s € S;sisintegral over R} C S is a subring of S, being called the
integral closure or normalization of R in S. We have R= R, so that taking
the integral closure is a closure operator indeed.

In particular, if RS = R then R is called integrally closed or normal in S.
And even more specifically, if R is a domain and R is integrally closed in its
field of fractions Q(R), then R is just called integrally closed or normal.

Proposition. If R is factorial then it is integrally closed.

Proof. Let s = § € Q(R), where a,b € R\ {0} are coprime, be integral over R,
andlet 0 # f = Xd—&-zlij;ol r; X" € R[X], where d > 1, such that f(s) = 0. This
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yields a? = — Z?;Ol r;a*b®* € R. Thus any prime of R dividing b also divides

a. By the coprimeness of a and b, this implies b € R*, so that s = § € R. i

(3.5) Integrality in field extensions. Let R be an integrally closed domain,
let K := Q(R) be its field of fractions, and let K be an algebraic closure of K.
Moreover, let K C L be a finite field extension, where we assume that L C K,

and let S := R~ be the integral closure of R in L. Hence we have SN K = R.

Proposition. i) For z € L, let u, € K[X] be its (monic) minimum polynomial
over K. Then we have z € S if and only if u, € R[X].

ii) For any z € L there is 0 # r € R such that rz € S. In particular, we have
L = Q(9), so that S is an integrally closed domain as well.

iii) Let z € S. Then we have N(z) € R and T(z) € R. Moreover, we have
z | N(z) € S, so that in particular z € S* if and only if N(z) € R*.

Proof. i) We may assume that z € S. Then we have p, = Hle(X —z;) €

M|[X], where d > 1 and K C M is the splitting field of p, in K; note that the z;
are not necessarily pairwise distinct. Let 0 # f € R[X] monic such that f(s) =
0. Then we have u, | f € K[X]. Thus f(z;) = 0, saying that z; is integral over

R. Hence {z1,...,24} CT := rY implies that p, € T[X]| N K[X] = R[X].

ii) Multiplying p, with a suitable element of R we get f = Z?:o r X' € R[X],
where d > 1 and rq # 0, such that f(2) = 0. Hence r'f = (rgX%9)? +
Zf;ol rir@™ " (ryX)" € R[X] shows that 74z € L is integral over R.

iii) Since p(z) can be chosen as a block diagonal matrix, whose blocks are com-
panion matrices associated with p, € R[X], we infer that N(z) = det(p(z)) € R
and T'(z) = Tr(p(z)) € R.

From N(z) = (Hf=1 z;)™, where m := [L: K(z)] and the z; are as above, we
conclude z | N(z) € T, where @ € TNLCS. In particular, if N(z) € R* C

S*, then we have z € S* as well; conversely, if zz/ =1 € S for some 2’ € S,
then we have N(2)N(z') = N(22') = N(1) =1 € R, hence N(z) € R*. i

(3.6) Integral bases. a) Let R be a principal ideal domain, let K := Q(R)
be its field of fractions, and let K be an algebraic closure of K. Moreover, let
K C L be a separable finite extension of degree n := [L: K], where we assume

that L C K, and let S := EL be the integral closure of R in L.

Theorem. Any ideal {0} # I <5 is R-free of rank n.

Hence in particular S is R-free of rank n. An R-basis of S is called an integral
basis of L over K, which by (3.5) indeed is a K-basis of L.
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Proof. Let B:={ai,...,an} C L be a K-basis. Then, by (3.5), by multiplying
B with a suitable element of R\ {0}, we may assume that B C S. Let ¢ :=
disc(B) = det(T') € R, where by the separability of K C L we have § # 0.

Then we have 65 C (B)gr: Letting o € S, there are (unique) z; € K such
that o = 37| wja;; then we have [z1,...,2,] - T = D7) 2;T(ejay)]; =
[T(ac;)]; € R™ Hence by Cramer’s Rule we get [z1,...,2,] - T'p-adj(T'p) =
0-[z1,...,z,] € R™, thus z; € %-Rfor all j € {1,...,n}, so that S C %~(B>R.

Hence we have 61 C §S C (B)r C S. Since (B) R is a finitely generated free mod-
ule over the principal ideal domain R, it follows that I and S are finitely gener-
ated free R-modules as well. Moreover, from rkgr(S) = rkg(65) < rkr({B)g) <
tkr(S) we get rkgr(S) = n.

Since L does not contain any zero-divisors, for any 0 # u € I the homomorphism

of S-modules S — I: o — ua is injective. Hence we have n = rkg(S) < rkg(I).
Thus we get n < rkgr(I) = rkr(61) < rkr({B)r) = n, hence rkg(I) = n. i

Corollary. Let B = {aj,...,a,} C L be a K-basis contained in S. Then for
o € S we have v = } - > j_1 7, where 7; € R such that § := disc(B) | r7.

Proof. Let K C M C K be the normal closure of L in K, that is the
splitting field of the minimum polynomial of a primitive element of L over K, let

T := EM, and let Injx (L) = {o1,...,0,}. Then we have Ag = [a]'];; € T"*".

Letting o = Z;‘L:1 xjoy; as above, where x; := & € K, we get [x1,...,2,]- A =
[Z?Zl z;af']; = [a%]; € T". Hence by Cramer’s Rule we have [z1,...,2,] -
Al - adj(AR) = det(Ag) - [z1,...,2,] € T™, hence z; € m - T, for all

j€{1,...,n}. Thus recalling that § = det(Ag)? we get 6z7 € WSAB)Z T=T.
2 2
Since 5%?:% € K we finally get %ETOK:R. i

b) We consider discriminants: To this end let B C S be an R-basis.

Let U C S be a (finitely generated free) R-submodule of (maximal) rank n, and
let C C U be an R-basis. Hence S/U is a torsion R-module, so that for any
a € L there is 0 # r € R such that ra € U (not only in S). This entails that
C C L is a K-basis, so that disc(C) = det(T'¢) € R\ {0}.

There is A € GL,, (K)NR"™ ™ such that C = B- A, implying disc(C) = det(T'¢) =
det(A"TsA) = det(I's) det(A)? = det(A)? - disc(B). More specifically, taking
Smith normal forms, we conclude that there are R-bases B/ C S and C' C U
such that ¢’ = B’ - diag[mz,...,my], where my | ma | -+- | my, € R, so that
disc(C’) = (T}, mq)? - disc(B').

In particular, we have U = S if and only if A € GL,(R), or equivalently
det(A) ~ [T, m; € R*, which holds if and only if m,, € R*. More generally,
the annihilator anng(S/U) := {a € R;aS C U} < R of S/U is given as
anng(S/U) = (my), so that m, is also called the exponent of S/U.
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Moreover, we let disc(U) := disc(C) € (R \ {0})/(R*)?, where the latter is
a quotient of commutative monoids, being called the discriminant of U; in
particular discx (L) := disc(S) is also called the discriminant of L over K.

(3.7) Algebraic integers. The most important case of the above construction
is as follows: The integers Z are factorial and hence are integrally closed. Thus
letting K be an algebraic number field, that is a finite extension of Q of
degree n := [K: Q], we let O = Ok be the integral closure of Z in K, being
called the ring of (algebraic) integers of K (where we typically omit to say
that this refers to integrality over Z).

Then O is an integrally closed domain such that O N Q = Og = Z. Moreover,
O is a free Z-module, that is a free Abelian group, of rank n; thus let B C O be
a Z-basis, that is an integral basis of K (over Q). Then, since (Z*)? = {1}, the
discriminant disc(K) = disc(O) := disc(B) € Z \ {0} is uniquely defined.

Example. Letting K := Q(i), we show that O := Oq(;) = Z[i], saying that the
Gaussian integers indeed are the integers in the Gaussian number field:

Being a root of X2 + 1 € Q[X], we have i € O, and thus Z[i] C O. Conversely,
let z = x4+ yi € O, where z,y € Q. Hence we have —iz = y — xi € O as
well. We may assume that x,y # 0. Then we have p, = (X — 2)(X — %) =
X2 —(242)X +22= X2 - 22X + (22 +9?) and p_,, = (X +i2)(X —iz) =
X2 +i(z —2)X + 22 = X? — 2yX + (2% + 9?). Thus we have 2x,2y € Z and
22 4+ y2 € Z. Hence we have z = 5 and y = g, for some a,b € Z. This yields
a®+b? =0 (mod 4), implying that a and b are even. i

In particular, this implies that Z[i] is integrally closed, without using the fact
that Z[i] is factorial. Moreover, B := {1,4} is an integral basis, so that we have

disc(Q(7)) = disc(Z[i]) = disc(B) = —4; see (3.2).

(3.8) Composite fields. Let K and L be algebraic number fields, let n :=
[K: Q] and m := [L: Q], let O := Ok and O := Oy, let § := disc(0) and

0 :=disc(0), let KL be the composite field, and let O :=Okp.

Letting M := KNL, we have a natural M-algebra epimorphism K ®,; L — KL,
hence [KL: Q] < [KM][LM][MQ}:WW[MQ]: aiia)
Thus, if [KL: Q] = nm, then we have M = Q, so that KL =2 K ®q L.

Conversely, if both K and L are Galois such that KNL = Q, then KL is Galois
as well, and we have Autg(K L) = Autg(K) x Autg(L), so that [KL: Q] = mn.

Proposition. Assume that [KL: Q] = nm, and let d € ged(4, ).
i) Then we have OO C O C L. 0O; in particular equality holds if d € {£1}.
ii) We have disc(O) | ™4™, where equality holds if d € {£1}.
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Proof. i) Let A:={a1,...,an} C O and B:={51,...,8m} C O be Z-bases.
Then A C K and B C L are Q-bases, thus C := {a;8; € KL;ji € {1,...,n},j €
{1,...,m}} € KLisaQ-basis, Wthh we assume to be ordered lex1cograph1ca11y
Then for any w € O we have w = =1l.5", Soit cijaifly, where ¢;; € Z and

0 # ¢ € Z, and where we may assume that ¢ and the ¢;; are coprime. We show
that ¢ | §; then by symmetry ¢ | § as well, so that ¢ | d:

We first observe that, given embeddings o € Injo(K) and 7 € Injgy(L), then
there is a unique embedding of KL restricting to ¢ on K and to 7 on L: Since

m=[KL:Q]=[KL: K]-[K:Q]=[KL: K]-n, we have [KL: K] = m, thus
there are precisely m extensions of o to K'L. Since L generates KL, the latter
are pairwise distinct on L, hence precisely one of them restricts to 7 on L.

For o € Injg(K) let & € Injo(K L) be the extension restricting to idy. Letting
;= % . Z;n:l cijB; € L, fori € {1,...,n}, we have W’ = Y ,afy, € KL In
other words, for Ag = [af],; We get [y1,..., 7] - A% = [w7;0 € Injo (K)].

Hence Cramer’s Rule yields det(Ag)-[y1,. .-, Yn] = [Y1,-- ., W] - AR -adj(Ag)™ =
[w7;0 € Injo(K)]-adj(Ap)", implying det(Ag)-y; € O. Since § = det(Ag)? this
yields 6v; = 2 Y cigBy € O. Thus we have & i e Z, foralli e {1,...,n}
and j € {1,.. m} which by coprimeness of ¢ and the ¢;; entails that ¢ | 5 € Z.

ii) The elements of Injo(K L) are, by restriction to K and L, respectively, in
natural bijection with Injg (K) x IHJQ( ). Letting o € Injy(K) and 7 € Injg (L),

we have Ac = [af B]]orij = [af]oi @ [B]]rj = Aa ® Ap, thus disc((?@) =
det(Ac)? = (det(A )™ - det(AB)”)2 = disc(O)™ - disc(O)" = §mo". t

The condition on the greatest common divisor of the discriminants of the com-
ponents of a composite field is necessary indeed, as we will see in (3.10) below.

(3.9) Computing integral bases. Let K be an algebraic number field of
degree n := [K: Q], and let O be its ring of integers. We proceed towards a
method to compute O explicitly:

Starting with a Z-submodule U C O of rank n, we try to enlarge U step by step,
in order to approximate O better, and where we want to be able to conclude that
if this is no longer possible, then we have actually reached U = O. To start with,
for example, we may take a primitive element o € K, which we may assume to
be contained in O; then since the minimum polynomial u, € Z[X] C Q[X] has
degree n, the subring Z[a] = (1,«,...,a" 1)z C O is Z-free of rank n.

Proposition. i) We have disc(U) = [O: U]? - disc(O).

In particular, if disc(Uf) is square-free, then we have & = O. (The converse does
not hold, as the example of the Gaussian integers shows.)

ii) If U # O, then there is w € O \ U such that pw € U, for some prime p € Z
such that p? | disc(U); letting U := U+ (w)z C O we have disc(U) = p?-disc(U).
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Hence, letting C = {w1,...,wn} C U be a Z-basis, we may assume that w =
% >, aw;, for suitable integers a; € {0,...,p — 1}.

Proof. i) We may assume that B C O is a Z-basis such that C = B - D, where
D := diag[my,...,m,] € Z"*", for suitable m; > 0 such that mq | mg | --- |
my,. Hence we have O/U = @, Z/(m;), in particular [O: U] = [, m;.
Moreover, we get disc(U) = det(D)? - disc(O) = ([T}, m;)? - disc(O).

ii) We have U # O if and only if there is a prime p € Z such that p | [O: U];
then we have p? | [O: U]? | disc(U). Hence there is w € O \ U such that
pw € U. Thus we have U /U =2 7/ (p), so that we have disc(Ud) = p* - disc(U).

(3.10) Example: The biquadratic field Q(i,/2). We consider the splitting
field K C C of the polynomial f := (X% —2)(X? + 1) € Q[X]: Letting o :=
V2 € R we have K = Q(i, ), which is Galois of degree [K: Q] = 4.

Letting K7 := Q(¢) and Ks := Q(«) be the (quadratic) splitting fields of the
irreducible factors of f, from K = K;K; and K; N Ko = Q we infer that
Autg(K) = Vi, being given by o — *a and i — =£i. Hence let K3 := Q(ia)
be the (quadratic) splitting field of X2 + 2 € Q[X], being the third strictly
intermediate field between Q and K.

i) We first determine the rings of integers of the proper subfields: We have

Ok, = Z][i], where disc(Z[i]) = —4. We show that Ok, = Z[a] and Ok, = Z[ia]:

We have Z[a] C Og,, where disc(Z[a]) = det( [g ?J) = det( E —aa} )2 = 8.
1

Hence we have to check the elements 3 (a + ba) € K», where a,b € {0, 1}, for

integrality. Since we may assume that b # 0, we only have to consider § and
1 - 1 1 1 1— 1
3% We have N, /0(5) = § - 5* = =3, and Nk, jo(15%) = 5% - 5% = -5,

entailing that neither of them is integral.

We have Zfia] € Og,, where disc(Z[ia]) = det( B 0 4}) — det( E _’;?‘a] )2 —
—8. Hence we have to check the elements 1 (a + bicr) € K3, where a,b € {0, 1},
for integrality. Since we may assume that b # 0, we only have to consider % and
H3¢. We have Ni, /o(%§) = 5+ 5* = 3, and Ni, (%) = 5= - 15 = 4,
entailing that neither of them is integral.

ii) Letting O := Ok, by (3.8) we have U := Ok, Ok, C O C LU, where d €
ged(disc(Ok, ), disc(Of,)) = ged(—4,8) = {£4}, and disc(Uf) = (—4)2-8% = 210,

Hence we check the elements w := %(a + ba + ci + dia)) € K, where a,b,¢,d €
{0, 1}, for integrality. To this end, we consider the regular representation with
respect to the Q-basis {1, «,i,ia} C K, for which we get

1 1 1 1
2-p(w)=a-E4+b'E2®[g 0}"‘0[01 0}®E2+d'[01 O]®B O]

u
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This yields 16- N (w) = (a? —2b* — ¢® +2d?)? +4(ac—2bd)?. Checking N(w) € Q
for integrality, we get the only non-zero solution a =c=0and b=d = 1.

Thus we have to check whether ¢ = (s := $(1 + i)a = 1! € K is integral: We
observe that ( is a primitive 8-th root of unity, thus is a root of ®g := X*+1 ¢
Q[X], and hence is integral indeed. Moreover, since ¢ is not contained in any
of the proper subfields of K, we conclude that K = Q(¢), the 8-th cyclotomic
field, and that p. = ®g is irreducible.

iii) Let V:=U+ (()z = (1,0,4,{)z € O. Since (* =i and * = 1(i — 1)a, we
conclude that V = (1,(, (%, (%) = Z[¢]. We have disc(V) = § - disc(Ud) = 28.

Hence we have to check the elements w := 1(a + b + ¢¢? + d(?) € K, where
a,b,c,d € {0,1}, for integrality. To this end, we again consider the regular
representation, with respect to the Q-basis {1,¢,¢?,¢3} C K, for which we get
2 p(w) = a-E;;—l—b-C?—i—c-C?—i—d-Cé € K*4 where C; € K*** is the
companion matrix associated with ®g.

This yields 16-N(w) = (a®+c?)?+(b*+d?)?+4(a*—c?)bd+4(d* —b?)ac. Checking
N(w) € Q for integrality, it turns out that there is no non-zero solution. Thus
we indeed have O =V = Z|(], where disc(O) = disc(¢) = 25. i

Alternatively, we can proceed in a single step from U, using the divisibility
condition in (3.6), since disc(U) = (2°)%, by checking the elements w := 5 -
(a + ba + ci + dia) € K, where a,b,c,d € {0,...,25 — 1}, for integrality; or
better by using the divisibility condition in (3.8), by only checking the elements
w = i (@ + ba + ci + dia) € K, where a,b,c,d € {0,...,3}, for integrality.
Checking N(w) € Q for integrality as above, we get the only non-zero solution
w = (. Hence we conclude directly that @ = V. Finally, [O: U] = 2 shows that

the greatest common divisor condition in (3.8) is necessary.

4 Dedekind domains

(4.1) Noetherian rings. Let R be a commutative ring. Then R is called
Noetherian if it fulfills the ascending chain condition, saying that all as-
cending chains of (proper) ideals eventually stabilize; or equivalently if any ideal
of R is finitely generated (that is as an R-module).

Proposition. Any non-empty set of ideals of R has a maximal element, with
respect to set-theoretic inclusion. In particular, given a proper ideal I <t R, then
there is a maximal ideal J < R such that I C J.

Proof. Let Z # () be a non-empty set of ideals of R. Since any chain of ideals
of R eventually stabilizes, any ascending chain in Z has an upper bound. Hence
by Zorn’s Lemma Z has a maximal element. (As far as we see, using Zorn’s
Lemma, or equivalently using the Axiom if Choice, cannot be replaced here
by an argument using induction only.) For the second statement, consider the
set T of proper ideals of R containing I, then I € Z implies that T # (. i
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Proposition. Any non-zero non-unit of R can be written (not necessarily
uniquely) as a (finite) product of irreducible elements.

Proof. Consider the set Z of ideals {0} # (a) <1 R such that a is not a product of
irreducible elements, and assume that Z # (). Then there is a maximal element
(a) € Z. Since a € R\ R* is reducible, there are b,c € R\ R* such that a = bc.
Hence we have (a) C (b) and (a) C (¢). Thus by maximality of (a), both b and
c are a product of irreducible elements, thus so is a, a contradiction. i

(4.2) Fractional ideals. Let R be an integral domain, and let K := Q(R).
An R-submodule {0} # § C K such that rf C R for some 0 # r € R is called a
fractional ideal; note that rf < R is an ideal. In particular, (genuine) ideals of
R are fractional ideals.

If R is Noetherian, then any fractional ideal, being isomorphic to an ideal of
R as R-modules, is a finitely generated R-module; conversely, if {0} # f C K
is a finitely generated R-module, then considering a finite R-generating set of §
shows that there is 0 # r € R such that rf C R, thus f is a fractional ideal.

In any case, the set F of all fractional ideals in K is a commutative monoid with
respect to ideal multiplication, having neutral element R: Indeed, if f,g C K
are fractional ideals, such that f C R and sg C R where 0 # r, s € R, then we
have rs - fg C R, so that {0} # fg is a {ractional ideal as well.

The question arises how the units in F look like: To this end, let f~! := {z €
K;zf C R} C K be the (ideal-theoretic) inverse of f € F, which indeed is a
fractional ideal again: From rf C R we conclude that 7 € §~1, so that {1 # {0};
moreover, f~! C K is an R-submodule; and for any 0 # x € f we have 2f~1 C R.

Then for fractional ideals f C g we have g=! C §~1, where R™! = R; in particu-
lar, if f < R is an ideal then R C §~1.

By definition we have {1 C R, where f is called invertible if {f~! = R; in
this case f is a unit in F. Conversely, if g € F such that fg = R, then we have
g C §!, and thus R = fg C ff~! C R shows that § is invertible, such that
§=1 = §~'fg = g. In conclusion, the group of units of F consists precisely of the
invertible fractional ideals, inverses being given by ideal-theoretic inverses.

Example: Principal ideal domains. Let R be a principal ideal domain.
Then for a fractional ideal f such that rf C R where 0 # r € R, we have
rf = (s) AR, for some 0 # s € R, thus f = 2 - R. Conversely, all subsets of K of
the latter form are fractional ideals. Thus we have F = {$-R C K;0# r,s € R};
hence all fractional ideals are principal, that is R-free of rank 1. Moreover,
since (2 - R)(% - R) = R, where 0 # r,s € R, we conclude that all fractional

ideals are invertible, with inverses given as (% - R)~! = SR i

(4.3) Dedekind domains. A Noetherian integrally closed integral domain,
whose non-zero prime ideals are maximal, is called a Dedekind domain. (In
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terms of commutative algebra, the latter condition says that the domain in
question has Krull dimension < 1.)

Example: Principal ideal domains. Let R be a principal ideal domain; in
particular R might be a field. Then R is a Dedekind domain:

All ideals being finitely generated, R is Noetherian; R is factorial and thus
integrally closed; and an ideal {0} # (a) < R is maximal if and only if a € R is
irreducible, which R being factorial is equivalent to @ € R being a prime, which
holds if and only if {0} < (a) < R is a prime ideal. 1

Theorem. Let K be an algebraic number field. Then its ring of integers O is
a Dedekind domain. (Actually, O is not necessarily a principal ideal domain.)

Proof. The domain O is integrally closed by construction; and any ideal of O
even is a finitely generated Z-module, hence O is Noetherian.

Hence let {0} # p<1O be a prime ideal. Since both O and p are free Z-modules of
rank n, the quotient O/p is finite. Since O/p is an integral domain, we conclude
that it is a (finite) field, thus p < O is maximal. #

(4.4) Theorem: Factorization of ideals. Let R be a Dedekind domain, and
let {0} # a < R. Then there are prime ideals p1,...,pr < R, for some k € Ny,
unique up to order, such that a = Hle pi, the empty product being (1) = R.

Proof. We proceed in a series of steps, where we may assume that a # R:
i) There are prime ideals p1,...,pr <R, for k € N, such that {0} # H?:l pi Cw

Assume that the assertion does not hold for a, where we may assume that a is
maximal with this property. Moreover, a is not a prime ideal, that is there are
b,c € R\ a such that bc € a. Let b := a+ (b) and ¢ := a + (¢), then we have
bc Ca,as wellasa C b<t R and a C ¢ < R. Hence both b and ¢ contain a
non-zero product of prime ideals, thus so does a, a contradiction. #

ii) We have R C a™!: Let a C p < R be a maximal ideal. Since R C p~! Ca~!,
it suffices to provide an element in p~!\ R:

Let 0 # a € p, and let py,...,pr < R be prime ideals such that {0} # Hle p; C
(a) € p < R, where k € N is chosen minimal. Since p is a prime ideal, we may
assume that p; C p. Since non-zero prime ideals are maximal, we have p; = p.
By the minimality of £ we have b := Hf:z pi Z (a). Letting b € b\ (a), we have

bp C bp C (a), thus g -p C R, hence 3 €p~ L and b & (a) says that g ZR. 4

iii) Let € K := Q(R). Then we have za C a if and only if z € R:

We may assume that za C a. Since R is Noetherian, we have a = (ay,...,a;)<R
for some 0 # a; € R and [ € N. Then there are b;; € R such that a;jz =
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S aibij, for j € {1,...,1}. Let B := XE, — [b;;] € R[X]"*! be the char-
acteristic matrix associated with [b;;] € R'™!. Thus det(B) € R[X] is monic
of degree I > 1. Moreover, we have [aj,...,q] - B(z) = 0 € K!, where
[a1,...,a) # 0 € K!, implying that det(B)(z ) = det(B(z)) = 0. Thus x is
integral over R, since R is integrally closed entailing that « € R. #

iv) Let {0} # p <R be a prime ideal such that a C p. Then we have a C ap~! C
R; and in particular we have pp~! = R:

We have R C p_1 Cal, entailing a C ap_l C aa~! C R. Assume o.p_1 =aqa,
then by ii) and iii) we have R C p~! C R, a contradiction; hence a C ap~!. For
a=pweget p Cpp~! C R, which by maximality of p implies pp~! = R. i

v) There are prime ideals py,...,pg, for some k € N, such that a = Hle P

Assume that the assertion does not hold for a, where we may assume that
a is maximal with this property. Letting a C p << R be maximal, we have
a C ap~! C R, thus there are prime ideals po, ..., pp < R, for some k € N, such

that ap_l = Hfﬂ p;. Hence we have a =a - p_lp = ap‘l p=p- Hf:z P;. i

vi) Allowing for a = R as well, let a = Hle p; = Hé’:l q;, where the p; and q;
are prime ideals, and k,l € Ng. Then [p1,...,px] = [q1, ..., q] up to reordering:

Assuming k < [, we proceed by induction on k € Ny; the case k = 0 being clear,
let £ > 1. Since ]_[;:1 q; = a C pg, and pr < R is prime, we may assume that
q C p. Since <R is maximal, we get q; = pr. Multiplying with p,;l = qfl
yields Hl 1 hi= H =195 for which the assertion holds by induction. i

Corollary. We have aa~! = R.

Proof. By factorization of ideals, and all non-zero prime ideals being invertible
in F, we conclude that a is a unit of F as well. #

Theorem: Characterization of Dedekind domains. Let R be an integral
domain. Then the following assertions are equivalent:

i) R is a Dedekind domain (that is integrally closed, Noetherian, dim(R) < 1).
ii) Every non-zero ideal of R can be written as a product of prime ideals.

iii) Every non-zero ideal of R is invertible.

Proof. We have seen the implications ‘i)=-ii)’ and ‘i)=-iii)’ (which are the ones
important here), but we are not able to prove the other implications here; at
least Exercise (14.10) shows that iii) implies that R is Noetherian. i

Example: Principal ideal domains. Let R be a principal ideal domain.
Then the non-zero prime ideals of R are in bijection with the associate classes
of prime elements of R. Writing 0 # r = Hle p;, for primes p; € R and k € Ny,
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{0} # (r) = Hle(pi) < R. Thus in this case factorization of ideals of R is
equivalent to prime factorization of elements of R. Moreover, recalling that all
fractional ideals are principal, and writing {0} # (s) = H;Zl(qj) <R, for primes

qj € Rand | € Ng, we get - R = (r)(s)~! = Hle(pi) . Hi-:l(qj)_l e F. i

(4.5) Divisibility of ideals. We generalize divisibility of elements to ideals:

a) Let R be an integral domain. For ideals a C b < R we also write b | a, and b
is said to be a divisor of a. In particular, an ideal p < R is prime, if whenever
a,b < R are ideals such that p | ab, then we have p | aor p | b.

For ideals a,b < R we let ged(a,b) := a+ b < R be their greatest common
divisor, and lem(a,b) := aN b < R be their least common multiple. In
particular, a and b are called coprime, if ged(a,b) = (1) = R. (Note that this
always works, while these notions for elements in general do not.)

For a € R we have a | (a) if and only if a € a; in this case we also write a | a.
For a,b € R we have a | b € R if and only if (b) C (a), that is (a) | (b) C R.

b) Let R be a Dedekind domain. Then all non-zero ideals of R are invertible,
which entails that divisibility of ideals has the same formal property as divisi-
bility of elements: For ideals a,b < R we have b | a, that is a C b, if and only
if there is ¢ < R such that a = bc:

We may assume that {0} # a € b <1 R. Then we have b~!a C b~'b = R, thus
¢:=b"la < Ris an ideal, and we have bc=b-b"la=bb""1 a=a. i

Let P be the set of non-zero prime ideals of R, and let {0} # a,b < R have fac-
torizations a = HpeP p¥r and b = HpeP pHv . Then there are only ﬁpitely many
ideals of R dividing a. Moreover, we get a+b = ged(a, b) = Hpep pmintre.ne SR
and anb =lem(a,b) =[], cp pmax{vp.tiv} < R: where a and b are coprime, that
is a+ b = ged(a,b) = R, if and only if a and b do not have a common prime
divisor, which is equivalent to a N'b = lem(a, b) = ab.

Proposition: Chinese Remainder Theorem. Let {0} # a =[]_, p/* <R,
where p1,...,p, are pairwise distinct prime ideals, for some r € Ny, and v; > 1.
Then we have R/a = @,_, R/p" as R-algebras.

Proof. We consider the natural homomorphism 7: R — @,_, R/p;’ of R-
algebras given by a — [a (mod py*)];. Since the ideals p;* are pairwise coprime,
we have ker(m) = (/_, py* =lem(p}*,...,p¥") =[], p;* = a, hence 7 induces
an embedding R/a — @;_, R/p}". We show that 7 is an epimorphism:

Let a; := H#i p;’j < R. Then a; and p;* are coprime, hence there are o; € @,
and f; € p;* such that 1 = a; + ;. Then we have o; =1 (mod p;*), and o; =0
(mod p?") for all j # i. Now, given any element [a; +p;*]; € @;_, R/p)*, where
a; € R, we indeed have w(327_; aja;) = 32 aj(ay +py")]i = [ai + 9] 4
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(4.6) Theorem: Generation of ideals. Let R be a Dedekind domain, let
{0} # a <R, and let 0 # « € a. Then there is § € a such that a = («, ).

Proof. We observe that a = («, 8) = (a)+(3) is equivalent to ca~!+Ba~! = R.
Hence letting b := aa~! < R it suffices to prove the following:

If {0} # b < R is any ideal, then there is 3 € a such that Ba~! +b = R:
We may assume that b # R. Then, if 3 is as desired, we have {0} # Ba=* < R.

Hence we have to choose 3 such that Ba~! is coprime to b. Writing b = Hle p,
where the p;, <t R are pairwise distinct prime ideals, v; > 1 and k > 1, this is

the case if and only if p; ¥ Sa~!, that is ap; 1 3, for all 4.
Fori € {1,...,k} let a; := a-[[,;p; Ca <R, let B € a; \ aip; # 0, and
let 8 = Zle Bi € a. We show that [ is as desired: Assume to the contrary

that ap; | B for some ¢. Then since ap; | a; | B; for all j # i, we infer
that ap; | B; as well. Thus, since we also have a; | B;, we conclude that

ap, =a- H§:1 p; = a-lem([];,, pj, pi) = lem(a;, ap;) | Bi, a contradiction. §

(4.7) Theorem: Factoriality. Let R be a Dedekind domain. Then R is
factorial if and only if it is a principal ideal domain.

Proof. It is well-known that any principal ideal domain is factorial; alterna-
tively, this also follows from of factorization of ideals. Hence we may assume
that R is not a R is not a principal ideal domain.

Thus, by factorization of ideals, there is a non-principal prime ideal {0} # p<1R.
Let Z be the set of ideals {0} # a < R such that ap is principal; hence by
the choice of p we have R ¢ Z. Then we have Z # (: Letting 0 # w € p,
for a ;== wp~! < R we get ap = (w). Hence let a € Z be maximal. Letting
ap = (w) < R, where 0 # w € R\ R*, we show that w is irreducible but not a
prime, entailing that R is not factorial:

Firstly, let w = 8y € R, for some 8,7 € R. Since ap = (8)(y) we may assume
that p | B, that is (5) = bp, for some {0} # b < R. Hence we have bp | ap,
thus multiplying with p~! yields b | a. By the maximality of a we get b = a,
thus (B8) = bp = ap = (w), so that w ~ 3, entailing that v € R*.

Secondly, by factorization of ideals we have a\ ap # ) and p \ ap # 0; hence

let @ € a\ (w) and § € p\ (w). Then we have ad € ap = (w). In other words,
w | ad, but w { @ and w 1 J, saying that w is not a prime. i

(4.8) Class groups. a) Let R be a Dedekind domain, and let K := Q(R).
Then all non-zero ideals of R are invertible, and we have factorization of ideals.
This directly leads to the following:
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Theorem. The set F = Fx of fractional ideals in K forms an Abelian group,
also called the group of (fractional) ideals, which is freely generated by the
set Px of non-zero prime ideals of R.

In other words, any f € F can be written uniquely as | = HpePK p¥r, where
Vp € Z, such that v, = 0 for almost all p.

Proof. Let f € F be a fractional ideal, and let 0 # r € R such that a := rfJ R,
thus f = %a. Hence f-ra=! = %a -ra~! = R shows that f is invertible.

We show that F is generated by the non-zero prime ideals: Letting f be as above,

let a = Hle p; and (r) = Hé-:l q;, for prime ideals {0} # p;,q; <R and k,l €
_ . _ k l _

No. Then % “R=(r)"! e F yields f = %a =a(r) ' =TL_,pi- (Hj:1 q;) "L

In order to prove freeness, we show that the non-zero prime ideals are indepen-

dent in F: Let {0} # p1,...,P%,q1,--.,q; < R be pairwise distinct prime ideals,

for some k,l € Ny, and let v;, 1; > 0 such that Hle pyt- Hé‘=1 qj_“j =ReF.
This yields Hle plt = ngl q?j < R, which entails k =1 = 0. il

b) The principal fractional ideals £ - R = (s)(r)~!, where 0 # s,r € R form a
subgroup Hx < Fk, being called the group of principal (fractional) ideals:
We have R = (1) € H, and for 0 # s', 7' € R we have (s)(r)~-((s")(r")" 1)L =
()(r) 7 ()(s)h = (") (rs") TF € Hic.

The quotient group Clg := Fi /Hx, consisting of the classes of fractional ideals
modulo principal fractional ideals, is called the (fractional ideal) class group
of K, or Picard group of R; its order hx = |Clg| € N U {oc} is called the
class number of K. We get the exact sequence of group homomorphisms

{1} = R* - K* — Fxg — Clg — {1},

where the first map is the natural embedding, the second map is given by 2 —
(s)(r~1), whose image is Hf, and the third map is the natural epimorphism.

Since for any fractional ideal § € Fx we have f = %a, for some 0 # r € R and
{0} # a < R, any element of Clk is represented by an ideal of R, where ideals
{0} # a,b <9 R are equivalent in Clg if and only if there are 0 # r,s € R such
that ra = (r)a = (s)b = sb < R.

Example: Trivial class groups. We have hx = 1, that is Clg = {1}, if and
only if Fx = Hy, that is all fractional ideals are principal. Hence the above
exact sequence collapses to {1} - R* - K* — Fx — {1}.

In this case, in particular all ideals of R are principal; conversely, we have already
seen that if R is a principal ideal domain then all fractional ideals are principal.
Thus we have hx =1 if and only if R is a principal ideal domain (which holds
if and only if R is factorial). For example, for K = Q and R = Z the above
exact sequence reads {1} — {£1} — Q* — Fo — {1}. i
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In general, the class groups are not well-understood. In particular, they might
be (uncountable) infinite Abelian groups. We will show in (8.3) below that
the class group of an algebraic number field actually is finite. Still, the class
number problem, which is already due to GAUSS, but as yet is open, asks for
determining all algebraic number fields having trivial class group; actually, it is
not even known whether there are finitely or infinitely many of them.

5 Ideals and ramification

(5.1) Factorization into irreducibles. Let K be an algebraic number field,
and let O be its ring of integers.

Recall that for o € O we have a € O* if and only if N(a) € Z* = {£1}.
Considering |N(a)| € N, we conclude by induction that any 0 # o € O has a
factorization into a product of irreducible (also called indecomposable) elements;
alternatively, we might just recall that O is Noetherian.

In particular, o € O is irreducible if N(a) € Z is irreducible, that is a prime
(since Z is factorial). Note that the converse does not in general hold: For
example, the element 3 € Z[i] C Q(i) is a prime, that is irreducible (since Z][i]
is factorial), but has norm N(3) = 9; see (1.4).

The question arises whether (or when) O is factorial, that is whether these
factorizations are unique up to associates and order, which amounts to asking
whether any irreducible element is a prime. In general this does not hold, as
the following example shows.

Example: Non-unique factorization. Let o := v/—5 € C and K := Q(«),
so that [K: Q] = 2. Then we have O = Z[a] and disc(O) = —4 - 5; see (10.1).
Recall that N(a+ba) = (a+ba)(a—ba) = a®>+5b?, for a,b € Z, and O* = {£1}.

We have 6 = 2-3 = (1 + a)(1 — a) € O. Moreover, since 2,3 ¢ N(O) C Ny,
from N(2) = 2% and N(3) = 3% and N(1 £ «a) = 2 -3 we conclude that 2 and
3 and 1 + « are all irreducible in O. Since the latter elements are pairwise
non-associate, this is an example of a non-unique factorization in O, and none
of the latter irreducible elements is a prime. In particular, O is not factorial.
and thus is not a principal ideal domain.

Lacking non-units dividing 2 and 1+, or 3 and 1+ «, we look at ideals instead:

We consider ps := (2,14 o) = (2,1 —a) <O. Since 2a¢ = —2 + (2 + 2a) and
(1+ a)a= -6+ (1 + «a) we conclude that po = (2,1 + &)z, where [2,1 + a] =
[1,q] - F o

’ 0 1
conclude that [O: pa] = 2, hence p2 < O is maximal. But since 2 and 1+ « are
coprime, po is not principal.

We consider q3 := (3,14«)<0 and g5 := (3,1—«)<0. Since 3a = —3+(343a)
and (1+a)a = =6+ (1+«) we conclude that q3 = (3,1+a)z, where [3,14+a] =

Since the latter matrix has Smith normal form diag[1,2], we
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[1,a] - g ﬂ Since the latter matrix has Smith normal form diag[1, 3], we
conclude that [O: q3] = 3, hence q3 < O is maximal. Since 3 and 1 + « are

coprime, g3 is not principal; by conjugation, q5<1O is maximal, but not principal.

Indeed, we get p3 = (4,2 + 2, —4 + 2a) = (2) and q3q5 = (9,3 + 3, 6) = (3),
as well as pagqs = (6,2 + 20,3 + 3a, —4 + 2a) = (1 + ) and p2qs = (1 — «).
Thus we have (6) = (2)(3) = p2-q3q5 = p2qs3 - p2qs = (1 +a)(1 —a) <O, so that
the two distinct factorizations of the element 6 into irreducible elements derive
from a regrouping of a single factorization of the ideal (6) into prime ideals.

(5.2) Absolute norms. Let K be an algebraic number field of degree n :=
[K: Q)], and let O be its ring of integers, having discriminant disc(O) € Z.

Recall that any ideal {0} # a < O is Z-free of rank n, and let disc(a) € Z be
its discriminant. Thus N(a) = Ng(a) := [O: a] € N is finite, being called the
(absolute) norm of a. Moreover, recall that we have disc(a) = [O: a]?-disc(O),

so that we get N(a) = Siisscc(((g))'

We have N(a) =1 if and only if a = O; for 0 # o € a we have N(a) | N((«)),
where equality holds if and only if a = («). Moreover, applying Lagrange’s
Theorem to the additive group O/a we get N(a) - O C a, hence we conclude
that a | N(a). In particular, by factorization of ideals we conclude that there
are only finitely many ideals having (or dividing) a given norm.

Proposition. For 0 # o € O we have N((a)) = [Ng/q()|.

Proof. Let B = {a1,...,a,} € O be an integral basis. Then C := o - B
is a Z-basis of (a), and letting Injo(K) = {o1,...,0,} we get disc((a)) =
det(Ac)? = det([(aay;)7]i;)? = det([a” af]i;)? = ([Ti; a”)? - det([a]']i;)* =
N(a)?-det(Ag)? = N(«a)? - disc(O), where we write N(a) := Nk jo(a). 1

Proposition. For ideals {0} # a,b <O we have N(ab) = N(a)N(b).
In particular, if N(a) € Z is a prime, then {0} # a < O is a prime ideal.

Proof. By factorization of ideals it is sufficient, by induction on their length,
to show that N(ap) = N(a)N(p) for all prime ideals {0} # p <1 O:

Considering the natural O-module epimorphism O/ap — O/a, having kernel
a/ap, we get [O: ap] = [O: a]-[a: ap]. Hence it suffices to show that a/ap = O/p
as O-modules; then we have N(ap) = [O: ap] = [O: a] - [O: p] = N(a)N(p):

By uniqueness of factorization of ideals we have ap C a, and there is no ideal
of O (that is O-module) strictly between ap and a. Hence letting o € a\ ap we
have ap + () = a. Thus the map O — a/ap: w — aw + ap is an epimorphism
of O-modules such that p C ker(¢) < O. Since p is maximal, we conclude that
ker(o) = p, so that O/p = a/ap. i
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(5.3) Varylng the field. Let K C L be algebraic number fields, and let
O := Ok and O:= (Ox)F = Op, be their rings of integers; hence ONK =0.

Theorem. i) Let {0} # q < O be a prime ideal. Then there is a unique prime
ideal {0} # p < O which lies under g, that is p C g.

ii) Let {0} % p <1O be a prime ideal. Then there is a prime ideal ({0} #) q<1 O
which lies over p, that is p C g; and there are only finitely many such ideals.

Proof. i) We consider the prime ideal p := q N O < O lying under q. Since
0#4NL(q) €qNZ C gNO = p we conclude that p # {0}. Since any non-zero
prime ideal of O lying under q necessarily contains (that is divides) p, the latter
is the unique such ideal.

ii) Since any prime ideal of O lying over p necessarily divides {0} # pO < 0,
the latter are precisely the prime divisors of p@ in particular there are only
finitely many such ideals. Hence it remains to be shown that pO #* O: Assume
to the contrary that pO O then we get p~! C p~ 10 = p- pO 0-0= (9,
hence p~! C ON K = O, entailing O = pp~! C pO = p, a contradiction. #

Corollary. There is a unique prime p € Pz such that p | (p) <O, and we have
N(p) = p™ for some m € {1,...,n}, where n := [K: Q)].

Proof. We have N(p) | N((p)) = N(p) =p™. i

(5.4) Ramification. a) Let K C L be algebraic number fields, let O := Ok
and O := O, be their rings of integers, and let p € P be a prime ideal of O.

Then the prime ideals in Py, lying over p consist premsely of the (non-empty
finite) set PL(p) C PL of prime divisors of pO <1 O. Letting r := [P (p)], the
ideal p is called non-split in L if r = 1, otherwise it is called split; it is called
completely or totally split if » = [L: K]. (The reason for this terminology
will become clear in (5.6) below.)

Writing pO = [oer, o) qva®), the number ex(q) = e(q/p) = v,(p) € N is
called the ramification index of q over p, or over K; for K = Q we write
e(q) := eg(q). The ideal q € Pr(p) is called unramified over K if ex(q) = 1,
otherwise it is called ramified; it is called completely or totally ramified if
ex(q) = [L: K]. Finally, the ideal p is called unramified or square-free in L
if all g € Pr(p) are unramified over K.

b) Letting q € Pr(p), the natural embedding O — O induces a ring homomor-
phism O — @/q, having kernel ¢ N O = p. Thus we get a natural embedding
F:=0/p — @/q =: E. Since both p<1O and q < O are maximal ideals, F' and
E are fields, called the residue fields associated with p and q, respectively.

Since both O and p are Z-free of rank rkz(p) = rkz(O) = [K: Q], we conclude
that F'is a finite field. Similarly, F is a finite field, so that F' C F is finite; since
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finite fields are perfect, I C E is separable. The number fx(q) = f(q/p) :=
[E: F] € Nis called the inertial degree of q over p, or over K; for K = Q we
write f(q) := fo(q). The ideal q € Pr(p) is called pure over K if fx(q) =

In particular, there is a unique prime p € Pz such that p € P (p) := Px((p)).
Hence F = O/p has degree f(p) = fo(p) over Z/pZ = F,, so that F is the field
with pf(®) = N(p) elements.

c) We show that ramification indices and inertial degrees are multiplicative in
the following sense: Let K C M C L be an intermediate field, let p € P and
q € Pr(p), and let ¢’ :=qN M € Pp(p), thus q € Pr(q’).

Proposition. We have ex(q) = en(q)ex(q") and fx(q) = far(q9) fx(q).

Proof. Firstly, letting O" := Oy, we have pO’ = q’eK(q ). a’, where o/ <O’ is
coprime to q Thus we get pO = (p@’) (q O)eK(q a0 = qu(q)eK(q ).a-a'O
where a <O is coprime to ¢. Since a '0<40 is coprime to q’ o anyway, and thus
is coprime to ¢, we infer that ex (q) = e (q)ex(q’).

Secondly, letting E' := O'/q’, we have the field tower FF C E’ C E, from which
we get fx(q) = [E: F] = [E: E'] - [E": F] = fu(a)fx (). f

(5.5) Example: Gaussian numbers. Let K := Q(i) and O = Z[i], hence
[K: Q] = 2, so that K is Galois; we have disc(O) = —4. Recalling that O is
factorial, that is a principal ideal domain, for p € Pz by (1.4) we have:

i) If p = 2, then Pg(2) = {p}, where p = (1 + ) and 20 = p?, that is e(p) = 2,
so that 2 is non-split and completely ramified in K; and from N(p)? = N(p?) =
N(2) =4 we get f(p) =1

ii) If p = —1 (mod 4), then Pk (p) = {p}, where pO = p, that is e(p) = 1, so
that p is non-split and unramified; and from N(p) = N(p) = p* we get f(p) = 2
iii) If p = 1 (mod 4), then Pr(p) = {p,p’}, where p and p’ are conjugate.
We have pO = pp/, that is e(p) = e(p’) = 1, so that p is completely split and
unramified; from N(p)N(p’) = N(pp’) = N(p) = p* we get f(p) = f(p') = 1.

(5.6) The fundamental equality. Let K C L be algebraic number fields such
that n:= [L: K], and let O := Ok and O := Oy,

Theorem. Let p € Px. Then we have 3, p, () ek (q)fx(q) =

Proof. Since p@ = quPL(p) qex (@) g (5, by the Chinese Remainder Theorem
we have @/p@ = @qEPL(p) @/qu(q) as O-algebras. In particular, @/p@ and

@/qEK(q) are O-modules, and letting F' := O/p they are F-vector spaces, which

since Q is a finitely generated Z-module are finitely generated. We show that
dimp(O/p0O) = n and dimp(O/q°< V) = ek (q) fx (q):
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i) We first consider ©/q¢x(0): Abbreviating e := ex(q), we have the strictly
ascending chain of ideals q° C ¢! C --- C q C O. Letting E := (9/q7 we have
[E: F] = fx(q). We consider the layers of the chain, for k € {1,...,e}:

The quotlent q*~1/q* is an E-vector " space. Lettlng ar € 9*71\ g, we have a
non-zero O-module homomorphism O — q*1/q*: a — aay + g*, having kernel
q. Moreover, we have (a)+q* = q*~ 140, entailing surjectivity. Thus we have an
isomorphism of E-vector spaces @/q — qF=1/q*. Hence we have dimp(O/q°) =

[E: F]- 35, dimp(q*71/q%) = fx(q) - X4, dimp(E) = ex(a) fx (q).
ii) We now consider O/p(’) Let B = {w1,...,wn} C O, where m € N, be a lift
of an F-basis of (’)/p(’) We proceed to show that B C L is a K-basis:

Assume that B is K-linearly dependent. Since K = Q(R) we conclude that
B is O-linearly dependent, that is there are ai,...,an, € O, not all being
zero, such that Y " agwr, = 0 € O. Let {0} # a := (a1,...,am) <O, and
let @« € a=!\ a“'p. Then we have aa C O, but aa € p. Hence there is
k € {1,...,m} such that aa; € p. Recalling that pO N O = p, this yields the
non-trivial F-linear combination Y ;" | aagwy =0 (mod p@) a contradiction.

We show that B is a K-generating set of L: Let U : = (B)o C O, then by
construction we have U + p(’) O as O-modules. Hence letting M := O JU we
have Mp = (O/U)p = (pO +U)/U = OJU = M. Thus, letting {o,..., o} C
M be an O-generating set for some [ € N, for j € {1,...,l} we get a; =
Zic:l aiPrj, where fi; € p. Hence letting B := E; — [Bx;] € O! and 8 =
det(B) € O, we have [y, . ..,q;]-B = 0 € M!, and thus by Cramer’s Rule we get
[a1,...,qq]-B-adj(B) = [a1,...,q]- B = 0 € M!. This implies that M3 = {0},
that is 5(5 C U. Laplace expansion of det(B) shows that 8 =1 (mod p), hence

B # 0. Thus recalling L = we get L = 0L = BO C };’ = <l;<>f =(B)k.

K* )
Corollary. Let {0} # a < O. Then we have N (a0) = Nk (a)™.

Proof. By the multiplicativity of Nk and Np, and factorization of ideals, we
may assume that a = p € Pk is a prime ideal. Then we have dimy /, (O/pO) =

n, so that NL(p@) = |@/p@| - \(’)/p|” — NK(p)n_ 4

(5.7) Ramification and discriminants. Let K be an algebraic number field
of degree n := [K: Q], with ring of integers O := Ok, let p € Py, let Px(p) =
{p1,...,pr}, where r € N, and let e; := e(p;) and f; := f(p;).

Theorem. Then p° | disc(O), where 6 :=3"7_ (e, —1)f;=n—>;_, fi € No.

Proof. Recalling the proof of the fundamental equality in (5.6), in the special
case considered here we have O/pO = @._, O/p;’ as Fp-algebras, where letting
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F; := O/p; we have dimp, (F;) = f;, and for k € {1,...,e;} we have p/ ' /pk =
F; as Fj-vector spaces; in particular dimg, (O/p;") = e; fi.

Forie{l,...,r} let {Bi1,..., B 5} € O be alift of an Fp-basis of F;, and for
ke{l,...,e;} let ag € (pF~ 1\ pF) N [T pi"- Letting B; := {aixfi; € Osk €
{1,...,e},5€{1,..., fi}}, the set B:=][;_; B; C O is a lift of an F,-basis of
O/p0O, such that B; C O is a lift of an F,-basis of O, := O/p;*.

Let U := (B)z C O, which since B C K is a Q-basis is a free Abelian group of
rank n. Hence O/U is finite, and we have disc(U) = [O: U]?-disc(O). Since O/U
is annihilated by an element b € Z such that b = 1 (mod p) (see the proof in
(5.6)), we conclude that p { [O: U], so that it suffices to show that p® | disc(l):

Let ~: O — O/pO be the natural epimorphism. Generalizing straightforwardly
from the field extension case, considering traces with respect to the regular
representation yields the symmetric Fy-bilinear trace form (-,-)5: O x O —
Fp: [z,y] — Tow, (xy). Since p 1 [O: U], the representing matrix of any el-
ement w € O with respect to the Q-basis B has entries in the localization
Zpy = {% € Qa,b € Z,p 1 b} € Q of Z at its prime ideal (p). Hence its
p-modular reduction, given by the natural epimorphism Z,) — F,, yields
the representing matrix of w € O with respect to the F,-basis B. In conclusion,
letting 'y € Z™*™ be the Gram matrix of the trace form on K with respect
to the Q-basis B, we conclude that its p-modular reduction coincides with the
Gram matrix I'g € F;*" of the trace form on O with respect to the F,-basis B.

Since B; annihilates @, O, we conclude that I'z = @;_, 'z, is a block di-
agonal matrix, where I'g, € F;if’ixeff i is the Gram matrix of the trace form on
O; with respect to the [Fj-basis B;. Moreover, since a;x3;; € B; acts nilpotently
on O;, for k € {2,...,¢;}, we get p;/p;" C rad((:,)5,) < O;. Thus we have
tky, (Ig,) = dimg, (O;/rad((,)g,)) < dimg, (O;/(pi/pf’)) = dimg, (F;) = fi.

i

Hence we infer d := rkg, (T5) = rkp, (Tg) = >_i_; tke, (Pg,) < Y0i_y fi < n.

i

Considering the Smith normal form diag[m,...,m,] € Z"*™ of 'y, where
my | me | -+ | my, €Z, fromrke(I'g) =n weget mg #O0foralls e {1,...,n}.
We conclude that mq, ..., mq are coprime to p, while mg41, ..., m, are divisible

by p. Hence we get p® = p*~2i=ifi | pn=d | T["_ m, = det(T'g) = disc(U). #
Corollary. The prime p is ramified in K if and only if p | disc(O) € Z.

Proof. We have p | disc(O) if and only if p | disc(if) = det(T's), which is
equivalent to p | m,,, which holds if and only if d = rkg, (I'g) = ke, (T'5) < n.
Moreover, p is ramified in K, that is e; > 1 for some i € {1,...,r}, if and only
if 6 > 0, which is equivalent to > ;_, f; < n.

Letting first p { disc(O), then we have n =d < >"'_, f; <n, thus >.._, f; = n,
saying that p is unramified in K. Conversely, letting p be unramified in K, we
have to show that d = n:
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Since e; = 1, for all i € {1,...,7}, we have O = @,_, 0; = @,_, O;/p; =
@2:1 F;. Hence the induced trace form on O; = F; coincides with the non-
degenerate trace form on the separable field extension I, C F;. Hence we infer
rad((-,)yp) = P, rad((-, >5l) = {0}, thus d = rky, (I'g) = dimg, (O) =n. {

Corollary. Let K C L be algebraic number fields. Then there are only finitely
many prime ideals in K which are ramified in L.

Proof. If p € Pg is ramified in L, then p N Q € Pg is ramified in L as well. 4§

(5.8) Computing ramification. a) Let K C L be algebraic number fields
such that n := [L: K], let O := O and O := Op, and let € O be a primitive
element of L over K, having minimum polynomial p, € O[X] over K.

Then O := Ola] C O is a (possibly proper) subring. To describe the relationship
between these rings, for any subring R C O we consider the annihilator ¢ R =
annp(0/0) := {w € R;wO C O} 4R, called the associated R-conductor; note
that the O-conductor is the largest ideal of O being contained in the subring 0.

We show that cg # {0}: To this end, it suffices to consider ¢z = ¢cg NZ. Now O
is a free Z-module of rank [L: Q] = [L: K]-[K: Q] = n - [K: Q]; moreover O is
a free O-module of rank n, where O is a free O-module of rank [K: Q], hence
O is a free Z-module of rank n - [K: Q] as well. Thus O/O is a finite Abelian
group, where hence 0 # [0: O] € ¢z.

The ideal {0} # ¢z <Q7Z is generated by the exponent of the Abelian group 0/0.
Hence its prime divisors coincide with those of [O: O]. Thus from disc(O) =

[@: (5]2 . disc(@) we infer that the prime divisors of ¢z and those of %ﬁg; e

coincide; in particular, the prime divisors of ¢z occur amongst those of disc(O).

b) Given p € Pk, let —: O — O/p =: F be the natural epimoprhism. Moreover,
let g1,...,9, € O[X] be monic, such that z, = [[_, gi* € F[X], where r € N
and e; € N, and where g,...,7, € F[X] are pairwise distinct and irreducible;
hence letting f; := deg(g;) € N we have n = deg(ua) = Y i_; €ifi-

Theorem. Assume that p does not divide ¢p = ann@((a/(’s). Then we have
Pr(p) ={q1,...,4q-}, where the g; := (p, g:(a)) < O are pairwise distinct prime

A~

ideals, such that pO = [];_, q{*, that is we have ex(q;) = e;, where fx(q;) = fi.
Proof. We consider the commutative diagram of natural algebra homomor-
phisms depicted in Table 2, where monomorphisms and epimorphisms are in-
dicated by hooked arrows and two-headed arrows, respectively. The upright
epimorphisms are induced by the natural map : O — O/p = F.

i) The natural embedding O — O induces a homomorphism 6/]35 NG /p@
We show that the latter is an isomorphism, by using the conductor condition:
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Table 2: Computing ramification.

F[TX] -~ O0[X]/ (p)/g[xl/ (fe) = O
F/O[X] ~— O0[X]

Smcec@—i-p—(?andc@CO we have O = 0 -0 = (co—l—p)@g(?—l-poc
O, entailing that O+ pO = O. Hence the natural map - O/p0O is an
epimorphism, having kernel O NpO. We have pO C O N pO = (ONpO)-0 =

(O NpO)(co +p) C pO, entailing that O N pO = pO.

ii) Hence it suffices to consider O: The isomorphism O[X]/(pa) — Ola] = O
is induced by the evaluation map O[X]| — O defined by X — «. Hence the
natural map induced by ~ entails a natural isomorphism O[X]/(p, o) — O/pO.

Similarly, from the identity on O[X] we get a natural isomorphism O[X]/(p) —
(O/p)[X] = F[X]; and the natural maps induced by p, and f,, respectively,
yield a natural isomorphism O[X]/(p, na) — F[X]/(,,)-

Now, since the g, are pairwise coprime, the Chinese Remainder Theorem yields

F[X]/(r,) = @D;_, F[X]/(g;"). Hence the prime ideals of F[X]/(f,) are the

principal ideals (g;) < F[X], where [F[X]/(g;): F| = deg(g;) = fi.

Thus, transporting through the above isomorphisms, we conclude that the prime

ideals of O/pO, coinciding with the prime ideals of O dividing p(’) are the ideals
= (p, gi(@)) < O, where pO = [T;_; qf and [O/q:: O)p] = i

Note that the conductor condition in particular is fulfilled if O = 0. It will be
shown in (10.2) below that the conductor condition cannot be dispensed of.

(5.9) Example: The pure cubic field Q(v/2). Let a := V/2 € R, let K :=
Q(a), and let O = Ok. Since o = X — 2 € Q[X] splits as pio = H?ZO(X —
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(‘a) € C[X], where ¢ := (3 = 3(—~1++/=3) € C is a primitive 3-rd root of
unity, the embeddings of K into C are given by a — (‘a for i € {0,1,2}.

We determine O: We have Z[a] C O, where Z[o] = Z[X]/(fta)- Letting

1 « a? o
A=|1 (a (3a?|= [Clﬂ&]ij - diag[1, o, 0?],
1 Ca (a?

we get disc(Z[a]) = det(A)2 =ab - (1 -¢)(1 - ) (¢ - CQ))2 =—4-27.

Hence we have to check the elements w := %(a+bo¢+ca2) € K, wherep € {2,3}
and a,b,c € {0,...,p — 1}, for integrality. To this end, we consider the regular
representation p with respect to the Q-basis {1, a,a?} C K, for which p(«) is
the companion matrix associated with z1,. This yields p- N(w) = det(p-p(w)) =
a® + 2b® + 4¢® — 6abe. Checking N(w) € Q for integrality, we find no non-zero
solution. Hence we infer that O = Z[a], and the ramified primes are p € {2, 3}:

For p := 2 we get i, = X3 € Fy[X], so that we find the unique prime divisor
p2 := (2,a) = (o) < O, such that 20 = p3 is non-split and completely ramified.

For p := 3 we get i, = (X + 1) € F3[X], yielding the prime divisor p3 :=
(3,a+1) = (a+1)<0, such that 30 = p3 is non-split and completely ramified.

Here are a few unramified cases: (Note that in unramified cases the tuple of
inertia degrees forms a partition of the field degree, up to reordering. The
examples are chosen to exhibit all partitions of [K: Q] = 3.)

For p := 5 we get the factorization fi, = (X +2)(X? —2X —1) € F5[X], so that
we find the prime divisors ps := (5, +2) < O and q5 := (5,a® —2a — 1) < O,
such that 50 = psqs5 is split, where f(p5s) = 1 and f(q5) = 2.

For p := 7 we find that 11, = X3 —2 € F7[X] is irreducible, thus (7) <O is inert.
For p := 31 we get i, = (X —4)(X — 7)(X + 11) € F31[X], so that we find

the prime divisors p3; := (31, — 4) < O and p4; = Bl,a —7) < O and
p4; = (3l,a+ 11) < O, such that 310 = p31p%p4; is completely split.

(5.10) Example: Another cubic field. Let o € Raroot of f := X*~X -1 ¢
Z[X]; note that f € Fo[X] is irreducible, hence f € Q[X] also is. Moreover, let
K :=Q(a), and let O = Og. We determine O:

We have Z[a] C O, where Z]a] = Z[X]/(f). We consider the regular representa-
tion with respect to the Q-basis {1, o, a?} C K, for which p(«) is the companion
matrix associated with f. This yields disc(Z]a]) = det(T") = —23, where

. 3 0 2
=T ;=10 2 3
2 3 2
Hence we have to check the elements w := 2—13((1 +ba+ca?) € K, where a,b,c €

{0,...,22}, for integrality. Considering the regular representation again, we get
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233 - N(w) = det(23 - p(w)) = a® + % + 3 + 2a%c + ac?* — ab? — be? — 3abe.
Checking N(w) € Q for integrality, we find the non-zero solutions [a,b,c] €
{[18,1,8],[22,15,13]}, while these elements have the characteristic polynomial
Xo = Xp(w) = X3 =8 X?4+3X -1 € Q[X] and xu = Xp(u) = X*—4X?+ 2 X —
1 € Q[X], respectively, thus are not integral. Hence we infer that O = Z|«a],
and the only rational prime ramified is p = 23:

For p := 23 we get f = (X — 3)(X — 10)? € Fa3[X], so that we find the prime
divisors pasz := (23, a—3) <10 and qa3 := (23, a—10) <O, such that 230 = pa3q3,
is split and ramified, where e(pa3) = 1 and e(q23) = 2, and f(pa23) = f(qes3) = 1.
Here are a few unramified cases: (Note that in unramified cases the tuple of
inertia degrees forms a partition of the field degree, up to reordering. The
examples are chosen to exhibit all partitions of [K: Q] = 3.)

For p :=2 we find f = X3 + X + 1 € Fy[X] irreducible, thus (2) < O is inert.

For p := 5 we get the factorization f = (X —2)(X? +2X —2) e F5[X], so that
we find the prime divisors p5 := (5, — 2) <O and q5 := (5,0 + 2a — 2) < O,
such that 50 = psq5 is split, where f(p5s) = 1 and f(q5) = 2.

For p := 59 we get f = (X — 4)(X — 13)(X + 17) € Fs9[X], so that we find
the prime divisors psg := (5, — 4) < O and piy := (5, — 13) < O and pYy :=
(5,4 17) < O, such that 590 = psopieprg is completely split.

6 Galois ramification

(6.1) Galois ramification. a) Let K C L be a Galois extension of algebraic
number fields such that n := [L: K], let G := Autg (L), let O := Ok and

O = O, and let p € Pg.

Then, since O is fixed element-wise, G acts by O-algebra automorphisms on (9
and since p < O and thus pO <O are G-stable, that is invariant under the
G-action, we infer that G permutes the non-empty finite set Py, (p).

Proposition. G acts transitively on Pp(p).

Proof. Assume there are q,q" € Pr(p) such that q' # q° € Pr(p) for all o € G.
By the Chinese Remainder Theorem there is a € O such that o = 0 (mod ¢'),
and a« =1 (mod ¢7) for all 0 € G. Since a € ¢’ and a | N(«), we infer that
N(a) € ¢'NO =p. But we have a” € q, hence N(a) = [[,cca” & q as well,
thus N(a) € g O = p, a contradiction. i

Hence, any ideals q,q" € Pr(p) are conjugate, that is there is o € G such that

q' = q°. Thus we infer that O/q = 07 /q° O/q so that f := fK( )= fx(q).

Moreover, we have q* | pO if and only if ’* = (q°)% | (pO)° = pO, for k € N,

so that pO = (ITgers o q)° <O, where e := ex(q) = ex(q’). Hence letting
= |Pr(p)], the fundamental equality just reads ref = n.
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b) The stabilizer G(q/p) := G4 = Stabg(q) := {0 € G;q7 = q} < Gis called the
decomposition group of q. The fixed field K C D(q/p) = Dy := Fix1(Gyq) :=
{x € Lyz? =z for all 0 € G4} C L is called the decomposition field of g.
Hence we have [Dy: K| = [G: G4] = |Pr(p)] = r. In particular, we have
Gq = {1}, that is Dy = L, if and only if p is completely split in L; and we have
Gq = G, that is Dy = K, if and only if p is non-split in L.

Proposition. Let qp := qN Dy < Op, be the prime ideal lying under q. Then
Pr(ap) = {a}, where ep,(q) = e and fp,(q) = f, while ex(4p) = fx(ap) = 1.

Proof. Since Dy C L is Galois such that Autp, (L) = G, the prime ideals of
L lying over qp are given as Pr(qp) = {q° € Pr;o € G4} = {q}.

The fundamental equality yields [L: K| = [Pr(p)| - ex(q)fx(q) = [Dq: K] -
ex(9)fx(q), hence [L: Dg] = [[’iiﬁ] = ex(q)fx(q); similarly, [L: Dq] =
|Pr(ap)| - ep,(a)fp,(a) = ep,(a)fp,(q), thus ex(q) frx(q) = ep,(4)fp,(a)-

By multiplicativity of ramification indices and inertial degrees we have ey (q) =

epy(@)ex(ap) and fi(a) = fp,(a)fx(ap), in particular ep (q) | ex(q) and
fp,(a) | frx(q). Thus the above equality entails ex (q) = ep,(q) and fx(q)
fp, (q). Moreover, from this we infer ex(qp) =1 and fx(qp) = 1.

= |l

c¢) We consider the residue fields F := O/p and E := O/q: To this end, let
~: O — E be the natural epimorphism. Then G4 induces O-algebra automor-
phisms of F, which actually are F-algebra automorphisms, so that we get a
group homomorphism ~: G4 — Autp(E).

Its kernel G(q/p)? = G := {0 € G4;7 = idp} IG, is called the inertia group
of g. The associated fixed field K € Dq C I(q/p) = I3 := Fix,(GY) = {z €
L;z? =x for all o € Gg} C L is called the inertia field of q; hence D, C I is
a Galois extension such that Autp, (I;) = Gq/GY.

Now F' C F is an extension of finite fields of degree f = fx(q), hence is Galois
such that Autp(E) = (¢,) = Cy, where @, is the Frobenius automorphism
of E over F, where ¢q := |F]|.

Theorem. The map —: G4 — Autp(F) is surjective.

In particular, the Frobenius automorphism ¢, has a lift ¢, € G4 < G.

Proof. Since fix(qp) = 1, the field F can likewise be considered as an extension
of Op,/ap = F. Let p € E be a primitive element over F, let p € O be a lift
of p, and let uz; € Op,[X] and p, € F[X] be their minimum polynomials,
respectively. Then p is a root of 7i;, thus u, | fi; € F[X]. Moreover, since
Dy C L is Galois, p5 splits in L[X], and since all of its roots are integral over
Op,, it splits in @[X] Similarly, F' C E is Galois, so that p, splits in E[X].



II  Algebra 35

Table 3: Galois ramification.

Autgea(L) | field degree | ideal ramification inertial
index degree
{1} L q
: e e 1
Gﬂ I qr
: f 1 f
Gq Dy qp
r 1 1
G K p

Now let ¢ € Autp(E). Then p' := p¥ also is a root of 1, hence of fi;. Then
there is a root p’ of p lifting p’, and thus there is @ € Autp, (L) = G4 such that

p® = p'. Since ¢ is uniquely defined by ¢: p — p’, we conclude that ¢ = ¢. 4

d) Hence Gq/GY is cyclic of order f, so that [I: Dg] = f. Thus from ref =
[L: K| =[L:14]-[Iq: Dg] - [Dq: K] = [L: Iq] - f -7 we get [L: Iq] =e.

In particular, we have Gg = {1}, that is I = L, if and only if p is unramified in
L; in this case we have Autp(E) = G4/G) = G4 < G, hence we have G = (),
where @, is the unique lift of the Frobenius automorphism. Moreover, we have
Gg = G, that is I; = K, if and only if p is completely ramified in L.

Proposition. Let q; := q N I; < Oy, be the prime ideal lying under q. Then
we have Pr, (qp) = {qr} and Pr(qs) = {q}. Moreover, we have e, (q) = e and
fr,(q) =1, while ep, (q;) = 1 and fp (q1) = f.

Proof. Since qp is non-split in L, it is non-split in I, and q; is non-split in L.

Next, we show that £ = @/q = Or,/ar = E', that is f;_(q) = 1: Applying the
above theorem to the Galois extension I; C L, where Auty, (L) = GY, shows
that Autz: (E) is an epimorphic image of Gy /G = {1}, thus Autg (E) = {1}.
The fundamental equality, applied to Iy C L, yields e = [L: I4] = |Pr(q7)| -
er,(q)- f1,(q) = 1-er,(q)- 1. Then we have e = ex(q) = es, (q)ep, (dr)ex (9p) =
e-ep,(ar)-1and f = fx(q) = f1,(9)fp,(ar) fx(ap) =1- fp,(ar) - 1. i

(6.2) Galois ramification continued. Let K C L be a Galois extension of
algebraic number fields, let G := Autg (L), and let p € Pk and q € Pr(p). The
picture developed above is summarized in Table 3.
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We derive a couple of consequences: Firstly, we observe that the situation be-
comes particularly smooth in the case of Abelian Galois groups, shedding some
light on the name-giving properties of ‘decomposition fields’ and ‘inertial fields’.
Secondly, we obtain a characterization of decomposition fields and inertia fields.

Corollary: Abelian Galois ramification. Assume additionally that both
the decomposition group G4 and the inertia group Gg are normal in G. (Note
that, in particular, this is fulfilled if G is Abelian.) Then we have:

i) The ideal p splits completely in D,.
ii) The ideals in Pp, (p) are inert in I, that is non-split and unramified.
iii) The ideals in Pr, (p) are completely ramified in L.

Proof. From G4 < G we conclude that Dg is the decomposition field for all
primes in Pr(p). Then, from Gg < G we conclude that I is the inertia field
for all primes in Pr(p). Hence, by the treatment in (6.1), the maps Pr(p) —
Pr,(p): v = NIy and Pr (p) — Pp,(p): t = tN Dy are injective, and since
by the fundamental equality we have |Pr(p)| = |Pr, (p)| = |Pp, (p)], they are
bijections. From this and Table 3 the assertions follow. #

Corollary: Characterization of decomposition fields and inertia fields.
For all intermediate fields K C M C L we have:

a) i) We have M C D, if and only if ex (qN M) = fx(qN M) = 1.

ii) We have Dy C M if and only if |Pr(qNM)| =1 (that is Pr(qN M) = {q}).
b) i) We have M C I, if and only if ex(q N M) = 1.

ii) We have I; C M if and only if eps(q) = [L: M].

Proof. We have M = Fixy(H) for some H < G := Autg(L); then M C L is
Galois such that Auty, (L) = H. With respect to the prime ideal qNM € Py (p),
we have the decomposition and inertia groups Hy = G4 N H and Hg = Gg NH,
respectively. Thus by Galois correspondence for the extension M C L we get
the decomposition and inertia fields M C DqM C I;M C L, respectively.

a) i) We have M C Dy if and only if DgM = Dg, which holds if and only
if [L: DgM] = [L: Dy}, or equivalently ex(q)fx(q) = er(q)far(q). By multi-
plicativity we have ex(q) = enm(q)ex(qN M) and fx(q) = fam(q)fx(qg N M),
hence the latter equality is equivalent to ex (¢ M) fx(qN M) = 1, which holds
if and only if ex (qNM) = fx(qN M) = 1.

ii) We have Dy C M if and only if H < G, which holds if and only if H = H,
which in turn is equivalent to Pr(qN M) = {q}.

b) i) We have M C I if and only if I;M = I, which holds if and only if
[L: IqM] = [L: 1], or equivalently ex(q) = ea(q). Multiplicativity ex(q) =
em(q)ex(qN M) says that the latter equality is equivalent to ex(q N M) = 1.
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ii) We have I; C M if and only if I;M = M, which is equivalent to [Pz, (qNM)| =
far(q) = 1, which in turn holds if and only if eps(q) = [L: M]. 1

(6.3) Example: The biquadratic field Q(v/5,v/3). Let 8 := /5 € R, and
v:=+v3 € R, and a := By = V15. Then L := Q(B,7) is Galois of degree
[L: Q] = 4, being the splitting field of f := (X2 —5)(X? — 3) € Q[X], so that
G := Autg(L) = Vy, being given by 5+ +6 and v — £v.

Hence L has the quadratic subfields K = Q(«), and K’ := Q(8), and K" :=
Q(y). We have O := Ok = Z[a], where disc(O) =4-3-5; and O’ := Ok =
Z[B], where B := 1(1+4 B) and disc(O’) = 5; and 0" := Ok = Z[y], where
disc(O") = 4-3; see (10.1). Note that, since L = K'K"” where K'NK"” = Q, and
ged(disc(0”), disc(0")) = {£1}, by (3.8) we conclude that O := O = 0’0" =
Z[B, ~] (although this is not needed in the sequel).

a) We describe how the primes p € {2,5} ramify in L; to this end we first
consider the quadratic subfields, see (10.2):

i) We consider p := 2: We have 20 = p3, where ps := (2,1 + o) < O, saying
that 2 is completely ramified in K. We have 20’ << O’ being prime, saying that
2 is inert in K’. We have 20" = (2,7 —1)? = (y — 1)? < 0", saying that 2 is
completely ramified in K”.

Now we consider L: For the number r of prime ideals lying over 2, their ramifi-
cation indices e and their inertial degrees f we have ref = 4. Since 2 is ramified
in K and K", it is ramified in L as well, so that 2 | e. Since 2 is inert in K, so
that the associated inertial degree in K’ equals 2, we infer that 2 | f.

Hence in conclusion we get e = f = 2 and r = 1, so that 20 = q3 < O where
N(q2) = 2/ = 4; since 7 — 1 € qa, where N(y — 1) = Ngu(y —1)? = 4, we infer
that g = (v — 1) < O. Thus we have D,, = Q. Hence we have [I ,: Q] = 2,
where Iy, C L is the largest subfield such that 2 is unramified; since 2 is inert
in K’ we infer that I, = K’ = Q(B).

ii) We consider p := 5: We have 50 = pZ, where p5 := (5, ) < O saying that 5
is completely ramified in K. We have 50’ = (5, B— 3)? = (B)? <0, saying that
5 is completely ramified in K’; note that 373 = %(75+B) =—-03- %(71 +8) ~
B € O'. We have 50" <1 0" being prime, saying that 5 is inert in K.

Now we consider L: For the number r of prime ideals lying over 5, their ramifi-
cation indices e and their inertial degrees f we have ref = 4. Since 5 is ramified
in K and K’ it is ramified in L as well, so that 2 | e. Since 2 is inert in K", so
that the associated inertial degree in K" equals 2, we infer that 2 | f.

Hence in conclusion we get e = f = 2 and r = 1, so that 50 = gz < (57 where
N(gs) = 5/ = 25; since 8 € g5, where N(B) = Ng/(8)? = 25, we infer that
45 = (8) < O. Thus we have Dy, = Q. Hence we have [I,: Q] = 2, where
I;, C L is the largest subfield such that 5 is unramified; since 5 is inert in K"
we infer that I, = K" = Q(v).
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b) Actually, this is motivated by the idea of ‘making ideals principal’: We
consider the field K, where we observe that 10 = 2-5 = (5+ a)(5b — a) =
(5+a)?-(4—a) € O, where N(4 — a) = 1 shows that 4 — a € O*.

We show that there are no elements w € O such that N(w) € {£2,+5}; recall
that N(a+ba) = (a+ba)(a—ba) = a®>—15b2, for a,b € Z: Writing w = a—l—ba €
O, for some a, b € Z, assume that N(w) = a —15b2 +2; then we have a? = £2
(mod 5), a contradiction. Similarly, assume that N(w) = a? — 156 = +5; then
we have 5 | a, hence writing a = 5a’, for some a’ € Z, we get 5a’? — 3b% = +1,
thus b% = F2 (mod 5), a contradlctlon

Hence we conclude that 2 and 5 and 5 + « are irreducible, but pairwise non-
associate, so that they are not primes. (Note that the factorizations exhibit
different multiplicities.) In particular, O is not factorial.

In an attempt to ‘rescue’ uniqueness of factorizations, we observe that 10 =
2.5 = (5+/15)(5—+/15) € O can be rewritten as (v/5+v/3)(v/5—3)- V5 =
VB(V5+V3) - V5(V5 —V3), that is (B+7)(8—7) - 82 = B(B+7)-B(B—7) €
@, which hence is one and the same decomposition of 10. (It actually is a
factorization, as will be shown below.)

Considering ps = (2,1 4+ a) <O and p5 := (5,a) <O agam we have paops =
(10,5+0a) = (5+0a) = (5 a), and thus (10) = (2) - (5) = 3 - p2 = (pabs)? =
(5+a)-(5—a)<0. Since N(pz) =2 and N(ps) = 5, both prime ideals are not
principal. But the (unique) prime ideals g2 = (y—1) <0 and q5 = (B) < O lying
over py and ps, respectively, are principal; note that (8 + v)(4 — a) = 8 — 7,
where 4 — a € O*, hence (84 7) = (8 —7) <O, and from (8 +~)(8 — ) =
(82 —~2) = (2) <« O we conclude that (8 +7) = qo. Hence 8 and 8 + v are
prime and thus irreducible indeed.

(6.4) Example: The triquadratic field Q(i,v/2,v/5). Let a := v/2 € R and
B :=+/5 € R, and let L := Q(i,a, 3), which is Galois of degree [L: Q] = 8,
being the splitting field of f := (X2 + 1)(X? — 2)(X? — 5) € Q[X], so that
G = Autg(L) = (0,0’,0") = C3, an elementary Abelian group of order 8,
being generated by o: i — —i fixing Q(«, 8), and ¢’: o — —a fixing Q(i, ),
and ¢”: f— —p fixing Q(4, @).

i) The field L has the quadratic subfields K := Q(i) and K’ := Q(«) and
K" := Q(B) (amongst others). Let O := O = Z[i], where disc(O) = —4; let
O := Ok = Z[a], where disc(0') = 8; and let 0" := Ok = ZB\] where
B = 1(1+ B) and disc(O"”) = 5; see (10.1).

We record how the prime p := 5 ramifies in the quadratic subfields mentioned;
see (10.2): We have 50 = (5, — 2)(5,i+2) = (1 — 2)(i + 2) < O, saying that 5
is split in K. We have 50’ <1 O’ being prime, saying that 5 is inert in K’. We
have 50" = (5, 8)? = (8)? < O”, saying that 5 is ramified in K".

For the subfield Q(i, ) C L of index 2, by (3.10) we have O := Og(i,a) = Z[Gs]



II  Algebra 39

such that disc(@) = 28 where (3 = % is a primitive 8-th root of unity.

Since L = Q(4,«) - K" where Q(i, ) N K" = Q, and ged(disc(O), disc(O”)) =
ged(28,5) = {£1}, from (3.8) we conclude that O := O, = 00" = Z|(s, f).

ii) Now we consider how 5 ramifies in L: For the number r of prime ideals lying
over 5, their ramification indices e and their inertial degrees f we have ref = 8.
Since 5 splits in K, it splits in L as well, so that 2 | r. Since 5 is ramified in
K" it is ramified in L as well, so that 2 | e. Since 5 is inert in K’, so that the
associated inertial degree in K’ equals 2, we infer that 2 | f.

Hence in conclusion we get r = e = f = 2, so that 50 = qiq% < 57 where
g+ < O are conjugate prime ideals of norm N(q1) = 5f = 95,

Intersecting with the quadratic subfields mentioned yields: We have q+ N O =
(i £2) < O, say, so that (i £2)0 -0 = ¢% is non-split ramified such that
fx(q+) = 2. We have gz N O’ = (5) < O, so that 50’ - O = cliqz_ is split and
purely ramified. We have q1 N 0" = (8) < 0", so that O” - O = q4q_ is split
unramified such that fx(qs) = 2.

In particular, from (i +2) = ¢% < O and (8) = qiq- <O we get gy =
ged(aZ, a4.9-) = ged((i £2),(8)) = (i £2,8) 2 0.

iii) From G being Abelian we conclude that the decomposition groups G4 :=
G4, coincide, and likewise the inertia groups Gg = Gg . do so. Moreover, from
[G: G4 = r =2 we infer that [Dy: K] = 2, and likewise from [G4: Go] = f = 2
we get [Iq: K| =[Iq: Dg]-[Dq: K] =2-2=4.

The inertia field I; C L is the largest subfield such that 5 is unramified. Hence
we have K C Iy and K’ C I, where [KK': Q] = 4 entails I; = Q(¢,a). The
decomposition field Dy C I now is the largest subfield such that 5 additionally
is pure. Hence we have K C Dy, entailing Dq = Q(4).

We have (i £2)O- 0= q+ no< (5, so that the primes ¢+2 in Dy are inert in I;.
We have GY = (¢”) < Gq = (0/,0") < G. Hence (amongst other choices) we
have q7 = g, and ¢’ induces the Frobenius automorphism of O/ (i+2)0 = Fay.

(6.5) Example: The non-Abelian field Q(V/2,(3). Let a = v/2 € R,
let ¢ :== (3 = 3(—1+ +v/=3) € C be a primitive 3-rd root of unity, and let
L :=Q(c, (). Hence Q C L is Galois of degree [L: Q] = 6, being the splitting
field of j1, := X® — 2 € Q[X]. We have 1o = [[7_,(X — ¢*"'a) € L[X], hence
the faithful action of Autg(L) on the roots of p, in L yields an isomorphism
Autg(L) = S3 =: G, the symmetric group on 3 letters, which is non-Abelian.

Hence L has 3 subfields of degree 3, namely K := Fixy({(2,3))) = Q(«), and
K’ := Fix;({(1,3)))i = Q(¢a), and K" := Fix1(((1,2))) = Q(¢?); these are
mutually conjugate, where K has been considered in (5.9). Moreover, there is
a unique subfield of degree 2, namely D := Fixy,({(1,2,3))) = Q(¢{) = Q(v-3),
which is Galois; see (10.2).
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Thus we have L = KD, where [L: Q] = [K: Q] - [D: Q]. Moreover, by (5.9)
we have disc(Og) = —4 - 27, and by (10.1) we have disc(Op) = —3; hence
ged(dise(Ok),disc(Op)) = {£3}. Thus by (3.8) we have OxOp C Of C
1 - OkOp, so that disc(Or) | disc(OxOp) = (—4-27)? - (=3)* = —21. 3%
Hence the rational primes ramified in L are p € {2,3}:

For p := 2 we find that 20k = p3 is completely ramified, where ps := (o) <Ok
while 20p <Op is inert. Hence for q2 € Pr(2) we have e(q2) = 3 and f(q2) = 2,
so that 20 = g3, where g2 := (@) < Op. Thus we have Dy, = Q and Iy, = D.

For p := 3 we find that 30 = p3 is completely ramified, where p3 := (a+1) <
Ok; and 30p = t3 is completely ramified as well, where t3 = (v/=3) < Op.
Hence for q3 € Pr(3) we have e(q3) = 6, that is 30y, = q$ is completely ramified,
where q3 := (@ + 1,4/=3) < Or. Thus we have Dy, = Q and Iy, = Q.

Here are a few unramified cases, where inertia fields coincide with L anyway:
(Note that in unramified cases the tuple of inertia degrees forms an equal-part
partition of the field degree. The examples are chosen to exhibit all cases.)

Letting v := /22 - (=3)3 = /=108 € L, we have ., := X°® 4 108 € Q[X], thus
L = Q(v). Moreover, we find disc(y) = —21¢ - 32!, so that for p > 5 we may
utilize Z[y] C Oy, to compute ideal factorizations.

For p := 5 we find that 50k = psp§, where p5 = (5,a + 2) < Ok, so that
f(ps) =1 and f(ps) = 2; while 50p < Op is inert. Hence for q5 € PL(5) we
have 2 | f(qs5), where |Pr(5)| > 2. Thus we have f(q5) = 2, hence |PL(5)| = 3,
so that 501, = q5q5qk, where p5 is inert in L, that is q5 := p;Or = (5,a+2)<0,
(say), while pg splits as p; - O = q5q5 < Or. Thus we have Dy, = K, while
Dy, = K' (say) and Dgy = K".

For p := 7 we find that 7TOx < Ok is inert; while 7Op = vy} splits, where
t7 = (7,24+v/=3) = (2++v—-3) <Op. Hence for q; € Pr(7) we have 3 | f(q7),
where |Pr(7)| > 2. Thus we have f(q7) = 3, hence |Pr(7)] = 2, so that
701, = q7q%, where t7 and t} are inert in L, that is q7 := t;O, = (2+/—3)<0y,
(say) and g7 := 17 = (2 — v/=3)Or < Or. Thus we have Dy, = Dy, = D.

For p := 31 we find that 310k = p31p%,p5;, where p31 := (31,a—4) <Ok (say),
and 310p = v31th; splits as well, where v31 := (31,1/=3—11)<Op (say). Hence
we have |Pr(31)| > 3, where since Q C D is Galois we have 2 | [Pr(31)] | 6,
entailing |Pr(31)] = 6. Thus we have 310, = H?:l qs1,i, where f(qs1,; = 1,
and we get qs1.1 = 310 + 3101 < Of, (say). Thus we have D = L.

q31,4




III  Geometry 41

III Geometry

7 FEuclidean lattices

(7.1) Euclidean spaces. a) Let V be an Euclidean R-vector space, where
n = dimg(V) € N, equipped with scalar product (-,-), and induced metric
defined by |v| := /(v,v), for v € V. Note that, by specifying an orthonormal
R-basis, V' can be identified with R™ together with its standard R-basis and the
standard scalar product ([z1, ..., %], [y1, .., Ynl]) == Dty Tiy;, with associated

metric |[z1,...,z,]| = /Dy T2

For r > 0and v € V let B,(v) := {w € V;|v —w| < r} CV be the (closed)
sphere or ball with radius r and center v. Similarly, its interior B2 (v) :=
{w e V;|v—w| <r} CV is called the associated open sphere or open ball.
In particular, X C V is called bounded if there is » > 0 such that X C B,.(0).

b) A subset X C V is called discrete if it consists of isolated points only,
that is for any v € X there is an open neighborhood v € U C V such that
U N X = {v}, or equivalently, since the open spheres are a basis of the metric
topology on V, for any v € X there is € > 0 such that B.(v) N X = {v}. Note
there are non-closed discrete sets, for example {2% eR;keNg} CR.

Lemma. The subset X C V is closed and discrete if and only if all bounded
subsets of X are finite.

Proof. Let first X be closed and discrete, and let > 0. Then Y := X N B,.(0)
is closed and bounded, that is compact. Thus any open covering of Y has a
finite sub-covering, which, since Y is discrete as well, implies finiteness.

Conversely, assume that X is not discrete or not closed. Then there is v € V
(in the former case even v € X) and a sequence [v; € X \ {v}; k € N] such that
limy 00 U5 = v. In particular, {vy € X \ {v};k € N} is infinite and bounded.

(7.2) Euclidean lattices. a) Let V' be an Euclidean R-vector space, where
n = dimg(V) € N, let B := {v1,...,v,} C V be R-linearly independent, where
m € {0,...,n}, and let U := (B)r < V. Restricting the scalar product on V'
yields a scalar product on U. Letting I'g := [(v;,v;)];; € R™*™ be its Gram
matrix with respect to B, the determinant disc(B) := det(I'g) € R is called the
discriminant of B, where positive definiteness implies that disc(B) > 0.

The (free) Abelian group A := (B)z C V is called an (Euclidean) lattice
of rank rkz(A) := m; if m = n then A is called full or complete. The set
F=Fpg:={> i zv; € V;0 <x; <1} CV, which depends on B, is called
the associated fundamental domain or fundamental parallelotope for A.
From [v] <37, |vi], for all v € F, we conclude that F is bounded.

Given u = Y1, wv; € U, where x; € R, letting v := >/ | a;v;, where a; :=
lz;] € Z, and w := v —v = Y.* (% — a;)v;, shows that u can be written
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uniquely as u = v 4w, where v € A and w € F. Hence U =[], ., (v+ F), that
is the (A-)translates of F form a partition of U; in particular F N A = {0}.
Moreover, A is a full lattice if and only if the A-translates of F cover all of V.

b) Actually, having a Z-basis which is R-linearly independent is a distinctive
property of lattices, compared to arbitrary additive subgroups of V. For ex-
ample, (1,4/2)z C R is a free Abelian group of rank 2, but cannot possibly
be a lattice. We proceed to characterize lattices in terms of discreteness, and
subsequently characterize full lattices amongst arbitrary ones.

Proposition. i) A discrete additive subgroup M C V is closed.
ii) An additive subgroup M C V is discrete if and only if it is a lattice.

Proof. i) Assume to the contrary that M is not closed. Then thereisv € V\M
and a sequence [vp € M;k € N] such that limg_,o v = v. Hence the latter is
a Cauchy sequence, implying that the set {vx — v; € M;k,l € N} is infinite,
entailing that 0 € M is not isolated.

ii) Let first A := (B)z be a lattice, where B := {v1,...,v,} C V is R-linearly
independent. Completing B to an R-basis {v1,...,Vm,Vm+t1,-..,0nt CV, and
letting U := {d>I"_, ¢;v; € V;|e;| < 1} C V, then for any v € A the set v+U C V
is an open neighborhood of v such that (v+ U) N A = {v},

Let conversely M C V be a discrete additive subgroup, let U := (M)g <V, let
C C M be an R-basis of U, and let A := (C)z C U; then A is a full lattice in U
being contained in M.

It remains to be shown that the index of A in M is finite; then we conclude that
ACMC ﬁ - A, implying that M is a free Abelian group of rank rky (M) =
rkz(A) = dimg(U), so that any Z-basis of M is an R-basis of (M)g = (A)g = U:

To this end, let {v; € M;i € Z} C U be a transversal for A in M, for some index
set Z. Letting F := F¢ C U be the associated fundamental domain, since A is
full in U there are w; € F such that v; —w; € A. Hence w; € M as well, so that
{w; € M;i € T} also is a transversal for A in M. Now we have w; € M N F,
where since M is discrete (and thus closed) and F is bounded M N F is finite. §

Proposition. The lattice A C V is full if and only if there is a bounded subset
M C V such that V' = J,cp (v + M).

Proof. If A is full, then we may take M as a fundamental domain for A. Hence
let conversely M C V' be bounded such that V' = J,c, (v + M), and let U :=
(A)r < V; we have to show that U = V: To this end, let v € V.

Then, by assumption, for any k& € N there are vy € A C U and my € M such
that kv = vy +my. Since M is bounded, we have limk_,oo(%mk) =0¢e V. Thus
we have v = limkﬁoo(%vk) + limkﬂoo(%mk) = limk%m(%vk) € V. Hence the

latter limit exists, and since U C V is closed it actually belongs to U. i
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(7.3) Volumes. a) Recall that R™ carries the Lebesgue measure, where a
subset X C V is called measurable, if the integral vol(X) := [, 1 € RU {oco}
with respect to the Lebesgue measure exists; in this case it is also called the (n-
dimensional) volume of X. The Lebesgue measure is countably additive,
is translation invariant, scales under linear transformations according to the
absolute determinant, thus in particular is invariant under rotations and reflec-
tions. Finally, the above Lebesgue integral and the Riemann integral coincide
whenever the latter is defined.

Let V' be an Euclidean R-vector space, such that n := dimg (V') € N. Identifying
V with R™ as Euclidean R-vector spaces, by specifying an orthonormal R-basis,
we get a measure on V| independently of the particular choice of basis, sharing
the above properties. For example, any (open) sphere B2(0) C B,(0) C V,
where r > 0, is measurable such that vol(Bg(0)) = vol(B,(0)) € R, where for
n = 1 we have vol(B,(0)) = 2r, for n = 2 we have vol(B,.(0)) = 772, and more

generally for n = 2m we have vol(B,(0)) = %

b) Let A := (B)z C V be a lattice, where B C V is R-linearly independent,
and let Fg C V be the associated fundamental domain. The parallelotope Fp
is measurable and bounded, thus vol(Fz) € R is defined. If A is not full, then
Fr C (B)r < V is contained in a proper R-subspace, so that the (n-dimensional)
volume of Fg is vol(Fg) = 0.

Hence let A be full, that is B C V is an R-basis. Writing B in terms of an
orthonormal R-basis C C V, and letting B € GL,(R) be the associated base
change matrix, the interpretation of the matrix determinant as an alternating
multi-linear ‘volume’ form entails vol(Fg) = |det(B)|. Moreover, the Gram
matrix of V with respect to B is given as 'y = B - I'¢ - BY = BBY ¢ R"¥",
hence we get disc(B) = det(I'5) = det(BBY) = det(B)? = vol(Fg)? € R.

If A’ < A is a full sublattice, having Z-basis B’, for the associated base change
matrix B’ € GL,,(R) with respect to C we have B’ = AB, where A € GL,(R)N
Z™*™ is the base change matrix obtained from writing B’ in terms of B. Since
A/A’ is a finite Abelian group, we have |det(A)] = [A: A’]. This entails
vol(Fp) = | det(B’)| = | det(AB)| = |det(A)|- | det(B)| = [A: A']-vol(Fg) € R.
Similarly, we have I'ys = A-T'p - A" € R™*", hence disc(B’) = det(I'p/) =
det(A)? - det(I'z) = [A: A']? - disc(B) € R.

In particular, in the case A’ = A, that is B € GL,(Z), we get vol(Fp') = vol(Fi)
and disc(B’) = disc(B), saying that both the volume of a fundamental domain
and the discriminant of B only depend on A, so that we may define the volume
and the discriminant of A as vol(A) := vol(Fg) € R and disc(A) := disc(B) €
R, respectively, where we have disc(A) = vol(A)?2.

(Actually, it would be more appropriate to call vol(F) the volume of the torus
V/A, which is compact as an Abelian topological group; see also Table 5.)

Example. i) For Z" C R™ we may choose the standard R-basis B, yielding
Fr = {[z1,..., 2] € R™0 < z; < 1}, and thus we get vol(Z™) = vol(Fp) =
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| det(E,)| =1 (which is not really a surprise).

For the full sublattice A 4n := (2Z)" C Z" of index [Z": Aan] = 2", being called
the root lattice of Dynkin type AT, we get vol(Aan) = [det(2- E,)| = 2".

i) Let Hy, = {[z1,...,2n11] € R e = 0) < R and let Ag, =
H, NZ"HL. Then Ay, is a discrete subgroup, that is a lattice, being called the
root lattice of Dynkin type A,,. Moreover, let B, 11 = {€1,...,€,41} C R* !
be the standard R-basis, let a; := ¢; — ;41 € R*""! for i € {1,...,n}, and let
Ry = {a1,...,a,} be the set of fundamental roots, which is an R-basis of
H,,. Then we have Ay, := (Ry,)z, so that Ay is a full lattice in H,,.

Restricting the standard scalar product on R™*! to #,,, with respect to the
R-basis R,, C H,, we get the Gram matrix I'g, € R"*", where

2, ifi=j
T, lij = (@i, o) ={ =1, if i —j| =1,
0, ifli—jl=2

In particular, letting 0 < ¢; < 7 be the angle between «; and a;41, we have

cos(p;) = {oi,aizn) = —1 thus ¢; = %”

Vi ai){aipr,ong) - 2

We determine disc(A4,) = det(I'z, ) = vol(Fg, )?, where the latter is an n-
dimensional volume: Letting ag := > i € € R"!, we have ;5 = (ag) <
R™" and (ag,ap) = n + 1, hence we get vol(Fr,) = \/%H 'Vol(}'Rnu{ao}),

where the latter now is an (n + 1)-dimensional volume. Writing R,, U {ap} in
terms of B,,41, from

1 1 -1 1 -1

1 1 -1 1 -1
-1 -2 ... —m 1|1 1 ... 1 1 n+1

we get vol(Fr r,01) = n+1, hence vol(Fr,, ) = vn + 1, thus disc(A4,, ) = n+1.

In particular, for n = 2 we get the hexagonal or triangular lattice, see Table
4: With respect to an orthonormal R-basis of Ha, since (a1, 1) = 2 = (ag, ag)
and {ay, ag) = —1, we may choose a; := [v/2,0] € R? and ay := % [-1,V/3] €

2. ; | V2 0T
R?; then we indeed have 7 - det ( {_1 \/3} ) =/3.

(7.4) The Lattice Point Theorem. Let V be an Euclidean R-vector space,
where n := dimg(V) € N, and let A CV be a full lattice.

A subset X C V is called convex, if whenever v,w € X then the straight line
segment {(1—t)v+tw € V;0 <t < 1} between v and w is completely contained
in X as well. In particular, any convex set is measurable [MINKOWSKI, 1910].
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Table 4: The hexagonal lattice.

A subset X C V is called centrally symmetric, if whenever v € X then we
have —v € X as well. In particular, and any non-empty, convex, and centrally
symmetric set contains the origin. For example, any (open) sphere Bg(0) C
B,.(0) C R™ is convex and centrally symmetric.

Theorem: Lattice Point Theorem [MINKOWSKI, 1910].

i) Any (measurable) convex and centrally symmetric subset X C V such that
vol(X) > 2™ - vol(A) contains a non-zero lattice point in A.

ii) If X is additionally compact, then it suffices to assume vol(X) > 2™ -vol(A).

Proof. i) Assume the strict inequality, and let 7 C V be a fundamental domain
for A; then we have V =][ ., (v+F). Let Y := 1 X := {%u € V;u € X}. Thus
from Y =J],c, (Y N (v+F)) we get vol(F) = vol(A) < 57 - vol(X) = vol(Y) =
YoweaVOlY N(v+F)) =3 cp vol((Y —v) N F). Assume that the latter pieces
(Y —v)NF are pairwise disjoint, for v € A, then we have [],., (Y —v)NF) C
F, entailing > ) vol((Y —v) N F) = vol(J],co (Y —v) N F)) < vol(F), a
contradiction; see also Table 5.

Hence there are v,w € A such that v # w and (Y —v) N (Y —w) # 0. Thus we
have 0 #£ v — w € A, and there are u,u’ € X such that %u —v= %u’ — w. Since
X is centrally symmetric and convex, we have —u’ € X, hence {(1 —t)u —tu’ €

V;0<t<1}C X. Thus for t =  we get +(u—v/) =v—w € X.

ii) Let X be compact, that is closed and bounded, and assume the weaker
inequality. For k € N let X; := (1 + £)X C V; hence X}, is (measurable)
convex and centrally symmetric. Moreover, since 0 € X and X} is convex we
have X = %7 X}, C X}, entailing X C--- C X C--- C X, C X; = 2X.

Since vol(Xj) = (1 + £)" - vol(X) > vol(X) > 2" - vol(A), by i) there is 0 #
v € X NA, for all k € N. Since V := {v; € A;k € N} C X, is bounded, and
A is discrete, we conclude that V is finite. Hence we may assume that V is a
singleton set, that is there is 0 # v € A such that v € [, cyy Xx. Thus there are
wy, € X such that v = (1+ 1 )wy, for all k € N. This yields |v — wi| = 1 - |wg],
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Table 5: The quotient torus modulo a lattice.

x|
A
x s |

Y

1

R” T"

since X is bounded entailing limy_oo wy = v. Thus v € X, where the latter
denotes the closure of X in V, and since X is closed we infer v € X. i

We present two immediate applications:

(7.5) Primes as sums of two squares. We have seen in (1.5) that any prime
p € Pz such that p =1 (mod 4) is a sum of two squares in Z. We present an
alternative proof of this assertion using Minkowski’s Theorem:

Let u € Z such that u?> = —1 (mod p), that is u is a primitive 4-th root of
unity modulo p, and let A := {[a,b] € Z?;b = ua (mod p)} C Z* C R2. Then
A is an additive subgroup of Z2, where (pZ)2 C A C 72 shows that A is a full
sublattice, such that [Z2: A] | p?. Since for any a € Z/pZ there is a unique
b € Z/pZ such that b = ua € Z/pZ, we conclude that [A: (pZ)?] = p, so that
[Z2: A] = p. Hence we have vol(A) = vol(Z?) - [Z?: A] = p.

We consider the compact disc B,.(0), having volume vol(B,(0)) = 7r?. For
roi= 4?” we have 72 = 4p, thus by Minkowski’s Theorem there is 0 # [a, b] €

A N B,.(0). Hence we have 0 # a® +b? < r? = 47” < 2p. Moreover, a? + b? =
a®?+ (ua)? = a®> —a® = 0 € Z/pZ shows that p | a®+b?, entailing a® +b? = p.

Example. i) For p := 5 we get r = \/g ~ 2.52, hence 2 = % ~ 6.37, and
letting u := 2 we find [a, b] € {Z£[1,2], £[2, —1]} C A fulfilling 0 < a® + b < r2.
ii) For p := 13 we get r = \/4'7TE ~ 4.07, hence 12 = % ~ 16.55, and letting
u =5 we find [a,b] € {£[2, —3], £[3,2]} C A fulfilling 0 < a® + b* < r2.

(7.6) Integers as sums of four squares. We have already seen in (1.7) that
there are infinitely many primes (or likewise integers) which can be written as a
sum of two squares in Z, and infinitely many positive primes (or likewise positive
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integers) which cannot. Hence we wonder whether allowing for more summands
changes the picture, and so we may ask whether there is a fixed number s € N
such that any positive integer can be written as a sum of s squares in Z.

Since for any a € Z we have a? = {0,1,4} (mod 8), we have a® +b> +c? £ 7
(mod 8), for any a,b,c € Z, so that no positive integer n such that n = 7
(mod 8) can be written as a sum of three squares in Z. Thus, we conclude that
s > 4, if it exists at all. Indeed, we have the following:

Theorem: Four-squares Theorem [LAGRANGE, 1770].

a) Any positive integer can be written as a sum of four squares in Z.

b) Any odd prime p € Py has precisely 8(p+ 1) representations as a sum of four
squares in Z, where sign changes and reorderings are considered distinct.

(From this, it is not too difficult to determine the number of representations for
arbitrary positive integers, but we shall not present this here.)

Proof. i) Let H be the (non-commutative) skew field of Hamilton quater-
nions [1856] or hypercomplex numbers, being as a Q-algebra generated by
elements {i,j} C H, subject to the relations i?> = j2 = —1 and ij = —ji. Then
H has Q-basis B := {1,4,5,k} where k := ij € H. The regular representation
p: H — Q*** gives rise to the multiplicative map p - det: H — Q.

With respect to the Q-basis B C H the regular representation reads

0 1 0 O 0 0 1 0 0 0 0 1
. -1 0 0 O . 0 0 0 1 0 0 -1 0
0 01 O 0 -1 0 O -1 0 0 0

Thus for @ := a + bi + ¢j + dk € H, where a,b,¢,d € Q, we get det(p(Q)) =
(a® 4+ b2+ c? +d?)?, so that the positive definite (reduced) quaternionic norm
Nu(Q) = v/det(p(Q)) = a® + b? + ¢ + d? € Q is multiplicative as well. (The
quaternions having integral norm are also called Hurwitz quaternions.)
This shows that whenever n,m € Z such that n = a? + b + ¢2 4 d? and
m = z?+y?+224+w? are both sums of four squares, where a, b, ¢, d, z,y, 2,w € Z,
then letting @ := a+bi+cj+dk € Hand Q := z+yi+zj+wk € H we have QQ =
(ax—by—cz—dw)+(ay+br+cw—dz)i+(az—bw+cr+dy)j+(aw—+bz—cy+dx)k,
so that nm = Ng(Q)Nu(Q) = Nu(QQ) is a sum of four squares in Z.

ii) Hence it suffices to consider p € Pz, where since 2 = 12+ 12402 + 0% we may
assume that p is odd: For a,b € Z let M(a,b) := {ab 2} € Z**2. Recalling

that M(a,b) is the matrix of the regular action of a + ib with respect to the
Z-basis {1,i} C Z[i], we get M (a,b) - M (u,v) = M(au—bv,av+bu) = M(u,v)-
M (a,b), and det(M (a,b)) = a® + b%, and M(a,b) - M(a, —b) = (a® + b?) - Es.

We now compute in Z/pZ: Let a,b,c,d € Z/pZ such that a® + b> = —(c? + d?),
and assume that a® + b% # 0. Then we have M(a,b) € GLy(F,), such that
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M(a,b)~! = ﬁ-M(a, —b), and letting M (u,v) := az—ibe(cu—b)-M(c, d) =
iz - M(ac+bd, ad — be), we get M(c,d) = M(a,b)- M (u,v), where u® 4+ v? =

de c,d 24 42
det(M (u,v)) = SqGreg) = St = —1.

Conversely, if u,v € Z/pZ such that u? + v? = —1, then for any a,b € Z/pZ
letting M (c,d) := M (a,b)-M (u,v) we get c>*+d? = det(M(c,d)) = det(M (a,b))-
det(M (u,v)) = —(a® + b?). Thus the solutions of a® + b* + ¢ + d? = 0 fulfill
a? +b? = 0= c?+d?, or are related by some pair [u,v] as above.

Since ((Z/pZ)*)? U {0} has cardinality 25*, we have {z® € Z/pZ;z € Z/pZ} N
{—y? — 2z € Z/pZ;y € Z/pZ} # 0, for all z € Z/pZ; in particular there are
u,v € Z/pZ such that u? + v? = —1. We count the number of such pairs [u, v]:

Let first p = —1 (mod 4); then we have F,. = F,[¢], where ( is a primitive
4-th root of unity. Thus M(u,v) € F2*? is the matrix of the regular action
of u 4+ (v € F2 with respect to the F)-basis {1,(} C Fp2. By the above, the
associated determinant homomorphism det: IF‘;2 — [} is surjective, implying

pi—1 ——

that in this case the number of the pairs equals |ker(det)| = £=

Let second p =1 (mod 4); let ¢ € F,, be a primitive 4-th root of unity. Then we
have u?+v? = 0 if and only if v = £Cu. Hence let U := F2\ (([1, ¢])U([1, —(])), so
that || = p?—(2p—1) = (p—1)2. Then U becomes a group by transporting the
group structure on M () < GLy(F)), so that by the above, we get a surjective
group homomorphism det: U — Fy: [u,v] = det(M (u,v)). This implies that in

this case the number of the pairs equals | ker(det)| = (’;;11)2 =p-—1

iii) We lift the above considerations to Z: Note first that for any a,b,c,d € Z
such that a®+b%+c?+d? = p we have |al, |b], |c|, |d| < %: Assuming otherwise,
we may replace a, say, by a=p in order to get 0 < a®+b?+c? +d? < p, but still
a? +b% +c®>+d?> =0 (mod p), a contradiction. Thus distinct solutions remain
distinct upon reduction modulo p.

Moreover, if p = 1 (mod 4), then we have p = a? + b? where 0 < a < b are
unique, which allowing for sign changes and reordering amounts to 8 solutions.
Allowing for p = ¢? 4 d? as well, we get 16 solutions, apart from those for which
a? + b2 # 0 # ¢® + d? (which are all for p= —1 (mod 4) anyway).

To catch the latter, for p arbitrary, let u,v € Z such that u?+v? = —1 (mod p),
and let A = A(u,v) := {[a,b,¢,d] € Z*;[c,d] = [a,b] - M (u,v) (mod p)} C Z* C
R*. Then A is an additive subgroup of Z*, where (pZ)* C A C Z* shows that A
is a full sublattice, such that [Z*: A] | p*. Since for any a,b € Z/pZ there are
unique ¢, d € Z/pZ such that [¢,d] = [a,b] - M (u,v) (mod p), we conclude that
[A: (pZ)*] = p?, thus [Z*: A] = p?. Hence we get vol(A) = vol(Z*)-[Z*: A] = p*.
We consider the sphere B,(0) C R?, with volume vol(B,(0)) = sm%r*. For

ro= /322 we have %797“4 = 16p?, thus by Minkowski’s Theorem there is

0 # [a,b, ¢, d] € ANB,(0), hence 0 # a?+b2+-c2+d? <2 = /32 = V2 o

s
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Since we have a? +b? + ¢ + d?> =0 (mod p), we get a® + b* + c? + d? = p.

iv) We count the number of ways how p can be written as a sum of four squares
in Z: We fix [u,v] € Z? such that |u|,|v] < p—l and u2+v? = —1 (mod p); hence
distinct choices of [u, v] remain remain dlstmct upon reductlon modulo p. Since
for [a,b,¢,d] € A(u,v) we have M (u,v) = M(a,b)~!- M(c,d) (mod p), we infer
that for distinct choices of [u, v] we get disjoint sets of solutions. Writing A :=
A(u,v) again, and letting X := X (u,v) C A be the (finite) subset consisting of
its elements of norm p, we show that | X| = 8&:

Let 0 # [a,b,¢,d] € X. Considering the second row of M(a,b) and M(c,d)
shows that [b, —a, d, —c] € A as well. Moreover, from ﬁ ‘M (c,—d)-M(u,v) =
M(c,d)~" - M(u,v) = M(a,b)™" = o3z - M(a,—b) (mod p), we get M(—c,d)-
M (u,v) = M(a,—b) (mod p), saying that [¢, —d, —a,b] € A. Finally, combining
these modifications we get [d, ¢, —b, —a] € A. Thus we infer that £8 C X, where

B :={la,b,c,d],b,—a,d,—d,[c,—d,—a,b],[d,c, —al} C X.

The elements of B are pa1rw1se orthogonal of norm p, hence we have disc(B) =
det(I'z) = p*, thus vol({ = /|disc(B)| = p* = vol(A) shows that B C A is
a Z-basis. Hence ertmg v E X as a Z- hnear combination of the orthogonal set
B, from v having norm p as well, it follows that v € £8. Thus we have X = +B.

In conclusion, taking the number of pairs [u, v] into account, if p = —1 (mod 4)
there are 8(p+ 1) representations of p as a sum of four squares in Z; and if p = 1
(mod 4) there are 8(p — 1) 4+ 16 = 8(p + 1) such representations as well. 1

Example. For p := 71 we get 72 = %ﬂ ~ 127.8. Then for example letting
[u,v] € {[4, 14],[11, 34]} we find the following sets of solutions X, ,:

Xa1a = {1, 3,—6],[3,6,—1,—5], [5,
X130 = i{[ 3}[7_7 —7,— ]7[37

There are precisely E2= +1 = 36 pairs [u, v] each, giving rise to the representations

p="T1= 12+32+52+62 and p = 71 = 22 4+ 32 + 32 4 72, up to signs and
reordering, accounting for all 8(p + 1) = 576 representations.

8 Class groups

(8.1) Geometrical embeddings. Let K be an algebraic number field of de-
gree n := [K: Q). Fixing the algebraic closure of K in C, we may consider
Injo(K) as the set of field embeddings of K into C. Given o € Injg(K), if
im(o) C R then o is called real, while otherwise it is called non-real.

Letting x € Autg(C) denote complex conjugation, let 7 := o - € Injg(K) be
the (complex) conjugate of 0. Then o is real if and only if we have @ = 0. Let
01,.-, 00 € Injo(K) be the real embeddings, and let 71,71, ..., 75, Ts € Injg(K)
be the conjugate pairs of the non-real ones, where r, s € N such that r+2s = n.
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This gives rise to the monomorphism of commutative Q-algebras
grs K->R aC:am[a%,...,a%;a™,...,a™].

Identifying C — R?: z [Re(z),lm( )] = 4[z + Z,z — Z], where conversely
z =Re(z) +i-Im(z) and Z = Re(z) — z), we get the embedding

Im(
gT’S: K—=R":a~— [a ) & o Re( ) ( ) . ,Re(OzTS), Im(aTS)L

where R"™ is called the associated geometric space, and carries the structure
of a commutative Q-algebra, which is inherited from R" & C*.

Theorem. Let O := Ok be the ring of integers of K. Then Agy = Ap :=

Gr,s(O) C R™ is a full lattice having volume vol(Ag) = (%)s -/ |disc(K)|.

Proof. Let B C O be an integral basis. Then we have Ax = (G, 5(B))z C R",
and we have to show that G, ;(B) is R-linearly independent: To this end, letting
A =[G, s(w) € R"w € B € R"™" we get (the right hand factor being a
block diagonal matrix)

A- (Er@@ [1 _IJ ) = [w‘”,...,w”’“,w“,w?l,...,w“,w?-"‘]ffeg = Ag,

thus det(A) - det ( B _12] )S = (—2i)® - det(A) = det(Ag) # 0. Thus we
conclude that A is a full lattice, for which from disc(K) = disc(O) = det(Ap)?
we get vol(Ax) = [det(A)] = (3)° - |det(Ag)| = (3)* - /|disc(K)]. i

Corollary. Let {0} 7& < 0. Then ACl = grs(a) C Ak is a full sublattice

having volume vol(Aq) = ()% - /|disc(K)|- N(a

Proof. The ideal a C O is a free Abelian subgroup of rank n, having finite
index [O: a] = N(a). Since G, ;s is a Z-linear embedding, A C Ax has index
N (a), hence is a full sublattice with volume vol(A4) = N(a) - vol(Ag). i
Corollary. The sign of disc(K) € Z is given as (—1)°.

Proof. We have det(Ag)? = (—1)° - 4% - det(A)?, where det(A) € R. i

(8.2) Geometric spaces. a) Let n € N, and let r, s € Ny such that n := r+2s;
thus we exclude the case r = s = 0. We consider the map

r s
LngZRn*)RI [1'17..-,1771,]'—) E ‘I1‘+2 E \/x£+2j—l +IE+2J‘-
i=1 =1
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Then L, ; is positive definite; we have proportionality L, s(tv) = |t|- Ly s(v), for
all t € R and v € R"; and since the summands fulfill the triangle inequality, the
same holds for L, ;. Hence L, ¢ is a norm on R™ (in the topological sense).

b) For u > 0let X := X, s(u) := {v € R"; L, s(v) < u}; for the case r = 2 and
s = 0 the set X5 (1), say, is depicted as region B in Table 6.

Then X is bounded (with respect to the Euclidean norm); since L, s is continu-
ous X is closed, thus X is compact; by proportionality X is centrally symmetric;
and by proportionality and the triangle inequality, for v,w € X and 0 <¢ <1
we have L, (1 —t)v+tw) < (1 —¢)L, s(v) +tL, (w) < (1 —t)u+tu = u, thus
(1 —t)v+tw € X as well, thus X is convex. In particular, vol(X) € R exists.
Lemma. We have vol(X, s(u)) = % 27(%)°.

Proof. Let v, s(u) := vol(X, s(u)), considered as a function in v > 0. Then we

have 7, s(u) = u"2% - 7, (1). We have to show that v, s(1) = m -27(%)":

We proceed by induction on r + s € Ny, where for r = s = 0 we additionally let
v0,0(1) := 1, while for r = 1 and s = 0 we have 1 ¢(1) = 2, and for r = 0 and

s =1 we have v9,1(1) = Z = Z - & indeed. Hence let now r + s > 2:

If r > 1 (and thus s > 1if r = 1) then 7. (1) = 2 [jo,o; Vr-1s(1 — 1) =
29 1,6(1) - fyopey(T—=8)7F2571 = 2.5,y ((1). Hence by induction we get

= 2 1 —1(mys — 1 p
¥re() = 35 ey 27 (8= Gamy 278"

If r =0and s > 2 then vy 5(1) = f0§t2+u2§% Yo,5-1(1=2-Vt2 +u?) = v9,s-1(1)-
Jo<izinz <1 (1—=2-V/t2 + u2)?*72. Using polar coordinates t = pcos(p) and u =

%
sin(¢), having Jacobian |det % ‘Tﬁ = | det —psin(p) CF)S(SO) =
psin(p) g | det ( gTa %p )| = | det ( pcos(p)  sin(p) )
p, we get ’)/075(1) - '70,5—1(1) : fogwggw fOSpS%(l - 2p)2872p = 2’”’}/0,5—1(1) :
fOSpS%(l —2p)%72p. Letting p = (1 — 9) we get 70,5(1) = Z70,5-1(1) -
fogﬂgllﬁsiz(l — 19) = g’YO,s—l(]-)(zsl_l - i) = % : 25(21;—1) .7075_1(1)' Hence

by induction we get vo,5(1) = 5 - m . ﬁ (3t = (215)1 (5)°. i

ot ot |:

c) Recalling that R™ may be equipped with the structure of a commutative
Q-algebra, which is inherited from R" & C?, we get the multiplicative map

T S
NT-7SZ R"” — R: [,1317 PN ,l‘n] — Hl‘z . H(xz-‘er—l + 1‘3_;'_2])
=1 j=1
In particular, for ¢ € R and v € R™ we have N, s(tv) = "2 N, ;(v) = t" N, s(v).

For the case r = 2 and s = 0 the set Ni&({t € R;0 <t < 1}), say, is depicted
as region A in Table 6, in particular showing that these set are not convex.
Hence, in order to be able to apply Minkowski’s Theorem, we relate these sets
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Table 6: Convex and non-convex regions.

to those of shape X, (1), which are convex indeed. (There are other choices of
suitable convex sets, such as region C' in Table 6, which work fine as well, but
yield weaker bounds; see Exercise (14.30).)

Theorem: Minkowski bound. Let M, , := 2 - (2)* € R be Minkowski’s

constant. Then any full lattice A C R™ contains a lattice point 0 # v € A such
that | Ny s(v)] < 2% - M, s - vol(A).

Proof. i) Let first X C R™ be compact, convex, and centrally symmetric such
that vol(X) > 0 and any w € X fulfills |N, s(w)| < 1. We show that there is
0 # v € A such that [N, ,(v)| <2"- %:

Let ¢:=2- ¢ Zgll(()/})) € R. Then the set (¢X) C R™ is compact, convex, and
centrally symmetric, such that vol(¢X) = ¢™ - vol(X) = 2™ - vol(A). Hence by
Minkowski’s Theorem there is 0 # v € A N (cX). Moreover, since 1v € X we

have |Np.o(v)] = ¢ - [Nyo(Lo)] < ¢ = 2 - Y.

ii) Now let X := X, (n) := {w € R L, s(w) < n}. Then X is compact,
convex, and centrally symmetric, such that vol(X) = %r - 27(%)".

n!

H::l |z4] -

s 2 2 2 . . . .
(szl Tioi g+ ‘Tr+2j) , thus the geometric-arithmetic mean inequal-

ity yields {/|N,s(w)] < & - (X2, @il +2- i1\ Topjo1 +alio) = 5

L, s(w) <1, hence we have [N, s(w)| <1 as well.

Moreover, for any w = [z1,...,2,] € X we have |N, ¢ (w)]

[Nr,s (v)]
vol(A)

Thus applying part i) to the set X, there is 0 # v € A such that

o =2 ()R = (3 =20 My,

<
vol(X) nm 2 nm ™ n
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(8.3) Finiteness of class groups. Let K be an algebraic number field of
degree n := [K: Q], with ring of integers O := Ok, let 01, ..., 0, € Injo(K) be
the real embeddings, and let 71,71,...,7,,7s € Injy(K) be the non-real ones,
where 7, s € Ny and 7 + 25 = n.

Then for « € K we have Ng(a) = [[;_, a” ~H;:1(a7jﬁ) = [li_, a%

[T [P 2 = [T, a7 - [Ti—, (Re(a™)? + In(a™)?) = Ny o(Gr(a)). Hence
the Minkowski bound imphes the following:

Corollary. Let {0} # a <O be an ideal. Then there is an element 0 # « € a
such that [Nk (a)| < M, - +/|disc(K)| - N(a).

Proof. Recall that A; C Ak has volume vol(Aq) = (1)* - /|disc(K)|- N(a

Corollary. Every ideal class contains an ideal {0} # a < O such that N(a) <
M, s - +/|disc(K)| € R. In particular, the ideal class group Clg is finite.

Proof. Let {0} # ¢<O belong to the ideal class in question, let {0} # b<1O such
that b= ¢~ € Clg, let 0 # w € b such that [Nk (w)| < M, s-/|disc(K )| ( ),
and let {0} # a < O such that (w) = ab < O. Hence we have a = b1 =
¢ € Clg. Moreover, we have N(a)N(b) = N(ab) = N((w)) = |Ng(w)| <

M, s - +/|disc(K)| - N(b), entailing N(a) < M, s \/‘dT

Finally, since any finitely generated free Abelian group has only finitely many
subgroups of a fixed finite index, there are only finitely many non-zero ideals of
O of norm not exceeding a fixed finite bound. This implies finiteness of Clg. f

; n" w\2s e’m\n
Corollary. We have |disc(K)| > M12,5 = (Z1)% ()% > 52— - ()" thus we
have |disc(K)| — oo for n — oo. Moreover, we have Minkowski’s Discrimi-

nant Theorem saying that |disc(K)| =1 if and only if K = Q.

Proof. The first inequality follows from N (1) = 1. Moreover, Stirling’s For-
mula says n! = n" - v27mn - exp(—n + 13- ), where 0 < ¢, < 1. Since 2s < n this

: " T 2
skt (5 (B> o (5" -exp 0= ) > s (5

We have -2 - ﬂ > e ~ 2.90, thus the sequence [50mm (%) eR;neN]is

strictly increasing, Where for n = 3 we get QW 3 (%) 3.81. For n = 2 we
2

get 5 > 5 = (57)? - (§)° = T~ 2.47 (while 515 - (£7)? ~ 0.99). i

(8.4) Theorem. Given n € N and 0 € Z, there are only finitely many algebraic
number fields K of degree [K: Q] = n and discriminant disc(K) = .
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Proof. We first observe that we may assume that Q(¢) C K: Otherwise, for the
composite field K (i) we have [K(7): Q] = 2n = [Q(i): Q] - [K: Q)], thus we get
disc(K(i)) | 4"0%; hence we may replace K by K(i). (Recall that any algebraic
number field has only finitely many subfields.)

Now K does not have any real embeddings; hence let 71,71, ..., 7,7 € Injg(K)
be the conjugate pairs of non-real ones, where 2s = n € N. Moreover, let
A := Ag C R" be the full lattice associated with K’; then vol(A) = (3)* - \/]d].

For ¢ > 0 we consider the convex and centrally symmetric open subset
X(c) = A{[z1,..., s € R% 2] < 1, 25 < P|0], 23;_, +a3; < 1for j > 2} CR",

which has volume vol(X(c)) = 4er®~!y/|6]. Choosing ¢ > 1 - (2)*~! we get
vol(X(c)) > 2°-4/]d] = 2" - vol(A). Hence by Minkowski’s Theorem there is
0+# [z,y,...] € AN X(c), that is there is 0 # o € Ok such that a™ = z + iy,

where |z] <1 and |y| < ¢y/]d], and |a™| < 1 for j € {2,...,s}.
Since 0 # [N(a)| = ™| - [[j_;|a™] € Z, and |@™| < 1 for j > 2, we infer

that [a™|? = 22 + y? > 1. This implies Im(a™) = y # 0, that is ™ # a7'.
Moreover, from |a™| = |a™/| < 1 we conclude that a™ # o™ # 77, for j > 2.

Then « € K is a primitive element: Assume that Q(«) C K; then there are at
least two embeddings of K mapping « to o™, a contradiction.

Let po € Z[X] be the minimum polynomial of «; hence u, = H;:l(X2 -2
Re(a™)-X +|a™]?) € R[X]. Since the geometric embedding of o belongs to the
bounded set X(c), it follows that the coefficients of u, are bounded in terms of

|6]. This shows that a primitive element of K can be chosen from a finite set.

Corollary: Hermite’s Finiteness Theorem. Given ¢ € Z, there are only
finitely many algebraic number fields K of discriminant disc(K) = 4.

Proof. Just recall that the degree [K: Q] is bounded in terms of |disc(K)|. 4

(8.5) Computing class numbers. Let K be an algebraic number field of
degree n := [K: QJ, and let 7, s € Ny be the number of real and pairs of non-
real embeddings, respectively; hence r + 2s = n.

By the Minkowski bound, to detect all ideal classes we only have to consider
the ideals of norm at most mg = M, 5 - /|disc(K)| € R, where a few values
of Minkowski constants are given in Table 7. Moreover, since the class group
is generated by prime ideals, we only have to consider the prime ideals having
norm at most my, which are hence lying over positive rational primes p such
that p < mg. In particular, the class number of K equals hx = 1 if and only

if all prime ideals in HpePz-p<mK Pk (p) are principal.
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Table 7: Minkowski constants.

[r s My ]
[r[s[ M | T[o[3]0031853] [ r[s]M.
1101 2| 2| 0.025017 1[4 0.002461
0110636619 4111 0.019648 313 0.001933
21005 60| 0.015432 512 0001518
111 0.282042 113 0.012632 711 0.001192
310 |l 0.222222 3|2 0.009921 9|0 0.000936
012 0.151981 511 | 0.007792 0151 0.0012142
21 0119366 710 0.006119 2| 4 | 0.0009536
410 0.09375 04 0.006315 4|3 | 0.0007490
112 [ 0.062251 2| 3 | 0.004960 6|2 | 0.0005882
311 | 0.048892 4|2 | 0.003896 8| 1| 0.0004620
510 0.0384 6|1 0.003059 10 | 0 || 0.000362

8|0 0.002403

(8.6) Example: The pure cubic fields Q(v/2) and Q(¥/7). a) Let o := /2
and K := Q(a), hence Og = Z[a] and disc(K) = —4 - 27; see (5.9). We have
r =1 and s = 1, yielding M, ; ~ 0.28. Hence any ideal class contains an ideal
of norm at most my ~ 0.28-1/108 ~ 2.94 < 3. We only have to consider P (2):

Since po = X3 —2 = X3 € Fy[X], we conclude that (2) = p? < O, where
p = (2, V/2) = (V/2) < Ok is principal. Hence we have hy = 1. i
b) Let B := /7, let K := Q(8), and let O := OF. Since pg := X3 — 7 € Z[X]

splits as pug = H?ZO(X —('B) € C[X], where ¢ := (3 € C is a primitive 3-rd
root of unity, the embeddings of K into C are given by 3 — ('3 for i € {0,1,2}.

i) We determine O: We have Z[3] C O, where Z[f] = Z[X]/(up). Letting

1 g p .
A= |1 Cﬂ C252 - [CZ+]72}ij ° dlag[la /63 /62}7
1 ¢ ¢

we get disc(Z[8]) = det(A)? = £ (1 - )1 = ¢?)(¢ — ¢?))* = —49 - 27.
Since (7) = (8)® < O we conclude that 7 is ramified in K. Thus we have
7 | disc(K), entailing 3-7% | disc(K), in other words O = Z[8] or [O: Z[B]] = 3.

To exclude the latter case, we consider the regular representation p with respect
to the Q-basis {1, 8, 32} C K, for which p(f3) is the companion matrix associated
with pg. This yields Nk (a+ b8+ c8?) = a3 — 21abc+ Tb% +49¢3, for a, b, c € Q.
Letting a,b,c € {0,1,2} and w := %(a + b8 + ¢f?) € K, checking Nk (w) € Q
for integrality, we find no non-zero solution. Hence we infer that O = Z[f].
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ii) We proceed to determine the class number of K: We have r =1 and s = 1,
yielding M, s ~ 0.28. Hence any ideal class contains an ideal of norm at most
my ~ 0.28-4/1323 ~ 10.29 < 11. We have to consider Pk (p) for p € {2,3,5,7}:

For p = 2 we have ug = X3 +1 = (X +1)(X? + X + 1) € Fo[X], hence
(2) = p2q2<10, where py := (2, 3+1) = (2,3—1)<0 and q3 := (2, 32+ [+1)<O.
Similarly, for p = 5 we have ug = X3 —2 = (X +2)(X?-2X —1) € F5[X], hence
we have (5) = p5q5 <O, where p5 := (5, 3+2) <O and q5 := (5,32 —28—-1)<0.
For p = 3 we have ), = X?—1 = (X —1)? € F3[X], hence we have (3) = p3 <0,
where p3 := (3,8 —1) = (3,8 +2) < O. Finally, for p = 7 we have ug = X3 €
F7[X], hence we have (7) = p3 < O, where p; := (7, 3) = (8) < O is principal.
Thus we have Clg = (pa, p3,ps), where gz = p, ' € Clg and q5 = pgl € Clg,
while p3 = 1 € Clg. Since for any w € O we have Ni(w) = {0,41} (mod 7),
we conclude that ps is not principal, and thus has order 3 in Clg.

Since Nk (8—1) = 6 we have pap3 = (6,2(86—1),3(6—1),(8—1)) C (8—1)<0,
which since N(pap3) = 6 entails equality, so that paps = 1 € Clg. Similarly,
since N (8+2) = 15 we have paps = (15, 3(8+2), 5(3+2), (8+2)?) C (8+2)<0,
which since N(psps) = 15 entails equality, so that psps = 1 € Clg. Hence in
conclusion we have Clg = (p3) = C5, thus hx = 3. i

9 Unit groups

(9.1) Logarithmic embeddings. a) Let n € N, and let r, s € Ny such that
r + 2s = n. Recall that the geometric space R™ may be equipped with the
structure of a commutative Q-algebra, which is inherited from R" @ C*

Hence the regular action of v = [z1,...,2,] € R™, which is transported from

R" @& C* with component-wise multiplication, is given as the block diagonal

matrix p(v) = diag[zi,..., =] & Bj_, Tro2j-1 rd2 | ¢ gnxn Hence
T T P42 Tr425-1

from this we obtain det(p(v)) = [T;_; =i - [[j=) (#7101 + 27 12;) = N s(v).

b) The group of units of R" & C*® equals (R*)" & (C*)*. Hence the group of

units (R™)* of R™, with respect to the above algebra structure, is the set of all

[1,...,2,] € R” such that z; # 0 for all i € {1,...,r}, and [x,49j_1, Trt25] #
[0,0] for all j € {1,...,s}.
We consider the map L, s: (R™)* — R"™*: [1,...,2,] = [y1,-. ., Yr+s), where
Yi = In(Jzy)), forie{1,...,r},
Yrij = In(al o +xt,;), forje{l,... s}
Then R"T# is called the associated logarithmic space. Since |- |: C* — Ryq is

multiplicative, and In: (R, ) — (R, +) is a group homomorphism, we conclude
that £, s is group homomorphism.

c) To take the map N, into account, let H: R"™™ — R: [yi,...,Yr4s] —
Z;Zi Yk, and H := ker(H) < R""*; thus we have dimg(H) =7 + s — 1.
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Then for any v = [z1,...,2,] € (R™)* we have ln(\Nr,s(v)\) =1In([T_, |z -
H;:1($%+2j—1 + 1’%4-23 ) =i n(laa) + Z] 1 (357%-4-2]'—1 + $72~+2j)- Thus we
infer that In(|N; s(v)|) = H(L,s(v)). In particular, we have £, s(v) € H if and
only if |N, s(v)| = 1.

(9.2) Groups of units. Let K be an algebraic number field of degree n :=
[K: Q] let o1,...,0, € Injo(K) be the real embeddings, and 71,71, ...,7s,7s €
Injo(K) be the conjugate pairs of the non-real ones, where 7, s € Ny such that
7+ 25 = n. Recall that a” # 0 for all o € Injg(K), whenever o € K*.

Concatenating with the geometrical embedding G, ,: K — R" we get the log-

arithmic map £, ;0G, s: K* > R""5: a > [y1,...,yrts given by
Y = In(|a”|), forie{1,...,r},
Yrrj = In(Re(a™)?+1Im(a™)?), forje{l,...,s}.

Since G, s is an embedding of algebras, we conclude that £, s0G, s: K* — R™*
is a group homomorphism; we have £, ;(G, s(«)) € H if and only if |[Ng (o) = 1.

Theorem: Dirichlet’s Unit Theorem. The group of units O* is a finitely
generated Abelian group of shape A x T'(O*), where A is free of rank r+ s — 1,
and the torsion subgroup 7'(O*) is finite cyclic.

Note that T'(O*) consists of the units of finite order, that is the complex roots
of unity contained in K in particular, we have {£1} < T(O*).

Proof. i) Restricting the group homomorphism £, s 0 G, s: K* — (R")* —
R"*¢ we get a monoid homomorphism O \ {0} — Ao \ {0} — R"**  and
restricting further we get a group homomorphism O* — G, ((O*) — R" 5.

Next, the function In: R-y — R and its inverse exp: R — R~ are both contin-
uous. Hence if M C R is bounded, then its closure M C R is compact, entailing
that exp(M) C Ry is compact as well, thus in particular exp(M) C Ry is
bounded. Similarly, if M C Rsq is bounded such that M C Rsq (that is
0 ¢ M), then In(M) C R is compact, thus in particular In(M) C R is bounded.

Hence, if M C R™** is a bounded then £, !(M) C (R")* is bounded as well.
Thus, since Ap C R™ is a lattice, the intersection L’T_Sl(M) N Aoe is finite. Hence
any bounded subset of £, s(Ap \ {0}) is finite, implying that the additive sub-
group Ao« := L, 5(G, s(O*)) CR™5 is a lattice; let ¢ := rkz(Ao~) € No.

ii) We show that T := ker((Lys © Grs)lo-) = T(O*): Since T C L, 1({0}),
we conclude that T < O* is finite, and hence by Artin’s Theorem is cyclic.
Moreover, it thus consists of elements of finite order, hence T < T'(O*).

To show the converse, note that for « € O* we have o € T if and only if
|a?| = 1 for all o € Injo(K). Now, if a € T(O), then all its conjugates are
roots of unity, thus have complex absolute value 1, entailing that o € T'. i
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Having this in place, we conclude that O*/T(0*) = Ap-+, so that O* /T (O*) is
a free Abelian group of rank t. By the theory of finitely generated Z-modules,
we infer that O* = A x T(O*), where A = O*/T(O*) & Ap-~.

Since for aw € O* we have [Nk (a)| = 1, we infer that Ap- € H < R", so that
t <r+s—1. We show equality, by showing that there is a bounded subset of
H whose Ap«-translates cover H:

iii) To this end, let Z := {v € R™;|N, s(v)| = 1}. Then Z C R" is closed,
and we have Z C (R™)*. Moreover, since L, s: (R™)* — R""5 is surjective, we
have £, s(Z) = H. (For the case r = 2 and s = 0 the set Z is depicted as the
boundary of region A in Table 6.)

For v € Z and o € O* we have |N, s(v - G, s(a))| = | Ny s(v)| - [Ny s(Grs(a))] =
[Ny s(v)| - [Nk ()| = 1, thus v- G, s(a) € Z as well. Hence, since L, 5 is a group
homomorphism, mapping compact subsets of (R™)* to compact subsets of R"**,
it suffices to specify a compact subset Y C Z such that Z = |J,co- (Y - Grs()):

iv) We consider the full lattice Ao C R™, where vol(Ap) = (3)* - /|disc(K)],

2

and let c1,..., ¢ 45 > 0 such that ¢ := [[,55 ¢ > (2)° - vol(Ao).
Let X be the set of all elements w = [z1,...,2,] € R™ such that |x;| < ¢; for
ie{l,...,r}, and @7, 5, | + a2,y < ¢y forie {1,...,7}. Hence for w € X

we have |Nr75(w)| = H:=1 ‘xi|'H;=1(x$+2j71 +x$+2j) < H::1 Ci'Hj=1 Crtj = C.
Moreover, X is compact, convex, and centrally symmetric, such that vol(X) =
2wt iy e Toy oy > 277° - (2)° - vol(Ap) = 2™ - vol(Ap). (For the case
r =2 and s = 0 the set X is depicted for ¢; = co =1 as region C in Table 6.)

Since there are only finitely many non-zero ideals of O having norm bounded
above by ¢, considering only non-zero principal ideals entails that there are only
finitely many pairwise non-associate non-zero elements wi,...,w, € O having
absolute norm bounded above by ¢, for some m € N.

Let Y := ZNUjL (X - Grs(wy!)). Since X is compact, we conclude that all
the sets X - G, s(w;, ') are compact as well, and thus so are their (finite) union,
and the intersection Y of the latter with the closed set Z.

v) Now let v € Z. Then the set Ap - v C R™ is a full lattice again, where,
using the regular representation p, we have vol(Ap -v) = | det(p(v))] - vol(Ap) =
| Ny s(v)| - vol(Ap) = vol(Ap). Hence by Minkowski’s Theorem there is 0 # w €
(Ao -v) N X. Thus there is 0 # w € O such that G, s(w) - v =w € X. Then we
have |NT)S(U))| = |Nr,s(gr,8(°~)))‘ ) |NT7S(U)| = |Ng(w)| < e

Hence there is a € O* such that w = w;«, for some ¢ € {1,...,m}; in particular
we have m > 1. Since v- G, s(a) € Z, and v- G, s(a) = w - G, s(w™ ) - G, s(a) =
w-Grswla) =w- G s(wi!) € X Grs(w; "), we infer that v -G, s(a) € Y.
This shows that the G, (O*)-translates of Y cover Z. i

Corollary. The map L, s0G, s induces a short exact sequence of Abelian groups

{1} = T(O") = O" = Ap- — {0}.
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Corollary. The group O* is finite, if and only if K = Q, or K = Q(v/d) where
d < 0 is square-free.

Proof. Finiteness of O* is equivalent to r =1 and s =0, or r = 0 and s = 1.
The former case amounts to n = 1, that is K = Q. The latter case amounts to
n = 2, where K does not have a real embedding. i

Corollary. An algebraic integer is a root of unity if and only if all its algebraic
conjugates have complex absolute value 1.

We present an example showing that above it is not enough to assume that only
the algebraic integer in question has complex absolute value 1:

Example. Let o := V/2 and ¢ := (3, and let K := Q(c, (). Then K is Galois
such that Autg(K) = (0, k) = S3, where 0: a — (o fixing ¢, and  := " is the
restriction of complex conjugation.

From X?—1= (X-1)(X?+X+1) € Z[X] we get (a—1)(a®*+a+1) =a®-1=1,
showing o —1 € O%. Hence both (o —1 and (2« — 1 are units as well, thus so is

€:= 520&:11 € O3;. The Autg(K)-orbit of € is {(7520;;11 )£ (7%01_11 )=, (740;:11 )

We have [(a — 1] = [(Pa — 1| = /(Ca — 1)(Ca—1) = V222 + a + 1 ~ 2.33,
while o — 1 ~ 0.26. Hence we get |eT!| = 1, but its (four) algebraic conjugates
have complex absolute value ~ 8.97 and ~ 0.11, respectively. i

(9.3) Regulators. Let K be an algebraic number field of degree n := [K: Q),
let o1,...,0. € Injo(K) be the real embeddings, let 71,71, ..., 7,7 € Injg(K)
be the conjugate pairs of non-real embeddings, where r, s € Ny such that r+2s =
n, let t :=r+s—1, and let O := Ok be the ring of integers of K.

A set A= {e1,...,e&} € O* such that £, (G, s(A)) C Ao~ is a Z-basis, is
called a set of fundamental units; this is equivalent to saying that A freely
generates a complement for T'(O*) in O*.

The quantity regy = regy. = % € R is called the regulator of K, where

0 < vol(Ap~) € R is the t-dimensional volume of Ap« C H < R"S,

Proposition. Letting {e;,..., 64151} C O* be a set of fundamental units, the
regulator of K is given as regy = |det(A*)| € R, where A* € R is any
t-minor of the matrix
In(le]]) ... I(le7"]) In(le]]?) ... In(le[?)
A= : : : : e R*(rts),

(') . () () ... ()

where | - | denotes the real and complex absolute value, respectively.
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Proof. Applying £, ;0G, s to the fundamental units yields the rows of A, which
belong to the hyperplane H = ker(H) < R"%. Letting v := [1,...,1] € R""%,
we have v € H+ and |v| = /7 + 5. Hence letting A € R("+3)X("+5) he obtained

from A by adding v as row r + s, we have vol(Ap~) = \/7"1? | det(A)].

The columns of A sum up to w := [0, ...,0,r+s]"* € R"+)*1 Hence replacing
any column of A by w shows that |det(A)| = (r+ s) - | det(A*)|, independently
of the particular column chosen. This entails vol(Ap+) = /1 + s - | det(A*)].

Example. Let K := Q(v/2), hence O = Z[v/2]. Since K C R We have T(0*) =
{£1}. Moreover, we have r = 2 and s = 0, thus rkz(O*/{£1}) = 1. We show
that € := 1+ 2 € O is a fundamental unit; hence the regulator of K is
reg; = |In(le|)| = In(1 + v/2) ~ 0.881374:

We have O* = {w € O;|N(w)| = 1}, where for w = a + bv/2 € O we have
N(w) = N(a+bv2) = a® —2b? € Z. Thus we have to solve the norm equation
X2 —2Y? = +£1 over Z. Firstly, we have N(e) = —1, thus e € O*, where € > 1.

Next, let w € O* such that 1 < w = a + 2 < e Letting w € O* be the
conjugate of w, from ww = N(w) = £1 we get —1 < @ < 1, thus 0 < 2a =
T(w) <1+ e=2++/2. Thus we have a = 1, entailing b = 1, hence w =e.

IV Applications

10 Quadratic fields: ideals

(10.1) Quadratic number rings. Let d € Z \ {0,1} be square-free, let « :=
Vd € C, and let K := Q(a) be the associated quadratic (number) field,
where K is called real if d > 0, while it is called imaginary if d < 0.

Then K is Galois such that Autg(K) = Cs, where the latter is generated by
the conjugation map ~: Vd — —/d. Let O be the ring of integers of K, being
called the associated quadratic number ring.

Theorem. i) If d # 1 (mod 4), then we have O = Z[a] and disc(O) = 4d.
ii) If d = 1 (mod 4), then we have O = Z[3(1 4 a)] and disc(O) = d.

Proof. Let O’ := Z[a] € O. Then {1,a} C O’ is a Z-basis. Hence we have
A= E _aa], thus disc(O’) = det(A)? = 4d. Since d is square-free, we only
have to check the elements 3 (a + «) € K \ Q, where a € {0, 1}, for integrality:
We have N(§) = —5 and N(3(1+ ) = $(1 — d). Hence if d # 1 (mod 4) we
conclude that there are no further integral elements, entailing O = O’.
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Ifd=1 (mod 4), then for @ := (1+a) the regular representation with respect
to the Q-basis {1,a} C K is given as p(@) = 3- Lli ﬂ , hence we get uz = xa =

(X —3)?—4=X?- X — %! € Z[X], saying that @ is integral. Thus we get

O = (1,d)z = Z[a], where [O: O] =2 and hence disc(O) = 1 - disc(0’) =d.

(10.2) Theorem: Ramification in quadratic fields. Let still d € Z\ {0,1}
be square-free, let o := v/d € C and @ := (1 + ), let K := Q(av), let O be its
ring of integers, and let p € Z be a prime. Then we have the following;:

i) If p | d (no matter whether p = 2 or odd), then pO = p?, where p = (p, a)<0O.
ii) If p = 2 and d is odd, then we have (where in the second case p # p)

p?, wherep:=(2,1+a)<0, ifd=-1 (mod 4);
20 = pp, where p:=(2,a) 0, ifd=1 (mod 8);
(2), ifd=-3 (mod 8).

iii) If p is odd and p t d, then we have (where in the first case p # p)

o— pp, where p:= (p,c+a) <O, ifc®=d (mod p);
P2 ), if d is not a square (mod p).

Proof. Let r := |Px(p)|, let e := e(q) for some (hence any) q € Pk (p), and let
f = f(q) for some (hence any) q € Px(p). By the fundamental equality there
are three mutually exclusive possible cases: Either p is (completely) split, that
is r = 2; or p is (completely) ramified, that is e = 2; or p is inert, that is f = 2.
Recall that O = Z[a] whenever d # 1 (mod 4), where y, = X? —d € Z[X],
while O = Z[a] whenever d = 1 (mod 4), where puz = X2 — X — %L € Z[X]. In
the latter case we have [O: Z[a]] = 2, so that anng(O: Z[a]) = (2) < Z. Hence
to compute ramification, for any p # 2 we may consider the ring Z[«].

i) Let first p | d. Then, if p = 2 we have d even, so that in any case we may
consider the ring Z[a]. Then we have X? —d = X? € F,[X], which yields the
prime divisor p = (p,a) < O, such that pO = p2. (Alternatively, we just check
that p? = (p?,pa,d) C (p) C (p?) + (d) C p? < O, hence p? = (p).)

ii) Hence we may now assume that p 1 d. Let first p := 2.

For d = —1 (mod 4) we may consider the ring Z[a], where we have X? — d =
(X +1)? € F5[X], which yields the prime divisor p = (2,1 + ) <1 O, such that
pO = p?. (Alternatively, we check that p? = (4,2+ 2a, (d+1) +2a) = (2) < 0.)
For d =1 (mod 4) we have to consider the ring Z[a]:

For d = 1 (mod 8) we have X? — X — =1 = X(X 4+ 1) € F2[X], yielding
the distinct prime divisors p = (2,8) <O and p = (2,4 + 1) = (2,8) < O,
such that pO = pp. (Alternatively, we just check that pp = (2,d)(2,a) =

1y =(2)<0.)

(471+a11_a7N(a)):(47271"’_@7
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For d = —3 (mod 8) we have X? — X — 2t = X2 + X + 1 € F»[X], which is
irreducible. Hence 20 < O is prime.

iii) Let still p 1 d, but now let p be odd, so that we may consider the ring Z[«].

Let first d € (F3)?, such that p | ¢ —d for some ¢ € Z \ pZ. Then we have
X2 —d = (X +¢)(X — ¢) € Fy[X], which yields the distinct prime divisors
p=(p,ct+a)dOand p = (p,c— «a) <O, such that pO = pp. (Alternatively,
we just check that pp = (p,c+ a)(p,c — a) = (p?,2pc, p(c + a),c® —d) C (p) C
(p?) + (2pc) € pp < O, hence pp = (p).)

Let now d ¢ (Fj;)®. Then X? — d € F,[X] is irreducible. Hence letting p < O
be a prime divisor of pO, we infer that « € O/p =: F is a root of u, € F[X],
hence f = [F': Fp] = 2. Thus pO < O is prime. 1

Example. For p =2 and d =1 (mod 4) the ring Z[@] cannot be avoided, which
also shows that the conductor condition in (5.8) cannot be dispensed of:

For o := /=7 we have X? + 7 = (X 4 1)? € F[X], so that letting O’ := Z[a]
we get 20" = q2, where g2 := (2,1 + a) < O’ is prime, while 20 = psp,, where
po = (2,a) = (@) <O is prime; we have py # Py, but poNO’ = g2 =Gy = p,NO".

For o := /=3 we have X? + 3 = (X + 1)? € F[X], so that letting O’ := Z[a]
we get 20" = q3, where g2 := (2,1 + a) < O’ is prime, while 20 < O is prime;
hence we have q3 = 20’ C 20N O’ = qs.

Example: Gaussian numbers. For d := —1, we recover the results for O =
Z[i] in (5.5): An odd prime p is split if —1 € (Z/(p))* is a square, otherwise it
is inert; 2 is ramified such that 20 = (2,1 +i)?> = (1+4)? < O.

(10.3) Example: The quadratic field Q(1/—17). Let « := +/—17 € C, let
K := Q(a) and let O := Of. Then we get (2) = p3, where pp := (2,1 +a) <0,
and (3) = psps, where p3 := (3,1 4+ ) <O and p; := (3,1 —a) < O.

Thus we get (18) = (2) - (3)% = p3 - pgﬁg <1 0. Moreover, regrouping yields
pZ = (9,3(14a),2(14a), (1+a)?) = (9, 1+a), hence pap3 = (2, 14+a)(9, 1+a) =
(18,2(1 4 a),9(1 4+ ), (1 + @)?) = (1 + ), and thus psps = (1 — a), giving rise
to the decomposition (18) = (14 a)(1 — a) < O.

Since N(a+ba) = (a+ba)(a—ba) = a® + 17b?, for a,b € Z, there is no element
of O of norm 2 or 3. Thus from N(p2) = 2 and N(p3) = N(p3) = 3 we infer
that none of po and ps and p5 is principal. Thus O is not factorial. (Actually,
we will show in (10.4) below that K has class number hx = 4.)

Indeed, the above gives rise to the (non-unique) factorizations 18 = 2 - 3% =
(14 a)(1 — «) € O, where the elements occurring are irreducible and pairwise
non-associate, hence are not prime. (Note that the factorizations consist of a
different number of factors, and multiplicities vary as well.)
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(10.4) Class numbers. Let d € Z\ {0, 1} be square-free, let o := v/d € C and
a:=1(1+a),let K :=Q(a), and let O = Oy be its ring of integers. Then we
have O = Z[a] such that disc(O) = 4d if d # 1 (mod 4), and O = Z[a] such

that disc(O) =d if d=1 (mod 4).

If d > 0 then K has only real embeddings, so that the Minkowski bound is
my = Ma o - /disc(O), where Mg = %7 thus mg = Vd if d # 1 (mod 4), and
mxwéw/gifdzl (mod 4).

If d < 0 then K has no real embeddings, so that the Minkowski bound is
my = Mo, - /|disc(O)], where Mo = 2, thus mg ~ 1.28 - /|d| if d # 1
(mod 4), and mg ~ 0.64-+/|d| if d =1 (mod 4).

Thus for smallish d the Minkowski bound is good enough to get down to a
sufficiently small set of rational primes, over which a generating set of the class
group can be found. A few examples of class numbers are given in Table 8§,
where h44 denotes the class number of O4g4.

Example: Real quadratic fields. i) Let d := 2. Then any ideal class contains
an ideal of norm at most mx = v/2 < 2. Thus any ideal class contains (1), that
is K has class number hx = 1.

ii) Let d := 10. Then any ideal class contains an ideal of norm at most myg =
V10 < 4. Thus we only have to consider Pk (p) for p € {2,3}:

We have P (2) = {p2}, where p2 = (2,a) < O and p3 = (2); and we have
Px(3) = {ps,p3}, where ps = (3,1 + a) < O and psp; = (3). Thus we have
Clg = (pa,p3), where p3 = 1 € Clg and p; = p3 ' € Clg.

We show that ps is not principal: Assume to the contrary that there is a + ba €
O, where a,b € Z, such that N(a + ba) = a* — 100> = £N(p2) = £2; then we
have a? = +2 (mod 5), a contradiction.

We have paps = (2,)(3,1+ a) = (6,2(1 + @), 30,10 + o) = (6,2 — o, 3cx) <1 O;
hence (2 — a) C paps, thus N(paps) = 6 = [Nk (2 — )| implies equality. Hence
we have p3 = p;* = po € Clg. Thus in conclusion we have Clg = (ps), where
po € Clg has order 2, hence hg = 2. i

iii) Let d := 14. Then any ideal class contains an ideal of norm at most myg =
V14 < 4. Thus we only have to consider Pk (p) for p € {2,3}:

We have Pg(2) = {pa2}, where p; = (2,a) < O and p? = (2); and we have
Pk (3) = {(3)}, that is 3 is inert, thus (3) = 1 € Clg. Hence we have Clg = (p2),
where p3 = 1 € Clg. We have (4 — a) C pa, thus N(p2) = 2 = |Ng(4 — a)]
implies equality. Hence po =1 € Clg, thus hx = 1. i

Example: Imaginary quadratic fields. i) For d € {—1, —2}, any ideal class
contains an ideal of norm at most myg ~ 1.28 - v/2 ~ 1.8 < 2; for d := —3, any
ideal class contains an ideal of norm at most mg ~ 0.64 - /3 ~ 1.10 < 2. Thus
in these cases we have hg = 1. (For d = —1 this is not surprising.)
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ii) Let d := —5. Then any ideal class contains an ideal of norm at most mg ~
1.28 - /5 ~ 2.85 < 3. Thus we only have to consider P (2):

We have Pk (2) = {p2}, where po = (2,1 + a) < O and p3 = (2), so that
Clg = (p2), where p3 = 1 € Clg. Since there is no element a + ba € O, where
a,b € Z, such that N(a + ba) = a® + 5b* = 2 = N(p2), we conclude that p, is
not principal, so that ps € Clg has order 2, thus hx = 2. i

iii) Let d := —17. Then any ideal class contains an ideal of norm at most mg ~
1.28 - v/17 ~ 5.25 < 6. Thus we only have to consider P (p) for p € {2,3,5}:

We have P (2) = {p2}, where ps = (2,1 + a) <O and p3 = (2); next we have
Pk (3) = {ps3,P3}, where ps = (3,1 4+ a) < O and p3p; = (3); finally we have
Pr(5) = {(5)}, that is 5 is inert, so that (5) =1 € Clg.

Thus we have Clg = (pa, p3), where p3 = 1 € Clg and p; = p3_1 € Clg. Since
for all a + ba € O, where a,b € Z, we have N(a+ba) = a? + 176> # 2 = N(p2),
we conclude that ps is not principal, so that py € Clg has order 2.

We have p3 = (9,3(1 + ), —16 + 2a) = (9,1 + a) < O. Since +3 € O are the
only elements of norm 9 = N(p3), but p3 # (3), we conclude that p3 is not
principal. Next, since N(8 — a) = 81 we have p3 = (81,9(1 + ), —16 + 2a) =
(81, (e —1)(8 — ),2(8 — a)) C (8 — @) < O, which since N(p3) = 81 implies
equality, thus ps € Clg has order 4.

Finally, since N (1 + a) = 18 we have pap% = (18,2(1 + ),9(1 + a), (1+ «a)?) =
(1+ a) <0, hence pop? = 1 € Clg, showing that py = p; ' = p3 € Clg. Thus
we conclude that Clg = (p3) = C4, hence hx = 4. i

iv) Let d := —19. Then any ideal class contains an ideal of norm at most
mg ~ 0.64-419 ~ 2.77 < 3. Thus we only have to consider Pk (2): Since
Pk (2) = {(2)}, that is 2 is inert, from (2) = 1 € Clg we conclude that hx = 1.

v) Let d := —23. Then any ideal class contains an ideal of norm at most
mpg ~ 0.64-4/23 ~ 3.05 < 4. Thus we only have to consider Pk (p) for p € {2,3}:

We have Pk (2) = {p2,Ps}, where py = (2,&) < O and pap, = (2); and we have
Pr(3) = {ps,p3}, where p3 = (2,1 +a) = (3,2a) <O and p3p; = (3). Thus we
have Clgx = (pa, p3), where p, = p; ' € Cly and p; = p3 ' € Cl.

For a+ba € O, where a,b € Z, we have N(a+bd) = (a+ )?+23-(2)?%; in par-
ticular we have N(a + b&) # 2. Since N (@) = 6 we have paps = (2,@)(3,2a) =
(6,@) = (@) < O, implying that p3 = p,* € Clg. Moreover, since N(p2) = 2,
we conclude that ps is not principal. Using @? = @ —6 and N(2—a) = 8 we get
P = (4,20,2+0)(2,a) = (4,24+a)(2,a) = (8,40,4+2a,2+3a) = (8,2—a) =
(2 —a) < 0. Hence we have Clg = (p2), where po has order 3, thus hx = 3. f

(10.5) Remark: Trivial class group. Let d € Z \ {0, 1} be square-free, let
K := Q(V/d), and let Oy be its ring of integers. We consider the class number
problem for quadratic fields, that is we wonder which of them have trivial class
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Table 8: Class numbers of quadratic fields.

[ dllhalha] [ d]halha] | d][haha] | d]ha|hd]
1 1 29 1 6 o7 1 4 83 1 3
2 1 1 30 2 4 o8 || 2 2 85 2 4
3 1 1 31 1 3 99 1 3 86 1] 10
5) 1 2 33 1 4 61 1 6 871 2 6
6 1 2 34| 2 4 62 1 8 89 11 12
T 1 1 351 2 2 65| 2 8 91 2 2
10 2 2 37 1 2 66 || 2 8 93 1 4
11 1 1 38 1 6 67 1 1 94 1 8
13 1 2 39 2 4 69 1 8 95 2 8
14 1 4 41 1 8 701 2 4 97| 1 4
15 2 2 42 | 2 4 71 1 7 101 1| 14
17y 1 4 43 1 1 73 1 4 102 2 4
19 1 1 46 1 4 741 2| 10 103 1 )
21 1 4 47 1 ) 7 1 8 105 2 8
22 1 2 o1 2 2 781 2 4 106 2 6
23 1 3 53 1 6 9 3 5 107 1 3
26 || 2 6 55 || 2 4 821 4 4 109 1 6

group, or equivalently are factorial. To this end, we again distinguish the cases
d<0andd>0:

a) For d < 0, the following deep theorem was conjectured by GAuss [1798]:
(For the “if” direction see Exercise (15.2), and the ‘only if’ direction is checked
for d > —30 and d = —1 (mod 4) in Exercises (15.5) and (15.8), respectively):

Theorem: [HEEGNER, 1952; STARK, 1967]. The ring O4 has trivial class
group if and only if d € {—1, -2, -3, -7, —11} U {~19, —43, —67, —163}, where
the first bunch are the values for which O, is Euclidean; see (10.6). i

Indeed, for any h € N there are only finitely many imaginary quadratic fields
having class number A [GOLDFIELD—GROSS—ZAGIER, 1983].

b) In contrast, for d > 0 it is still an open problem which rings O, have trivial
class group, where it is even unknown whether there are infinitely many of them.
(Non-factoriality is checked for the cases d € {10, 15,26, 30}, that is all the ones
such that d < 30, in Exercise (15.5).)

(10.6) Remark: Euclidean fields. Let d € Z \ {0,1} be square-free, let
K := Q(Vd), and let Oy be its ring of integers. We wonder which of the rings
Qg4 are Euclidean, where in particular Oy is said to be Euclidean with respect to
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the absolute norm map if it has degree map 6: Og\ {0} — Ny: z = |N(z)]; note
that the multiplicativity of the norm map implies monotonicity, hence in this
case we only have to check for quotient and remainder. We again distinguish
the cases d < 0 and d > 0:

a) For d < 0, it is not too difficult to see that for d < —13 the ring Oy is not
Euclidean with respect to any degree map, see Exercise (15.1). Moreover, it is
shown there that Oy is Euclidean with respect to the absolute norm map for
de{-1,-2,-3,—7,—11}. Since for d € {—5,—6,—10} we have already seen
in (10.5) that Oq4 is not factorial, let alone Euclidean, we get the following:

Theorem. The ring Oy, is Euclidean if and only if it is so with respect to the
absolute norm map, which holds if and only if d € {-1,-2,-3, -7, —11}. i

b) For d > 0, it is shown in Exercise (15.1) that O, is Euclidean with respect to
the absolute norm map for d € {2,3,5,13}. Generalizing this method, it is not
too difficult to see that for d € {6,7,17,21,29} the ring O, also is Euclidean
with respect to the absolute norm map (but still we do not prove this here).

Theorem: [INKERI, 1949; CHATLAND—DAVENPORT, 1950]. The ring Oy is
Euclidean with respect to the absolute norm map if and only if

de{2,3,56,7,11,13,17,19,21,29, 33, 37,41,55, 73}

Actually, there are real quadratic fields which are Euclidean, but are not Eu-
clidean with respect to the absolute norm map, the smallest example being
d = 14 [HARPER, 2004].

Moreover, HARPER has shown that all real quadratic fields with trivial class
group and discriminant at most 500 are actually Euclidean. Hence, contrary
to the picture for imaginary quadratic fields it may be conjectured that a real
quadratic field is factorial if and only if it is Euclidean.

11 Quadratic fields: units

(11.1) Units. a) Let d € Z\ {0, 1} be square-free, let o := v/d, let K := Q(«),
and let O = Oy be its ring of integers.

Proposition. We have T(O0*) = ({4) = {%1,%i} if d = -1, and T(O*) =
(Co) = {£1,£(3, 23} if d = =3, and T(O*) = (¢2) = {£1} otherwise.

Proof. We have to determine the roots of unity contained in K: Since for
Euler’s totient function we have ¢(m) = 2 if and only if m € {3,4,6}, we
conclude that T'(O0*) # {£1} if and only if K = Q({3) = Q((s) or K = Q((4)-

In the former case, from (5 = 3(1 +v/=3) we get K = Q(v/=3) and T(0*) =
(C6). In the latter case, from (4 = v/—1 we get K = Q(i) and T(O*) = ({4). 4
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b) Letting » € Ny and s € Ny be the number of real and pairs of complex
conjugate non-real embeddings of K, respectively, we have r = 2 and s = 0 for
d>0,and r =0 and s = 1 for d < 0. Hence we have O* = T(0O*) for d < 0,
while rkz(O*/T(0*)) =1 for d > 0.

Thus in the latter case, where T(O*) = {£1}, the remaining task is to determine
a fundamental unit in O*, which is unique up to signs and taking inverses. In
order to proceed, we need another classical concept:

(11.2) Continued fractions. We recall a few facts from the theory of contin-
ued fractions; for example, see [2, Chapter 5.3], [5, Chapter 10]:

Given p € R such that p > 0, let

1

Cf[q17q27"'] =1 +
g+ -+

be its (regular) continued fraction expansion, where ¢; € Ny and ¢; € N for

i > 2. This is obtained by letting p; := p, and then for i > 1 letting ¢; := [p: ],

and if p; # ¢; then p;41 = ﬁ; if p; = ¢; then we terminate.
a) We assume that p € Q; equivalently p has an infinite continued fraction

expansion. Truncating at position i € N yields the i-th convergent c; = {* :=

cflgr,...,q) € Q, where a;,b; € Ny. Letting C; := a;_'l bib__l] and Q; =
0 1 . _|a-1 b,1 L 0 1 o ] ]

L %}’ fori € N, and Cy = { @ by } = L O}’ we have C; := Q; - Ci_1.

In particular, the sequences [a1, a9, ...] and [bs,bs,...] are strongly increasing,

and we have a;_1b; — a;b;—1 = det(C;) = —det(Ci—1) = (—1)_idet(Co) =

(—=1)"*!, which implies that ged(a;,b;) = 1 and $ — Zf: = b(;lzbl It follows

that [c1, ¢a, .. .] is a Cauchy sequence, so that lim;_, ¢; exists, where indeed we

have lim;_, o, ¢; = p. Actually, we have the following;:

Theorem: Legendre’s Theorem. Let a € Ny and b € N such that ged(a, b) =
1,andlet a’ € {1,...,b} such that aa’ =1 (mod b). Then ¢ € Q is a convergent

f

of p, for some ¢ € N, if and only if7m<pf% < s@r=ar)- i

In particular, if [p — | < ﬁ then § € Q is a convergent of p; and for b = 1 we
get that a is a convergent of pifand only if p—1<a < p+ %

b) As far as periodicity of continued fraction expansions is concerned, we have
the following (which does not generalize to higher degrees in any known way):

Theorem: [EULER, 1737; LAGRANGE, 1766]. The positive real number p has
an (eventually) periodic infinite continued fraction expansion if and only if Q(p)
is a (real) quadratic field.
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Example. Let p := /2 ~ 1.4142136. Then we get p; := 1 and py := ﬁ =
V2 4+ 1 ~ 241, thus py := 2 and p3 := (ﬁ+11)72 = \/5171 = V241 = py;

hence we get the periodic continued fraction expansion cf[1,2] := [1,2,2,...].
Thus for the convergents ¢; = ‘;—Z for ¢ € N | letting ag = 1 and by = 0, we
get a; = 1 and b; = 1, and for 7 > 2 we get recursively a; = a;—2 + 2a;,—1 and
b; = bj_o + 2b;_1. A few convergents are given in Table 11; this numerically
yields [eq, ..., 3] = [1,1.5,1.4], and [eq, . .., c10] are approximately given as

[1.4166667,1.4137931,1.4142857,1.4142012,1.4142157,1.4142132,1.4142136].

(11.3) Fundamental units in real quadratic fields. Let 1 # d € N be
square-free, let a := v/d and K := Q(«a), let ~ be the non-trivial field automor-
phism of K, and let N: K — Q: z = x+ya — 2z = (z+ya)(z—ya) = 22 —dy?,
where z,y € Q, be the norm map.

Let O = Q4 be the ring of integers of K, where O* = {w € O; N(w) = +1}.
Since for w € O* we have w™! = ﬁ -w € O*, allowing for signs, and noting
that (x 4+ ya)(2’ + v'a) = (z2’ + dyy’) + (xy' + 2'y)a € K for z,y,2',y" € Q,
there is a unique fundamental unit ¢ = z + ya € O* such that € > 1, having
any positive unit as a power; this amounts to saying that =,y > 0 are chosen
minimal. Note that the trivial case y = 0 gives rise to {1} = T(0O*); and that,
since N: O* — {£1} is a group homomorphism, 1 € N(O*), while the latter

not necessarily contains —1.

Hence this amounts to solving a diophantine norm equation, by finding the
(positive) fundamental solution [z, y] where z,y > 0 are chosen minimal.
We distinguish the cases d #1 (mod 4), and d =1 (mod 4):

i) Let d # 1 (mod 4), that is d = {—1,2} (mod 4). Then we have O = {a +
ba € K;a,b € Z}. Hence we have to solve the diophantine norm equation
X2 —dY? = for § € {£1}, which for § = 1 is also called Pell’s equation. In
the case § = 1 there are infinitely many solutions, given by all or only the even
powers of €, depending on whether N(e) = 1 or N(e) = —1, respectively.

In the case 6 = —1, if d = —1 (mod 4) then d has a prime divisor p = —1

(mod 4), so that a? — db®> = —1 implies that —1 is a square modulo p, a contra-
diction; if d = —2 (mod 8) then a? — db®> = —1 implies that a is odd, and thus
2b? = —2 (mod 8), entailing b> = —1 (mod 4), a contradiction. Hence we have

solutions in this case possibly only if d = 2 (mod 8) (and if d = —1 (mod 4),
which happens for the reduction of case ii) to this case).

e Thus we may simply proceed as follows: Running through b € N successively,
we just check whether db® £ 1 € Z is a square, and if so we return [v/db? £ 1, ).
But we can avoid sequential search, and can do better:

e From a2 — db? = § we get T =4/d* b%. Thus, since Rsg — Rsg: 2 — /&
is strictly convex, having derivative Rvg — Rsg: z — ﬁ, for § = 1 we get
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Table 9: Fundamental units for d # 1 (mod 4).

’d\N\ a\ b\regw‘ ’ d\N\ a\ b\regw
2| -1 1 1] 0.881 47 1 48 7| 4.564
3 1 2 1] 1.317 51 1 50 71 4.605
6 1 5 21 2292 55 1 89 12 | 5.182
7 1 8 3| 2.769 o8 | —1 99 13| 5.288
10 | -1 3 1| 1.818 99 1 530 69 | 6.966
11 1 10 3| 2.993 62 1 63 8| 4.836
14 1 15 41 3.400 66 1 65 8| 4.867
15 1 4 1| 2.063 67 1 48842 5967 | 11.489
19 1 170 39| 5.829 70 1 251 30| 6.219
22 1 197 42 | 5.976 71 1 3480 413 | 8.848
23 1 24 51 3.871 74| -1 43 5| 4.454
26 | —1 5 1| 2.312 78 1 53 6| 4.663
30 1 11 2| 3.089 79 1 80 91 5.075
31 1] 1520 | 273 | 8.020 82| —1 9 1| 2.893
34 1 35 6| 4.248 83 1 82 9| 5.100
35 1 6 1| 2478 86 1 10405 1122 | 9.943
38 1 37 6| 4.304 87 1 28 3] 4.025
39 1 25 41 3.912 91 1 1574 165 | 8.055
42 1 13 21 3.257 94 1| 2143295 | 221064 | 15.271
43 1] 3482 | 531 | 8.849 95 1 39 41 4.357
46 1] 24335 | 3588 | 10.793 102 1 101 10 | 5.308
|a—%| :w/d+b%—\/&< ﬁ~ﬁ < ﬁ,whileforéz—l we get ’a—%| =
Vd—/d— % < 5 L_ < 5}5. Hence we conclude that any solution [a, b]

267 ﬂ
of the norm equation with § € {1} arises as a convergent ¢ of the continued
fraction expansion of a. Conversely, since numerators and denominators of the
convergents are increasing, in order to determine the fundamental solution we
just have to compute the continued fraction expansion of « until we find a
convergent ¢ such that a® — db® € {£1}.

A few fundamental units € = a + ba (determined computationally) are collected
in Table 9, where N = N(e) € {£1}, and reg = In(e) € R-¢ is the regulator.

ii) Let d = 1 (mod 4). Then we have O = {3(a + ba) € K;a,b € Z,a = b
(mod 2)}. Hence we have to solve the diophantine norm equation X2 —dY? = §
for 6 € {£4}. If 2 | ab, then both a and b are even, so that this case reduces
to the equation for § € {£1} treated in case i); but note that we possibly have
solutions for 6 = —1 in this case. Hence we may assume that 2 t ab. In this
case, a® — db®> = 44 implies that 1 —d = 4 (mod 8), thus we have solutions
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possibly only if d = —3 (mod 8).

e Thus we may simply proceed as follows: Running through b € N odd suc-
cessively, we just check whether db?> — § € Z is a square, and if so we return
% - [v/db? — 4, b]. But again we can avoid sequential search, and can do better:

e From a? — db* = § we get ¢ = \/d+ %, thus for § = 4 and d ¢ {5,13} we

get |a— ¢| = d+g%—\/&<ﬁ~%§#,whilefor5:—4andd§Z{5,13}
Weget‘a—%|:\/&— d— 7% < 3z - d41 < 5z ;_1§ﬁ. Hence we
T2

conclude that, at least for d & {5,13}, any solution [a, b] of the norm equation
with § € {£4} also arises as a convergent ¢ of the continued fraction expansion
of a. In conclusion, in order to determine the fundamental solution we just have
to compute the continued fraction expansion of o until we find a convergent
such that a® — db? € {&1,+4}.

Actually, for d = 13 we have e = %(3 + ), where % is the first convergent of the
continued fraction expansion of o ~ 3.61. But for d = 5 we have € = (1 + «),

where % is not a convergent of the continued fraction expansion of a ~ 2.24.

A few fundamental units (determined computationally) are collected in Table
10, where € = a+baif N = N(e) € {£1}, and € = 3(a+ba) if N = N(e) € {+4};
moreover, reg = In(e) € R+ denotes the regulator.

(11.4) Example: Units in Z[v/2]. a) Let d = 2, let a := v/2, let K := Q(),
and let O := Ok. Hence we have the fundamental unit € := 1 4+ o € O* such
that € > 1, which is associated with the first convergent ¢; = 1 of «; see (11.2).

For the convergents ¢; = Zf’ for ¢+ € N, letting ag = 1 and by = 0, we have
a; = 1 and b; = 1, so that C = E (1)] Letting Q = [(1) ;], for i > 1 we
get C; = Q~1 . C; (giving rise to the two-step recursion between the a;’s and
the b;’s separately mentioned earlier). Letting P := C’leC’l = B ﬂ , we get

C; = Cy- P71 = (C;_; - P, leading to the (one-step) recursion a; = a;_1 + 2b;_;
and b; = a;_1 + b;_1, for i > 1; in particular, the a; are all odd.

Thus we have a; + bja = (a;_1 + b;_1a)(1 + a) = ¢ € O* for i > 1, where
N(e) = —1. This shows that all convergents are actually solutions of the norm
equation X2 — 2Y2 = 41, so that the solutions of the latter are precisely the
convergents of «; a few powers of € are given in Table 11;

b) We present an application of these observations:

Proposition. Let s, := % be the n-th triangular number, for n € N.
Then {s, € N;s, is a square} is in natural bijection with {e* € O*;i € N}. In

particular, there are infinitely many squares amongst the triangular numbers.
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Table 10: Fundamental units for d =1 (mod 4).

’ d\N\ a\ b\regw‘ ’ d\N\ a\ b\regw
5| —4 1 1| 0.481 105 1 41 4| 4.407
13| —4 3 1 1.195 109 | —4 261 25 | 5.565
17| —1 4 1] 2.095 113 | -1 776 73| 7.347
21 4 5 1| 1.567 129 1 16855 1484 | 10.426
29 | —4 5 1| 1.647 133 4 173 15| 5.153
33 1 23 4| 3.828 137 | -1 1744 149 | 8.157
37| —1 6 1| 2.492 141 1 95 8| 5.247
41 | -1 32 5| 4.159 145 | —1 12 1| 3.180
53 | —4 7 1] 1.966 149 | —4 61 51 4.111
57 1| 151 ] 20| 5.710 157 | —4 213 17| 5.361
61| —4 39 5] 3.664 161 1 11775 928 | 10.067
65| —1 8 1| 2.776 165 4 13 1| 2.559
69 4 25 31 3.217 173 | —4 13 1| 2571
73| —1 | 1068 | 125 | 7.667 177 1 62423 4692 | 11.735
7T 4 9 1] 2.185 181 | —4 1305 97 | 7.174
85| —4 9 1] 2.209 185 | —1 68 51 4913
89| —1| 500 | 53| 6.908 193 | —1 | 1764132 | 126985 | 15.076
93 4 29 3| 3.366 197 | -1 14 1] 3.333
97 | —1 | 5604 | 569 | 9.324 201 1| 515095 | 36332 | 13.845
101 | —1 10 1] 2.998 205 4 43 3] 3.761

Proof. Let n be odd such that n(n 4+ 1) = 252 for some s € N. Then we have

n = m? for some m € N such that m | s; let [ € N such that ml = s. We get
m2 —2> =n — % = F1, thus 7+ = 2 is the i-th convergent of a, where i is
odd if the right hand side is —1, while ¢ is even if the right hand side is 1.

Conversely, given ¢; = 7 for some i € N, then m is odd, and letting n := m?

and s := ml we get (—1)! =m? —2[*> =n — %, hence n(n + 1) = 252, where n

is odd, and the ‘4’ case holds if ¢ is odd, while the ‘-’ case holds if i is even. f

(11.5) Example: Archimedes’s Problema Bovinum. We present a larger
example, showing the efficiency of the continued fraction approach, which comes
up in the solution of cattle problem of Archimedes, see Exercise (15.37):

Let d :=2-3-7-11-29-353 = 4729494 and d := d- (2-4657)2 = 410286423278424.
We look for the fundamental solution of Pell’s equation for d. To this end, since
d is not square-free, we first consider Pell’s equation for d:

Computationally we find that the continued fraction expansion of v/d is periodic
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Table 11: Units in Z[v/2] and triangular numbers.

’ i\ a; bi\ n s = sn‘
0 1 0 0 0
1 1 1 1 1
2 3 2 8 6
3 7 5 49 35
4 17 12 288 204
5 41 29 1681 1189
6 99 70 9800 6930
7 239 169 57121 40391
8 577 408 332928 235416
9 1393 985 1940449 1372105

10 3363 2378 11309768 7997214
11 8119 5741 65918161 46611179
12 | 19601 13860 384199200 271669860
13| 47321 33461 | 2239277041 1583407981
14 | 114243 80782 | 13051463048 9228778026
15 | 275807 195025 | 76069501249 53789260175

of period length 92, from position ¢ = 2 on, and reads

cf[2174;1,2,1,5,2,25,3,1,1,1,1,1,1,15,1,2,16,1,2,1,1,8,6,1,21,1,1, 3,1,

1,1,2,2,6,1,1,5,1,17,1,1,47,3,1,1,6,1,1,3,47,1,1,17,1,5,1,1,6,2,2,1,
1,1,3,1,1,21,1,6,8,1,1,2,1,16,2,1,15,1,1,1,1,1, 1,3, 25,2,5,1,2, 1, 4348].
It turns out that the 92-nd convergent of v/d equals

agz _ 109931986732829734979866232821433543901088049

~ boe  50549485234315033074477819735540408986340

C92

which is the first one such that NQ(\/g)(agz + bgeV/d) = +1, where actually

the ‘+’ sign holds. Thus we conclude that € := ags + bgaV/d € Q(\/E) is the
fundamental unit fulfilling € > 1; we have agy ~ 1.1 - 10** and bgy ~ 5.05 - 104°.

The solutions [6,3] €Z%of X2 —dy? =X2—d- (2-4657 - Y)? = 1 are in
bijection with the solutions [a,b] of X? —dY? =1 by @ = a and (2-4657) b=b
Thus we look for the smallest power ¥ = a + by/d, for some k € N, such that
(2-4657) | b; note that we have not yet seen that such a solution exists at all:

It turns out that k = 2329, where a ~ 3.765 - 10193272 and b ~ 1.7 - 10193269 g0
that b ~ 1.86 - 10193255 (where we do not print out these figures explicitly).
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12 Cyclotomic fields: algebra

(12.1) Cyclotomic fields. For m € N let ¢, := exp(2£t) € C be a primitive
m-th root of unity; actually this is a particular choice which is algebraically
irrelevant, but not so analytically.

The associated minimum polynomial over Q is the m-th cyclotomic polyno-
mial fic,, = @, € Z[X]. It splits as @ = [[c(z/(m))- (X — ¢k) e C[X],
that is its roots are all the primitive m-th roots of unity, where the latter are
precisely the generators of p,,. In particular, we have deg(®,,) = ¢(m), where
the latter is Euler’s totient function.

Let Q(¢m) be the associated cyclotomic field, which is Galois over Q of degree
[Q(&m): Q] = p(m). We have Autg(Q(¢n)) = (Z/(m))*, where the field auto-
morphism associated with k € (Z/(m))* is given by o : ¢ — ¢*; in particular
o_1 coincides with complex conjugation.

Let Oy, := Ogc,,) be the ring of integers of Q((,). Since @, € Z[X] we have
Z[¢m] C O,y,. We proceed to show that we actually have equality, where we first
consider the prime power case, which is interesting in itself:

(12.2) The prime power case. Let first ¢ := p” € N, wherep € Pz and v € N,
let Ky :=Q((y), and let Oy := Ok, ; hence n:= [K;: Q] = ¢(q) =p" (p—1).

Proposition. Then (1 — {;) < Oy is prime such that N(1 — (;) = p, and we
have pO, = (1 — (;)™ <9 Oy; in other words p is completely ramified in K.

Proof. Letting ¢’ := p*~! € N we have &, = ))((:,:11 = Zf:_ol X ¢ Z[X].
Thus evaluating at X + 1 yields p = ®4(1) = [T (z/(g))- (1 = ¢§) = N(1 — )

Hence in particular (1 — ;) < Oy is prime.

Moreover, for k € (Z/(q))*, where we may assume that k € {0,...,¢ — 1}, we
get 1 — Cé“ =(1-¢,)- Zf:_ol L€ Oy, thus (1—-¢,) | (1— Cg). By symmetry, we
also have (1 — Cé“) | (1 —¢g), entailing that (1 —(;) ~ (1 — C(’;) € O,4. Hence we
infer that pOy = [[1.c(z/(g)) (1 — o) = (1 — ()PP <0, #

Theorem. We have O, = Z[(,], having discriminant disc(O,) = € - p°, where
§:=p"(wp—v—1)and e := (-1)("%").

p—1

In particular, disc(O,) | pr?" T (=1 = ¢#(@) and disc(0p) = (—1)( 2') -pP2,

Proof. i) We first determine disc(Z[(,]) = disc((y): To this end, differentiating
the equation X9—1= &, - (qu —1) € Z[X], where ¢ := p"~!, we get X! =
(0®,) - (X7 — 1)+ ¢'®, - X9~ € Z[X]. Evaluating at X — ¢, yields =

(09,)(¢,) - (f —1) € Ky that is (92,)(¢,) = 122 € K,
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We have N(—¢q) = (—¢)™ and N({,) = (—=1)" - ®,(0) = (—1)", hence we get
N(—q¢; ') = ¢™. Moreover, for the case v = 1, where [K,: Q] = p — 1, we

get N(1 —¢,) = (N, (1 — ¢,))? = p?. Thus we obtain disc(,) = (—1)(2) :
w(zq))

n

N((094)(¢)) = (-1 Ly = (—1)(8) . prn=d’ where e i= (-1)(2) = (1)
and 6 :=vn—¢ =vp*tp—1)—p" t=p"tvp—v-1).

ii) Since pO, = (1—-¢,)" <O, is completely ramified, we have O,/(1-(,) = Z/pZ
as rings. We show that (1,(,,. .., C(’;_l)z +(1-¢,)*0, = O, as Abelian groups,
for all k € N: (Note that the left hand summand stabilizes for k > n, while the
right hand summand gets strictly smaller for increasing k.)

For k = 1 we indeed have Z+ (1 —(,)Oy = O4. For k > 2, by induction we have
(1-¢)O0, = (1-¢y) (1, ¢y - - - ,C§_2>Z+(1—Cq)k(9q, hence O, = Z+(1-¢,)0, =
Zi4(1—=Cq) - (1,Cq - )+ (1= (%0 = (1,{g, -, 1)z + (1= ()*O,.

Now we have disc(Z[(,]) = [O4: Z[(,])? - disc(O,), so that [O,: Z[(,]] | »°,
hence p°0, C Z[¢,] € O,. Thus for k := nd, since (1 — (,)"O, = pO,, we get
Z[Cq) COq = (1,¢q, -, CM Nz + p° Oy C Z[(], hence Of = Z[(,]. i

(12.3) The general case. Let m = [[_, pi" € N, where {p1,...,p,} C Pz

are pairwise distinct, and vq,...,v,. € N, for some r € Ny, let K, := Q((m),
and let O, := Ok,,,.

Theorem. We have O,, = Z[(,,], having discriminant disc(O,,) | m#(™).

Proof. Letting ¢; := p;* and m,; := %, we have (4, = (%, so that K, C K,

m

where disc(K,) | qf(qi). Conversely, since [[_; {,, is a primitive m-th root of

unity, we infer that K,, C [],_, Ky, hence equality holds. Since Euler’s totient
function is multiplicative with respect to coprime arguments, we indeed have

[ Q= ¢(m) =TT ¢(9:) = Tz (K, Q-

Since the discriminants of the K, are pairwise coprime, by (3.8) we conclude
that Z[(m] € Om = [1io; Op = T1i21 Z[¢y) € Z[¢m], hence equality holds.
We have Ky, = [[,..; Ky;, which entails disc(Oy,) = [];_; disc(Og, )Kmi |
Hr (a:) Tl (a5) _ (Hr )Lp(m) — me(m) 4

i=1% i=1%

(12.4) Ramification. Let m = [[ p p"» € N, where v, € No, let K, =
Q(Gm), and let Oy, := Ok, = Z[(m]-

For p € Pz let g := p”» and s := 2. Since ¢ and s are coprime, we have Z/(m)

Z/(q) ® Z/(s), implying Autg(Knm) = (Z/(m))" = (Z/(q))* x (Z/(s))"
Autg(K,) x Autg(K); in particular we have p(m) = ¢(¢)p(s). Hence we
have K,, = K,K, such that K, N K, = Q.

1R

Theorem. Let p € Pk, (p). Then we have e(p) = p(p”?), and f(p) € N is
minimal such that pf®) =1 (mod o)
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Proof. Let ®,, € Z[X] be the m-th cyclotomic polynomial. Then, letting
": Oy — Oy /p denote the natural epimorphism, ®,, € F,[X] has irreducible
divisors of the same degree f(p) := [O,,/p: Fp], all occurring with the same
multiplicity e(p). Hence we have [Pk, (p)| - e(p) - f(p) = p(m).

i) We first consider K,: Let q :=p N Oy < O,. We have already seen that p is
completely ramified in O,, so that pO, = q*(9) where q = (¢, — 1) <t O,; hence
Pr,(p) = {a} and e(q) = ¢(g) and f(q) = 1.

ii) We now consider K,: Let s :== p N Oy 9 Os. From ged(X® — 1,0(X° —
1)) = ged(X*® — 1,5X°7!) € F,[X] being constant we infer that X* — 1 €
F,[X] is square-free. In particular, ®, € F,[X] is square-free as well, so that

p is unramified in Oy, that is e(s) = 1. (Alternatively, this also follows from
disc(0,) | s#¢) and p { s.)

We have F := O, /s = Z[(] /s = F,((,) = Fp[X]/(pz ), where pz € Fp[X] is the
minimum polynomial of {, over F,,. Since ¢, € F isaroot of ®, € F,[X] C F[X],
where the latter splits over IF), into irreducible factors of degree f(s), we get
pe | @s € Fp[X], implying that f(s) = [F: F})] = deg(ug ). Moreover, since
X* —1 € F[X] splits completely and square-freely, the natural map (¢s) — (C,)
is a group isomorphism, that is (, is a primitive s-th root of unity.

The field extension F, C F'is Galois such that Auty, (F) = (p,) = C(s), where
¢p is the Frobenius automorphism. Thus f := f(s) € N is minimal such that
_ _ s i _

Cs = (CS)%C =V, that is (. ' = 1, or equivalently, since ¢, is a primitive
s-th root of unity, we have s | p/ — 1. Thus f(s) is the order of p € (Z/(s))*,
and we have |Pg,(p)| - f(s) = ¢(s); note that indeed f(s) | [(Z/(s))*| = (s).

iii) In combination, by multiplicativity of ramification indices and inertia de-
grees, and recalling that the elements of Pk, (p) are all conjugate, we have
e(@) | e(p), as well as f(s) | f(r) and [Px.(p)| | [P, (p)l. This yields
o(m) = 9(5) - o(a) = [Pic. )] - £(5) - e(@) | [Prc, 0)] - Fl3) - e(p) = iplm),
entailing cquality e(p) = e(d) = ¢(q) and f(p) = £(s). ;

Corollary. We have I, = K, and D, = Fixg_ ($p).

Proof. By the characterization of inertia fields, from e(s) = 1 we conclude that
p(m) _

K, C I,, where from e(p) = [Kp: L] | [Km: K] = oG = (q) = e(p) we
infer that equality I, = K, holds.

Thus, letting G := (Z/(m))* = Autg(K,,), since K, = Fixg,, (G}) we conclude
that the inertia group is GY) = (Z/(q))*, where Autg(K,) = G/GY = (Z/(s))*.

Now @, = p+ (s) € (Z/(s))* induces the Frobenius automorphism ¢, on
Onm/p = O4/s; note that since p is unramified in K, the Frobenius lift @, is
uniquely defined. Hence the decomposition group is G, = Gg X (Pp) and the
decomposition field is D, = Fixg,, (G,) = Fixk, (&p). i
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(12.5) Quadratic residues. a) Let p € Pz be odd. Then a € Z such that
p t a is called a quadratic residue modulo p, if there is b € Z such that
a = b € (Z/(p))*, otherwise it is called a quadratic non-residue. Let
9, = {a € (Z/(p))*;a € Z quadratic residue} and N, := {a € (Z/(p))*;a €
Z quadratic non-residue} be the sets of squares and non-squares, respectively.

For a € Z such that p 1 a the Legendre symbol is defined as (%) =1 if
a € Qp, and (%) = —1if a € N,; in particular (%) only depends on the
congruence class of @ modulo p. Since (Z/(p))* = (p) = Cp—1, the Legendre
symbol (E) coincides with the natural group epimorphism (Z/(p))* — {£1}
given by p — —1. Hence Q, = ker((;)) < (Z/(p))* is the unique subgroup of

*

. .. c e 1
index 2, consisting of the elements of (Z/(p))* of order dividing #5~.

Proposition: Euler criterion. We have (%) =a"7 (mod p).

Proof. If (g) = 1, then o’ = 1 € (Z/(p))*. If (;) = 1 thena?'=1¢
(Z/(p))* implies a'T =-1¢ (Z/(p))*, being the unique element of order 2.

Corollary: First supplement to the Quadratic Reciprocity Law.
We have (_?1) = (—l)Pz;l7 that is —1 € Q,, if and only if p =1 (mod 4).

b) In order to compute Legendre symbols, using multiplicativity it suffices to
be able to determine (_71) and (%), as well as (%), where [ € Pz is odd such

that [ # p. We have already dealt with the case (_71), in terms of p.

To proceed, we observe that the Legendre symbols (%) and (%) relate to the
ramification of primes in quadratic fields as follows, giving a description in terms
of the ‘numerator’ 2 and [, respectively:

Corollary. If d € Z\ {0, 1} is square-free such that p { d, then (%) =1if and
only if p splits in the quadratic field Q(v/d).

The content of the Quadratic Reciprocity Law is to describe (%) and (%)
similarly, but now ‘reciprocally’ in terms of the ‘denominator’ p:

(12.6) Reciprocity. Let p € Pz be odd, and let K := Q({,).

We have Autg(K) = G := (Z/(p))* = (p) = Cp_1. Hence for any s € N dividing
p — 1 there is a unique subgroup G*) = (p*) < G of index s; then G(*) = Cpa
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consists of the elements of G of order dividing p—gl, or equivalently being s-
th powers; in particular, we have G?) = @y, being the subgroup of squares.
Moreover, for ¢ | (p — 1) we have ¢ | s if and only if G() < G®).

Thus K has a unique subfield K*) = Fixy (G®)) of degree [K(*): Q] = s. In

particular, K is the unique quadratic subfield of K. Moreover, for t | (p—1)
we have t | s if and only if K®) C K(5),

Theorem. Let | € Pz such that [ # p. Then the following are equivalent:
i) 1 € (Z/(p))* is an s-th power; ii) s | [P (1)]; iii) I splits completely in K ().

Proof. Let r := |Pg(l)|, and let f := f(q), for any q € Pk (l). Then f equals
the order of [ € (Z/(p))* = G, and since [ is unramified in K we have rf = p—1.
Moreover, we have I; = K, and thus Dq C K is the unique subfield of index f,
that is of degree % = r over QQ, hence we have Dq = K™,

Now [ is a s-th power in G if and only if f divides % = %, or equivalently

s | r, that is K& c K = Dy. By the characterization of decomposition
fields, and G being Abelian, this is to say that [ splits completely in K (%) #

(12.7) Quadratic reciprocity. Let p € Pz be odd, let K := Q((,), let G :=
(Z/(p))*, and let I € Pz such that I # p. We are going to describe whether or not
l € @, < G, which is equivalent to asking whether or not [ splits (completely)
in the unique quadratic subfield K® of K. In order to describe K3, let

p* = (%) p= (—1)177_1 - p, that is p* = +p for p = £1 (mod 4).

Proposition. The field Q(v/p*) is the unique quadratic subfield of Q(¢,).

Proof. Let ¢ := (p, and let D := K2 = Fixx(Q,); hence D C K is Galois such
that Autp(K) = Q,, and Q C D is Galois such that Autg(D) = G/Q, = Cs.

We consider the Gaussian sum f := Tk ;p(¢) = > keo, ¢* € D. The non-
trivial Autg(D)-conjugate of 8 is ' = p% = Zkegp ¢ = Zke/\fp ¢ e D,
for any a € N,. Let v := 3 — 8 = Y P_] (%) ¢* € D. Since {¢,...,(P71} =
¢-{1,¢,...,¢P72} C K is a Q-basis, we have v # 0. Moreover, we have 77« =
B —p = —v, for any a € N,. Hence D = Q(y) = Q(8) C K, where the
minimum polynomial of v is given as p, = (X —)(X +7) = X2 — 42 € Z[X].
-1 (! -1 (=1\ - -1 -1 (k' (=1 -
From 7% = (3272, (kT) ¢") - (X4 (TZ) ¢ =0 (#) ¢k,
ltting j 1= k™1 € (Z/(p))", we get (1) 92 = S02) ((£) - 42k ¢H0-)) =
(-1 + 305 ((2) SHE) = (- 1)+ T - 52 (2). We have
S (2) = 10 - NG| = 0, and @, = S00) X7 € Z[X] yields T(C) = —1,

thus % = (%) 72 = (p—1) — (—1) = p (showing again that v #0).
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Hence we have {+v} = {£+/p*}, where these cases cannot be told apart alge-
braically, but analytical tools are required to decide which case actually holds.
Moreover, this also reveals 5 and : From f+3' =T({) = —land - =~ =
+y/pF we get = 3(~1+7) = 3(~1£/p%) and 5’ = 5(-1-7) = 3(~1FVp").

(12.8) Quadratic Reciprocity Law [GAuss, 1796]. Let p € Pz be odd.

p

Corollary. Let [ € Pz be odd such that [ # p. Then (L) (B)=(-1)= "=

Proof. We have (1%) =1, that is I € Q, < (Z/(p))*, if and only if [ splits
in Q(y/p*). The latter is the case if and only if p* € Q; < (Z/(1))*, that is

(%) = 1. This yields (1) = () = (517 (2) = (-1)'F (7). ¢

Corollary: Second supplement to the Quadratic Reciprocity Law.
i) The prime p is split in Q(v/2), if and only if the prime 2 is split in Q(/p*).

p2

ii) We have (%) =(-1) s that is 2 € Q, if and only if p = £1 (mod 8).

Proof. i) The prime p is split in Q(v/2), if and only if 2 € Q, < (Z/(p))*, that
is (%) = 1, which holds if and only if 2 splits in Q(1/p*).

ii) The prime 2 splits in Q(y/p*) if and only if p* =1 (mod 8).

Hence, if p = 1 (mod 4), that is p* = p, this is equivalent to p = 1 (mod 8);

1 ptl p—1 p2—1
3

this says that (%) = ()5 =~ = (21

Similarly, if p = —1 (mod 4), that is p* = —p, this is equivalent to p = —1

— ya sz
(mod 8); this says that (%) = () = (- = (-

21

In any case (%) = (-1)*% , and (%) =1if and only if p=+1 (mod 8).

(12.9) Example: The 23-rd cyclotomic field. We present an example of
a cyclotomic field whose ring of integers is not factorial (actually the ‘smallest’
one, see (13.1)): Let ¢ := (23 € C, let K := Q((), and let O := O = Z[(].

We have Autg(K) = G := (Z/(23))* = (5) = Cay = Cy x Cy1. Hence Qa3 =
(52) = (2) is the unique subgroup of index 2, while (—1) is the unique subgroup
of order 2, so that G = {~1} x Q3. Thus K has a unique subfield K1) :=
Fixg({(—1)) = K N R of index 2, being called its real subfield, and a unique
quadratic subfield D := K = Fixg (Qa3) = Q(v/—23).

We have (although this does not matter algebraically) v = /—23 = i-v/23, hence
B=Tr/p(() = ic0,, ¢ = 1(-1++/=23) and B = 1(—1—+/=23). Moreover,
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we have Op = Z|[f], and for a,b € Z we get Np(a + bB3) = (a + bB)(a + bB) =
a?+ ab(B+ B) + b*BB = a®> —ab+ 60> = (a — 2)* + 23 (4)2.

Having this in place, we now proceed to show (in two ways) that O is not a
principal ideal domain, and thus is not factorial:

i) We determine the ramification of 2 in K: Letting p € Px(2), we have e(p) =
¢(1) =1 and I, = K. Hence we have D, = Fixg($2). Now 2 € (Z/(23))* has
order f(p) = 11, so that [K: D,] = 11 implies D, = D. Thus we get |Px (2)| = 2
and Stabg(p) = Qa3. Since we have —1 ¢ Qag, this entails Pr(2) = {p,p}.

In order to determine p, we observe that the cyclotomic polynomial ®93 =

X;S__ll = Z?io X' € Z[X] splits as follows (as is seen computationally), again

confirming e(p) = 1 and f(p) = 11:

(XM 4+ X04 X+ X X4 X 1) (XM X0 X O X5 X+ X2 41) € Fo[X).

Hence letting w :=1+¢+ "+ O+ "+ P+ M and ' =1+ G+ + +
CO+ 19+ ¢M) we may let p:= (2,w) <O and p := (2,w’) < O. (Actually, this
shows that 2 | ww’, while 2 { w and 2 { w'.)

We derive a description of p related to the subring Op C O: We observe that
2 splits in D as 20p = qq < Op, where q := (2,5) <Op and q := (2,5) < Op.
Then, since q < Op is inert in K, we have {p,p} = {qO,q0}.

We show that qO = p, by showing that 8 € p: Going over to Fo[X] we have
Yicop X' = (XT+ X+ X)(XM + X7+ X7+ X0 + X° + X +1) € Fo[X],
saying that 8 — (¢" 4+ (3 + () - w € 20, thus B € p.

By (10.4) we have Clp = (q) =& C3, where q> = (8+2)<Op. Hence p* = ¢>0 =
(8 + 2) < O is principal, so that p € Clg has order dividing 3. We show that
p < O is not principal, entailing that p € Clg has order 3: (Actually, we have
Clg = (p), see (13.1); moreover, this shows that (2) <t O is a maximal principal
ideal, that is 2 is irreducible, and hence 2 is not a prime.)

Assume to the contrary that p = (7) < O, for some 7 € O. Then we have
Pt =Tl,eco,, P7 = [lseo,,(77) = (Nk/p(m)) < O. Since Ng/p(m) € Op, this
entails ¢'* = p™*' NOp = Ng/p(m)ONOp = Ng/p(r)Op < Op. Thus q € Clp
has order dividing 11, a contradiction. i

ii) Alternatively, let w := 1 — ¢ — (3 € K (which we find by a random search,
but this kind of example was already known to KUMMER). Then we find that
N(w) = 6533 = 47-139. Hence (w) <O is not prime, and thus has a factorization
(w) = ts, where t,5 << O are prime such that N(tr) = 47 and N(s) = 139. We
show that v is not principal:

Assume to the contrary that v = (p) <O, for some p € O such that N(p) = £47.
Then we have N(p) = Np(Ng/p(p)), and letting Ng/p(p) = a + b3 € Op,
where a,b € Z, we get £47 = N(p) = Np(a+b8) = (a — 2)? +23- ()2 Hence
we conclude that (2a —b)? +23b% = 4-47 = 188, which by checking the cases b €
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{0,1,2} yields a contradiction. (Similarly, N(p) = 139 yields a contradiction,
while N(w) = Np(Ni,p(w)) = Np(59 + 2883) = 45% + 142 - 23 = 6533.) 4

13 Cyclotomic fields: geometry

(13.1) Class numbers. For m € N let K := Q((y), and let Oy, = Z[(n)
be its ring of integers. From Autg(K) = (Z/mZ)*, where the automorphism
associated with k € (Z/mZ)* is given by (,, — (¥, we infer that K does not
have any real embeddings, thus » = 0 and s := @. For m = 2 (mod 4) we
have Q(¢m) = Q(¢z ), so that we may exclude these cases.

a) We consider the class number problem, that is the question which of the
rings O,, has trivial class group: For m = 1 we have Q((;) = Q; and Q((n)
is a quadratic number field if and only if m € {3,4}, namely Q((3) = Q(v/—3)
and Q(¢4) = Q(4), both cases having trivial class group. In general, a simple
computational approach is as follows:

Letting ¢ € Pz, for any q € Pk (g) the inertia degree f, := f(q) € N equals the
order of g € (Z/(mg))*, where my denotes the g-prime part of m; hence f, is
found easily (computationally). Now it suffices to consider the primes ¢ such
that N(q) = ¢+ does not exceed the Minkowski bound. In this case, recalling
that Q C K is Galois, we infer that q is principal as soon as we find an element
wy € O such that [Nk (w,)| = ¢f« - r, where r is coprime to ¢ and has only
prime divisors (if any) already treated successfully before. To this end, we just
run a random search through elements of O,, being sparse with respect to the
Z-generating set {1, (m, ..., (™ 1} and having non-zero coefficients {£1} only.

This works out for the cases m given in Table 12, where we also give the field
degree n = p(m), the associated Minkowski bound mp, and the prime powers
¢/ to be considered, or their number. For example, for the (smallest non-
trivial) case m = 11 we find that wez := 1 + (11 + ¢}, € O1; has absolute norm
| Nk (we23)| = 23. This verifies the ‘if’ part of the following;:

Theorem. The ring O,, has trivial class group if and only if

m € {1,3,4,5,7,8,9,11,12,15} U
{13,16,17,19, 20,21, 24, 25,27, 28, 32, 33, 35, 36, 40, 44, 45, 48, 60, 84},

where the first bunch are the values for which O,, is Euclidean with respect to
the absolute norm map. i

b) We consider the particularly interesting case m = p € Pz: A few examples
are given in Table 13, where h), is the class number of O,,, accompanied by its
factorization. Those marked with an asterisk are the irregular primes, that
is the primes p dividing the class number h,; see (13.3). To determine these
(and more) class numbers, fairly sophisticated techniques are needed (which we
are not able to explain here in any detail), amongst other things employing the
analytical class number formula.
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Table 12: Cyclotomic fields with trivial class group.

[m[ n]l  mx~[d |
1] 1 1
3| 2 1.2
4] 2 1.3
5| 4 1.7
71 6 4.2
8| 4 2.5 |2
9] 6 453
11 | 10 59.0 | 11,23
12| 4 1.9
13 | 12 306.5 | 3°,13,53,79,131,157
15| 8 7.2
16| 8 25.9 | 2,17
17 | 16 13254.1 | (# = 104)
19 | 18 || 105933.3 | (# = 559)
20| 8 12715
21 | 12 103.9 | 2¢,7,43
241 8 14.6 | 22,32
25 | 20 || 443201.3 | (# = 1865)
27 | 18 TTTTT.8 | (F# = 431)
28 | 12 246.3 | 23,7%,132,29,113,197
32|16 33646.6 | (# = 238)
33120 || 148856.0 | (# = 698)
35 | 24 || 4658732.1 | (# = 13646)
36 | 12 288.4 | 25,32,37,73,109, 181
40 | 16 8022.0 | (# = 70)
44 | 20 || 627278.0 | (# = 2576)
45 | 24 || 6389544.8 | (# = 18273)
48 | 16 10646.0 | (# = 88)
60 | 8 2538.2 | (# = 29)
84 | 24 || 7122380.5 | (# = 20191)

Still, we are able to treat the case p := 23: We have already seen in (12.9) that
3 | hi, where more precisely we have (2) = pap, <O, and py € Clg has order
3. We proceed to show that Clg = (p2), thus hx = 3:

We have |disc(K)| = 23*! ~ 4-1028, the relevant Minkowski constant is Mg 11 ~
4.7-1078, which entails that any ideal class contains an ideal of norm at most
mi = Moy 11 - V2321 ~ 9324406.5 < 9324407. Thus we only have to consider
the primes g such that ¢f¢ < 9324407, which leaves 28284 primes. We again
proceed by using the technique described above, but now we consider the prime
q = 2 as successfully treated right from the beginning; this ultimately shows
that all prime ideals to be considered are indeed powers of ps in Clg. i
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Table 13: Class numbers of cyclotomic fields.

L »lh |
31 1
51 1
71 1
11|11 1
131 1
171 1
191 1
23 || 3 3
29 || 8 23
3119 32
* 37 37 37
41 || 121 112
43 || 211 211
47 || 695 5-139
53 || 4889 4889
* 59 || 41241 3-59-233
61 || 76301 41-1861
* 67 || 8563513 67 - 12739
71 || 3882809 7279241
73 || 11957417 89 - 134353
79 || 100146415 5-53-377911
83 || 838216959 3 - 279405653
89 || 13379363737 113 -118401449
97 || 411322824001 577 - 3457 - 206209
x 101 || 3547404378125 | 5°-101-601 - 18701
x* 103 || 9069094643165 | 5-103 - 1021 - 17247691
107 || 63434933542623 | 3 - 743 - 9859 - 2886593

82

(13.2) Units. a) Let m € N such that m # 2 (mod 4), let K := Q({n), and

let O := O,, = Z[(»] be its ring of integers.

Proposition. We have T(0*) = {+(}, € O*;i € Z}.

Proof. Note that —(,, is a primitive (2m)-th root of unity for m odd, while it

is a primitive m-th root of unity for m even. Hence letting T'(O*) = ((x), where
k € N, we have 2m | k and m | k, respectively.

Moreover, we have K = Q((y), entailing ¢(m

) = ¢(k). By the number-theoretic

multiplicativity of Euler’s totient function, since k is a multiple of m, the latter

entails that either m is odd and k = 2m, or m is even and k = m.

i
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b) Since K does not have any real embeddings, but @ non-real ones, we have

tkz (O*/T(0*)) = @ — 1. Apart from that, not too much more can be said
(here) about the general structure of O* /T (O*) (which is the topic of Iwasawa
theory). Alone, for the case of m = p being prime we have the following:

Proposition: Kummer’s Lemma. Let p € Pz be odd. Then for any unit
€ € O, there are 7 € Oy NR and k € Z such that € = r(,’,f € 0,.

Proof. Let ¢ := (,, let O = O,, let G := Autg(K) = (Z/(p))*, and for
i€ (Z/(p))* let € := €% € O*. Letting ~ € G denote complex conjugation, the
set {e;€; 1 € O*;i € (Z/(p))*} is G-stable, and consists of algebraic integers of
complex absolute value 1. Thus we have ee ! = ¢! € T(0*), for some [ € Z.
Since 2 € (Z/(p))*, applying o9 if necessary, we may assume that | = 2k € Z is
even, entailing w := (Fe = £(*e = £(~%e = +w € O*; that is either w € R, in
which case we are done, or w € ¢R.

Hence assume that w = —w. Then, letting p := (1 — () < O we have (p) =
pP~1 < O, thus p is completely ramified in K. Hence we have Gg =G, =G,
saying that p is G-stable, and that G induces only the identity map on O/p.
Hence we have w —w = 2w € p, thus 2 € p, a contradiction. #

(13.3) Remark: Fermat’s Last Theorem. We consider the Fermat equa-
tion X" +Y" = Z" for 1 # n € N, whose non-trivial integral solutions
[x,y, 2] € (Z\{0})? are looked for. It is immediate that we may restrict ourselves
to primitive non-trivial solutions, that is such that additionally ged(zx,y, z) =
1, or equivalently {z,y, z} are pairwise coprime.

For n = 2, the (well-known) non-trivial integral solutions of the equation X? +
Y2 = Z? are called Pythagorean triples, the primitive ones being described
in Exercise (15.11). From this, it follows (easily) that, for n = 4, there are
no non-trivial integral solutions of the equation X* + Y* = Z%; see Exercise
(15.12).

In view of this, the question of solvability of the Fermat equation for general
n is straightforwardly reduced to the case of n being an odd prime. For these
cases we have the following, which has been conjectured by FERMAT [1637]:

Theorem: Fermat’s Conjecture [WILES, TAYLOR-WILES, 1995].
For p € Pz odd, the Fermat equation X? + Y? = ZP does not have any non-
trivial integral solutions. i

The modern (successful) approach by WILES goes back to the observation due
to FREY [1986] and RIBET [1987] (independently), that the truth of Fermat’s
Conjecture follows from the (semi-stable case of) the Shimura-Taniyama-
Weil Conjecture (on the modularity of L-series) for elliptic curves.
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The classical (only partially successful) approach towards Fermat’s Conjecture
runs as follows: Let p € Pz be odd, and let [z,y, 2] be a primitive non-trivial
solution of the equation XP + YP + ZP = 0, where the latter is equivalent to the
Fermat equation, but more symmetric. Then [x,y, z] is said to be in case I if
p 1 xzyz, while otherwise it is said to be in case II; note that in case II precisely
one of {z,y, z} is divisible by p.

Now the standard error made in 19-th century attempts to prove Fermat’s Con-
jecture, most notably made by LAME [1840], was to assume that the p-th
cyclotomic field would be factorial, that is in modern wording would have class
number h, = 1. But KUMMER [1850], being aware of this, was able to show
the truth of Fermat’s Conjecture whenever p is a regular prime, that is p does
not divide hy,. Otherwise p is called irregular; in Table 13 the irregular primes
are marked by an asterisk.

Unfortunately, there are infinitely many irregular primes (which we are not able
to show here), while it is not known whether there are infinitely many regular
ones. Actually, KUMMER’s proof for regular primes, generalizing from the case
hp =1, in case I runs as follows:

(13.4) Theorem. Let 2 # p € Py be a regular prime. Then the equation
XP+4+YP4 ZP = ( does not have any integral solution [z, y, z| such that p 1 zyz.

Proof. i) Let ¢ := ¢, € C, let K := Q((), and let O := Og = Z[(], hence
{¢,...,¢P71} C O is an integral basis, and let G := Autg(K) = (Z/(p))*.

We have (p) = p?~! < O, where p := (1 — () <O, and where G) = G, = G,
saying that p is G-stable, and that G induces only the identity map on O/p.
Hence we have p := (1 — (') < O, for all i € (Z/(p))*. Moreover, letting
~ € G denote complex conjugation, for any w € O we have w —w € p, implying
(w—w)P € pP C pP~! = (p)<O, entailing wP —w? € pO, that is wP = wP € O/(p).
The basic observation relating Fermat’s equation to cyclotomic fields is the
following identity: We have XP —Y? = YP-(($)P=1) = Y7 -[[;cp/(,) (3 —C') =
Hiez/(p)(X —(%Y) e K(X,Y).

ii) Now assume there are pairwise coprime z,y, z € Z such that 2P +y? + 27 =0
where p { zyz. Then we have [[;7/(, (z+ Cly) = aP — (—y)P = 2P +yP = —2P.

Letting a; := (z + ('y) < O, for i € Z/(p), we have [icz/(p) #i = (2)? 2 O; note
that for any prime divisor q < O of a; we have zP € Hiez/(p) a; C q, thus z € q.

We show that the a; are pairwise coprime ideals: Assume there is a prime ideal
such that a; +a; C q< O for some i # j. Then we have (z + ('y) — (z + (Jy) =
C(1— ¢ Yy € q,since ¢ € O* and 1 — ¢(97F ~ 1 — ¢ € O entailing that
(1 =¢)y € gq. Since q is prime, we have y € g or 1 — ¢ € q. If y € g then, since
z € q and y,z € Z are coprime, we conclude that 1 € ¢, a contradiction. If
1—¢ € g, then we have q = (1 — ) = p, so that z € qNZ = (p) < Z, entailing
p | z, a contradiction as well.
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iii) Hence, by uniqueness of prime ideal factorization, we conclude that any of
the ideals a; is a p-th power. In particular, there is a < O such that a; = (x +
Cy) = aP. Thus aP is principal, that is a? = 1 € Clg, from which since p { hg
we conclude that a = 1 € Clg, that is a is principal. Hence letting a = (o) <O,
there is € € O* such that x 4+ (y = eaP. Using Kummer’s Lemma there are
r € O*NR and k € Z/(p) such that € = r¢*. Hence we have (~*(z +(y) = ra?,
so that taking complex conjugates we get ¢~ *(z + Cy) = ¢F(z+ (" ty) € O/(p).

iv) Assume that kK = 0 € Z/(p); then we have x + (y = = + ("ty € O/(p),
thus (¢ — ¢ Yy = ¢"1(¢% — 1)y € pO. Hence, since (2 — 1~ (¢ —1¢€ O, we
have (1 — ()y € (p) = pP~ L, thus y € pP~2NZ = pZ, a contradiction. Similarly,
assume that k = 1 € Z/(p); then we have (~*(z + Cy) = ((z + (" 1y) € O/(p),
thus (¢ — ¢~1)z € pO, which now implies x € pZ, a contradiction. Thus we
have p f kand p 1 (k—1).

We have (%2 + ¢('=Fy — ¢Fz — ¢F~ly € pO. Assume that {+k,+(k — 1)} C
(Z/(p))* are pairwise distinct; then since {¢¥,¢*~1, (7% ¢1=* } belong to an
integral basis of O we infer that p | = and p | y, a contradiction. Hence at
least two of the latter elements coincide, thus we have k = —k+1 € Z/(p), that
is 2k = 1 € Z/(p). This yields (7*(1 — ¢)(z — y) € pO, hence (1 — {)(x —y) €
(p) = pP~L, thus  —y € pP~2 N Z = pZ, that is x =y (mod p).

v) By symmetry we infer that y = 2z (mod p) as well. This entails 2P +y?P + 2P =
32P (mod p). Since p 1 x we infer that p = 3. In the latter case, since (Z/(9))*
has order 6, the subgroup of cubes is {1} C (Z/(9))*, so that x3 4+ ¢® + 23 =
+1+1+1 (mod9), which is a final contradiction. i

Corollary. For the regular prime p = 3 any primitive non-trivial solution of
the equation X3 + Y3 4+ Z3 = 0 belongs to case II.

Actually, it is not too difficult (but still we do not present a proof here) to
show the truth of Fermat’s conjecture for p = 3, of course by making use of the

(quadratic) cyclotomic field Q(¢3) = Q(v/=3).
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V Exercises and references

14 Exercises: Theory

(14.1) Exercise: Wilson’s Theorem [1770].
a) Show that n € Z, n > 2, is a prime if and only if (n — 1)! = —1 (mod n).
b) For p € Pz odd show that ((L;l)!)2 = (—1)% (mod p).

(14.2) Exercise: Primes in arithmetic progressions.

We consider an (easy) special case of Dirichlet’s Theorem [1837] on primes
in coprime residue classes:

a) Show that there are infinitely many p € Pz such that p = —1 (mod 4).

b) Show that there are infinitely many p € Pz such that p =1 (mod 4).

(14.3) Exercise: Discriminants.
Let K C L be a separable finite extension of degree n := [L: K|, and let
S :=[z1,..., 2] be an n-tuple of elements of L. Show that disc(S) # 0 if and
only if § is K-linearly independent.

(14.4) Exercise: Discriminants.

Let R be integrally closed such that K = Q(R), let K C L be a separable finite
extension, and let z € L be integral over R such that L = K(z).

a) For f € R[X] monic such that f(z) = 0, show that disc(z) | Nz;x((0f)(2)).
b) Let pu, € R[X] be the minimum polynomial of z, and let a € R be a root of
Op. Show that p,(a) | disc(z) € R.

(14.5) Exercise: Resultants.
Let R be an integral domain, and f = 377" ; fiX* € R[X]and g = 37" g; X7 €
R[X], where f,,gm # 0. Then the associated Sylvester matrix is defined as

fn fn—l fO
fn o fi Jo
S(f7 g) = 9m GGm-1 - -- z:)i I fo < R(n+m)><(n+m).
9m .o g1 9o
L 9m -+ -+ G0 |

where the upper and lower halves consist of m and n rows, respectively, and let
res(f,g) :=det(S(f,9)) € R be the resultant of f and g.

a) Let K = Q(R), let K be an algebraic closure of K, and let f = f, -
[[i2, (X —a;) € K[X] and g = g [[[2, (X —B;) € K[X]. Show that res(f,g) =
W Tl 9les) = (=1)""gp, - T, F(B) = filgm - T TS (i = By)-



V Exercises and references 87

b) Let R be factorial. Show that ged(f,g) € R[X] is non-constant if and only
if res(f,g) # 0 € R.

c) Let f = X"+ Y fiX? € K[X] be irreducible and separable. Show that
we have disc(f) = (71)(75) -res(f,0f) € K.

(14.6) Exercise: Integral bases.

Let R be a principal ideal domain, let K := Q(R) be its field of fractions, let
K C L be a separable finite extension of degree n := [L: K], let S be the
integral closure of R in L, and let @ € S be a primitive element of L over K.

a) Show that there are fy,..., fn—1 € R[X] monic of degree deg(f;) = i, and
unique (up to associates) dy,...,d,—1 € R,wherel=dy | dy | d2 | -+ | dp_1,
such that {%@a),z € {0,...,n —1}} is an integral basis of L over K.

b) Show that S/R[a] = @?:_01 R/(d;) as R-modules; conclude that disc(a) =
(H;L:_O1 d;)?-disc(S). (Recall that discriminants are only defined modulo (R*)2.)

c) For i,j € {0,...,n — 1} such that i + j < n — 1, show that d;d; | dit;;
conclude that di | d; and d"™" | disc(a).

Hint for a). Let U := (ﬁ(s),z € {0,...,k})g for k € {0,...,n — 1}.

Show that {@,z € {0,...,k}} is an R-basis of Sy := Uy N S, and that
{r € R;rS; C R[a]} = (di) QR.

(14.7) Exercise: Integral bases.

Let K be an algebraic number field, and let O be its ring of integers. Running
through all Q-bases B of K being contained in O, show that B is an integral
basis if and only if |disc(B)| is minimal.

(14.8) Exercise: Stickelberger’s Criterion.

Let K be an algebraic number field of degree n := [K: Q], let O be its ring
of integers, and let B := {a1,...,a,} € K be a Q-basis being contained in O;
then disc(B) € Z. Show that disc(B) = {0,1} (mod 4). In particular, derive
Stickelberger’s Criterion saying that disc(O) = {0,1} (mod 4).

Hint. Use Laplace expansion to compute det(Ag).

(14.9) Exercise: Noetherian rings.

Let R be a commutative ring. Show that the following are equivalent:
i) R is Noetherian, that is R fulfills the ascending chain condition.

ii) Any ideal of R is finitely generated.

iii) Any non-empty set of ideals of R has a maximal element.

(14.10) Exercise: Invertible ideals.
Let R be an integral domain, and let {0} # I < R. Show the following:
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a) If {0} # J <R, then I and J are isomorphic as R-modules if and only if
there are 0 # r, s € R such that rI = sJ.

b) If I is invertible then it is finitely generated. Moreover, I is invertible if and
only if it is a projective R-module (in the categorical sense).

c) The set of invertible ideals forms an Abelian monoid, which is free if and
only if R is a principal ideal domain.

(14.11) Exercise: Dedekind domains.

Let R be a Dedekind domain. Show the following:

a) If R has only finitely many prime ideals, then R is a principal ideal domain.
b) If {0} # a < R, then all ideals of R/a are principal. (Thus if a is a prime
ideal then R/a is a principal ideal domain.)

(14.12) Exercise: Conductors.

Let K C L be an extension of algebraic number fields, and let a < Op. Show
that there is an integral primitive element « of L over K, such that a and the
conductor annp, (Or/Ok[a]) < Oy, are coprime.

(14.13) Exercise: Ramification and resultants.

Let K := Q(w) be an algebraic number field, where w € O = Ok, and let
p € Pz neither dividing annz(O/Z[w]) nor [K: Q]. Give an alternative proof
using resultants to show that p is ramified in K if and only if p | disc(O).

(14.14) Exercise: Ramification.

Let K C L and K C M be extensions of algebraic number fields, and let p € Pk .
Show that if p splits completely (respectively, is unramified) in both L and M,
then p splits completely (respectively, is unramified) in LM.

Conclude that p splits completely (respectively, is unramified) in L if and only
if p splits completely (respectively, is unramified) in the normal closure of L.

(14.15) Exercise: Schmidt’s Theorem.

Let K C L be algebraic number fields such that [L: K] is a prime and the normal
closure of L has solvable K-automorphism group, and let p € Py be unramified
in L, possessing prime divisors q # q' € Pr(p) such that fx(q) = fx(q') = 1.

Show Schmidt’s Theorem, saying that p is completely split in L.

Hint. Use Galois’s Theorem, saying that any non-trivial element of a tran-
sitive permutation group of prime degree fixes at most one point.

(14.16) Exercise: Galois ramification.
Let K C L be a Galois extension of algebraic number fields, and G := Autg (L).

a) Assume that G is non-cyclic. Show that there are only finitely many prime
ideals in K which are non-split in L.
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b) Let q € Pr, such that Dy is normal in G. For any intermediate field K C
M C L show that M C D, if and only if p splits completely in M.

(14.17) Exercise: Galois ramification.

Let K C L be a Galois extension of algebraic number fields, let G := Autg (L),
and let p € Pg. Show the following:

a) If p is inert in L, then G is cyclic.

b) If p is completely ramified in all intermediate fields K C M C L, but not
so in L, then G is cyclic of prime order. Likewise, if in all intermediate fields
K C M C L there is only a single prime lying over p, but not so in L, then G
is cyclic of prime order.

c) If p is unramified in all intermediate fields K C M C L, but not so in L, then
G has a unique smallest non-trivial subgroup H. Likewise, if p splits completely
in all intermediate fields K € M C L, but not so in L, then G has a unique
smallest non-trivial subgroup H.

d) If p is inert in all intermediate fields K C M C L, but not so in L, then G
has prime power order.

Hint for d). If a finite group G has a unique smallest non-trivial subgroup
H, then G has prime power order, and H is a central subgroup of prime order.

(14.18) Exercise: Biquadratic fields.

Let K # L be quadratic algebraic number fields, and let p € Pxz.

a) Show that p might be completely ramified in K and L, but not so in KL.
Likewise, show that in both K and L there might be only a single prime lying
over p, but not so in K L.

b) Show that p might be unramified in K and L, but not so in K L. Likewise,
show that p might split completely in K and L, but not so in K L.

c) Show that p might be inert in K and L, but not so in K L. Likewise, show
that p might be pure in K and L, but not so in KL.

d) Still, if p is inert in all quadratic subfields of K L, what happens in KL?

e) Letting p € Pk (p), provide examples for [e(p), f(p)] € {[1,2], [2, 1], [2, 2]}

(14.19) Exercise: Full lattices.

Let V' # {0} be an Euclidean R-vector space, and let A C V be a lattice. Show
that A is a full lattice if and only if the quotient group V/A, equipped with the
quotient topology, is compact.

(14.20) Exercise: Fundamental domains.
Let n € N, let A C Z™ C R"™ be a full sublattice, and let F C R"™ be a
fundamental domain for A. Show that vol(A) = |F NZ"|.

(14.21) Exercise: Minkowski’s Theorem.

We consider the Euclidean space R?", where n € N. Show that the limit
|Br(0)NZ*"|
oo

lim,., p

exists, and compute its value.
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(14.22) Exercise: Minkowski’s Lattice Point Theorem.
Let V be an Euclidean R-vector space such that n := dimg(V) € N, and let
A C V be a full lattice. Show that the volume bound in Minkowski’s theorem

cannot be improved in general, by exhibiting a convex and centrally symmetric
subset X C V such that vol(X) = 2" - vol(A), but AN X = {0}.

(14.23) Exercise: Minkowski’s Linear Form Theorem.

Let A = [a;;] € GL,(R), where n € N, and for j € {1,...,n} let L;: R" —
R: [z1,...,2,] — >, @;a;5, that is the R-linear form given by the j-th column
of A. Moreover, let c1,...,c, € R such that ¢; > 0 and H?Zl c; > | det(A).

Show Minkowski’s Linear Form Theorem saying that there are a1, ..., a, €
Z such that |L;(a1,...,an)| <c¢j, forall j € {1,...,n}.

(14.24) Exercise: Minkowski’s Discriminant Theorem.

Let K be an algebraic number field of degree n := [K: Q], having r real and s
pairs of non-real embeddings. Give an alternative proof of Minkowski’s Discrim-
inant Theorem, avoiding Stirling’s Formula, by showing directly that ﬁ > %.

Hint. Show that "n—T > 271 for n € N.

(14.25) Exercise: Real and non-real embeddings.

Let K be an algebraic number field. How can the number of real and of non-
real embeddings of K (into the complex numbers C) be determined from the
minimum polynomial of a primitive element of K over Q7

(14.26) Exercise: Totally real number fields.

Let K be an algebraic number field, such that all its embeddings into C are
real, and let ) # S C Injo(K). Show that there is a unit € € Of such that
0<e? <lforalloes, and 1< e forall o € Injy(K)\S.

(14.27) Exercise: Units in real subfields.

Let K be a Galois number field, let K/ := K NR.

a) Show that complex conjugation restricts to an automorphism of K, that
[K: K'] <2, and that K’ is Galois if and only if K’ has only real embeddings.
b) Show that the index [OF : O] is finite if and only if complex conjugation
is in the center of Autg(K).

c) Let K be the normal closure of a cubic field Q(/m). Show that [0} : O] is
infinite, and that there is a unit of infinite order in O} having complex absolute
value 1.

(14.28) Exercise: Kummer’s Lemma.

Let K be an algebraic number field, whose normal closure has Abelian auto-
morphism group. Show that any unit € € O} can be written as e = r( € C,
where r € R and ¢ € C is a root of unity, and both r and ¢ belong to K or a
quadratic extension of K.
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(14.29) Exercise: Finiteness of class groups.
This is an alternative approach to prove the finiteness of class groups of algebraic
number fields, without using Minkowski’s Theorem:

a) Let K be an algebraic number field, let O := Ok be its ring of integers, let
B C O be an integral basis, and let cx = HJGIHjQ(K)(Zweg Jw?]) € R. Show

that for any ideal {0} # a <O there is 0 # « € a such that |Ng(a)| < cx - N(a).

b) Show that any ideal class of O contains an ideal a such that N(a) < ck.
Compare cx with the Minkowski bound bx = M, s - \/|disc(K)|, where r and s
are the number of real and of non-real embeddings of K, respectively.

(14.30) Exercise: Finiteness of class groups.
This is a simplified approach to prove the finiteness of class groups of algebraic
number fields, using Minkowski’s Theorem but yielding a weaker bound:

a) Let K be an algebraic number field, let O := O be its ring of integers, and
let 7 and s be the number of real and of non-real embeddings of K, respectively.
Show that any ideal {0} # a < O possesses an element 0 # « € a such that
[Nk (@) < (2)* - /Idisc(K)| - N(a).

b) Conclude that any ideal class of O contains an ideal a such that N(a) <
(2)* - y/|disc(K)|. Compare this with the Minkowski bound M, - y/|disc(K)].
Hint for a). Use a subset of R™ consisting of the vectors [z1,...,z,] such
that |z;| < ¢; fori € {1,...,r}, and :ﬂf+2j71 + xfﬁj < ¢py  for j e {1,...,s},
where c1, ..., ¢4 € Rsuch that ¢, > 0 and [[, 2] cx > (2)*-/|disc(K)[- N(a).

(14.31) Exercise: Four-squares theorem.

a) Show that an integer of shape 4% - (8k — 1), where a € Ny and k € N, cannot
be written as a sum of three squares in Z. (The converse also holds [LEGENDRE,
1798], but we are not able to show this here.)

b) Show that if p € Pz is odd, then 4p is a sum of four odd squares in Z.

(14.32) Exercise: Legendre symbols.
Let p € Pz be odd. Show that p can be written as p = a? 4 2b%, where a,b € Z,
if and only if p=1 (mod 8) or p =3 (mod 8).

(14.33) Exercise: Legendre symbols.
Let 0 # a € Z. Show that

a) there are infinitely many odd primes p € P such that p 1 a and (%) =1;
a —1.
p

b) there are infinitely many odd primes p € P such that p { a and ( )

(14.34) Exercise: Quadratic polynomials.
a) For a € Z, show that any prime divisor p of 4a®>+1 € Z fulfills p = 1 (mod 4).
b) Show that any prime divisor p of 9a? + 3a + 1 € Z fulfills p=1 (mod 3).
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(14.35) Exercise: Primes in arithmetic progressions.

We consider another (easy) special case of Dirichlet’s Theorem [1837] on
primes in coprime residue classes:

a) Show that there are infinitely many p € Pz such that p = —1 (mod 3).

b) Show that there are infinitely many p € Pz such that p =1 (mod 3).

(14.36) Exercise: Primes in arithmetic progressions.

Show a (not so easy) special case of Dirichlet’s Theorem [1837] on primes in
coprime residue classes: For any n > 2 there are infinitely many primes p € Py,
such that p =1 (mod n).

Hint. Assume to the contrary that there are only finitely many such primes, and
let m be their product. Then choose a € Z and g € Pz such that ¢ | @, (anm).

(14.37) Exercise: Abelian Galois groups.
Show that for any finite Abelian group G there is a Galois algebraic number
field K such that Autg(K) = G.

Hint. Use Dirichlet’s Theorem.

15 Exercises: Examples

(15.1) Exercise: Euclidean quadratic fields.

For d € 7\ {0, 1} square-free let Oy be the ring of integers of Q(v/d).

a) Ford e {-2,-1,2,3} U {-11,-7,-3,5,13} show that O, is Euclidean with
respect to the absolute norm map.

b) For d < —13 show that O4 is not Euclidean (for any degree map).

Hint for a). Generalize the method used for Z[i].

(15.2) Exercise: Factorial imaginary quadratic fields.
For d € Z\ {0, 1} square-free let O4 be the ring of integers of Q(v/d). Show that
O, is factorial, by showing that it has trivial class group, for

de{-1,-2,-3,—7,—11,-19, —43, —67, —163}.

(15.3) Exercise: Factorial imaginary quadratic fields.
For 0 > d € Z square-free let O4 be the ring of integers of Q(v/d).

a) If Oy has trivial class group, show the following:

i) We have d =5 (mod 8), unless d € {—1,—-2, —7}.

ii) If 2 # p € Pz such that p f d and 0 < —d < 4p, then (%) =-1.

iii) If d < —19, then d = {—43, —67, —163, —403, —547, —667} (mod 840).

b) Determine all —2000 < d < 0 such that Oy has trivial class group.
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(15.4) Exercise: Factorial quadratic fields.

For d € Z\ {0, 1} square-free let Oy be the ring of integers of Q(v/d), and assume
that Qg4 has trivial class group. Show the following;:

a) If p € Pz is not inert, then there is o € Oy such that |N(«)| = p.

b) If 2 # p € Py is ramified, and o € Oy such that p  N(«), then (%0‘)) =1.

¢) For d < —2 we have d =1 (mod 4) and —d € Pz.
d) For d > 1 we have d € Pz, or d = pq for p, q € Pz such that p,q Z 1 (mod 4).

Hint for c¢) and d). Use Dirichlet’s Theorem, and consider Legendre symbols.

(15.5) Exercise: Non-factorial quadratic fields.

For d € 7\ {0, 1} square-free let O4 be the ring of integers of Q(v/d). Show that
Oy is not factorial for the following d (actually these are all cases for |d| < 30), by
exhibiting elements having non-unique factorizations into irreducible elements:
i) de {5 —6,-10,-13, 14, —15, —17, —21, —22, —23, —26, —29, —30}.

ii) d € {10, 15, 26, 30}.

(15.6) Exercise: Class numbers of quadratic fields.

For d € 7\ {0,1} square-free let Oy be the ring of integers of Q(v/d), let Cly be
its class group, and let hy € N be its class number. Show the following:

i) If d € {2,3,5,6,7,173,293, 437}, then hy = 1.

ii) If d € {6, —10,10}, then hy = 2.

iii) If d € {—23, —31, —83, —139, 223}, then hy = 3.

iv) If d € {—14, -39}, then hy = 4, where Cly is cyclic.

v) If d € {—21,-30}, then hg = 4, where Cl; is non-cyclic.

vi) If d = —103, then hg = 5.

(15.7) Exercise: Class numbers of biquadratic fields.
Determine the ring of integers of the biquadratic field K := Q(v/2,+/—3), and
its class number. Compare with the class number of its quadratic subfields.

(15.8) Exercise: Non-factorial domains.

For d € 7\ {0,1} square-free let Oy be the ring of integers of Q(+/d), and let
Ry = Z[Vd] C Og; recall that Rq = O if and only if d # 1 (mod 4).

a) Let d < —3 be odd. Show that 2 € Ry is irreducible but not prime.

b) Let d < —5 such that d = —1 (mod 4). Show that d — 1 and 2 + 2+v/d do not
have a greatest common divisor in Rg.

c) Let d := —3. Show that there is a unique prime ideal p << R_3 containing (2),
and show that p # (2) and p? = 2p. Is (2) a product of prime ideals?

What do the above results imply for Q47

(15.9) Exercise: Factorization of ideals.
For d € Z\ {0, 1} square-free let Oy and O, be the ring of integers of Q(v/d) and
Q(v/2,V/d), respectively. Determine the factorization of the following ideals:
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a) i) (6) ﬂ 030, li) (6) ﬂ 0767 ill) (14) S] 0710, iV) (30) ﬂ 0729.
b) i) (6) < O_3, ii) (14) < O_5

(15.10) Exercise: Primes as sums of two squares (GAP).

a) Write a GAP program implementing the (extended) Euclidean algorithm for
the Gaussian integers Z[i]. (Of course, any other computer algebra system may
be used as well. As far as GAP is concerned, the Euclidean algorithm is readily
available there, but you should implement it on your own, only building on GAP
functions whose names do not contain capital letters.)

b) Write a GAP program which for a prime p € Pz such that p = 1 (mod 4)
computes its decomposition as a sum of two squares in Z. (Think of an effi-
cient method to compute a primitive 4-th root of unity modulo p.) Try your
implementation for a few large primes p. How far do you get?

(15.11) Exercise: Pythagorean triples.

Show that the primitive positive integer solutions of the equation X2 +Y?2 = Z?2
are the triples [z,v,2] and [y,z, 2] such that 2 = u? — v? and y = 2uv and
z = u? +v?, for some u,v € Z coprime such that u > v > 1 and 2 | uv.

Hint. Use the ring Z[d].

(15.12) Exercise: Fermat equation.
Show that for n = 4 there are no non-trivial integral solutions of the Fermat
equation X" +Y" = Z".

Hint. Consider a primitive solution [z,y, u] € N? of the equation X*+Y* = U?,
where v is minimal, and use the classification of primitive Pythagorean triples.

(15.13) Exercise: Diophantine equations.

a) Show that n = 0 is the only integer such that n? + 1 is a cube.

b) Show that n € {2,411} are the only integers such that n? + 4 is a cube.
c) Show that there is no integer n such that n? + 5 is a cube.

Hint. In a) and b), use the ring Z[i], and in b) distinguish the cases n even and
odd; in c), use the ring Z[/—5].

(15.14) Exercise: Diophantine equations.
Show Fermat’s Theorem, saying that n = 26 is the only integer such that
n — 1 is a square and n + 1 is a cube.

Hint. Use the ring Z[v/—2].

(15.15) Exercise: Diophantine equations.
Show the Ramanujan-Nagell Theorem, saying that n € +{1,3,5,11,181}
are the only integers such that n? + 7 is a 2-power.
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Hint. Use the ring Z[a], where o := (1 + /=7), which by Exercise (15.1) is
factorial, and recall that N(a) = 2.

(15.16) Exercise: Lind-Reichardt equation.

a) Show that the diophantine equation X4 = 2Y2 + 17 has a solution modulo
any prime p € Pz such that p = +1 (mod 8) or p = 3 (mod 8). What happens
for p= -3 (mod 8)7

b) Show that the equation X* = 2Y2 41724 has no non-trivial integral solution.

(15.17) Exercise: Rings of integers in cubic fields.
For m € {3,5,6,7} let K := Q(&/m). Determine the embeddings of K into C,
an integral basis of K, the ring of integers of K, and its discriminant.

(15.18) Exercise: Rings of integers in cubic fields.

a) Let K := Q(3/175). Determine the embeddings of K into C, an integral
basis of K, the ring of integers O C K, and its discriminant.

b) Show that K does not have an integral basis {1,w,w?} for any w € O.

Hint for a). Consider v/245 € R as well.

(15.19) Exercise: Rings of integers in cubic fields.
Let o € R such that o® = o+ 4. Show that {1, (1 + a)} is an integral
basis of Q(«), and determine its discriminant.

(15.20) Exercise: Rings of integers in cubic fields.

We consider Dedekind’s example K := Q(a), where @ € R is such that
a4+ a? —2a+ 8 = 0. Let O be the ring of integers of K.

a) Show that {1,c, a(1 + a)} is an integral basis of K, and determine the
discriminants disc(O) and disc(Z[«]).

b) Show that the prime 2 splits completely in K.

¢) Show that the index [O: Z[w]] is even, for any w € O \ Z. Conclude that K
does not have an integral basis consisting of powers of a single element.

(15.21) Exercise: Decomposition fields and inertia fields.

Let K := Q(¥/19) and p := 3.

a) Compute the normal closure K C L C C, determine Autg(L) and the embed-
dings of K into C, an integral basis of L, its ring of integers, and its discriminant.
b) Compute the factorization of p in K and in L, determine the associated
decomposition and inertia fields, with respect to both Q and K, and compute
the factorization of p in these intermediate fields.

(15.22) Exercise: Class numbers of cubic number fields.

a) For m € {3,5,6,17,19} let K := Q(/m), and let O,, be its rings of integers.
Determine O,, for m € {17,19} (recall O, for m € {3,5,6} from Exercise
(15.17)), and show that O,, has trivial class group.



V Exercises and references 96

b) Find the ring of integers of Q(+/19), and show that it has class number 3.
c) Let a € R such that a® = a+ 1, and let 3 € R such that 3% = 3+ 7. Show
that both Q(a)) and Q(3) have trivial class group.

(15.23) Exercise: Units in cubic number fields.

a) Let K be a cubic number field having a unique real embedding, and O := Ok
Show that O* = £ (€), where ¢ > 1 is a uniquely defined fundamental unit.

b) Let p - exp(+ip) € C be the algebraic conjugates of €, where p > 0 and 0 <
¢ < 7. Show that € = p=2 and that disc(e) = —4sin(p)? - (p> + p~3 — 2 cos(p)),
and conclude that |disc(e)| < 4(e® + 73 +6).

c) Let d := |disc(O)|. Show that 3 > 9=28 where for d > 33 even € > 4227,

(15.24) Exercise: Units in cubic number fields.

a) For m € {2,3,5,6,7} let K := Q({/m). Determine the fundamental unit
€ € O} such that e > 1.

b) Let @ € R such that a® + @ —3 = 0, and let K := Q(a) Determine its ring
of integers O, show that K has only one real embedding, and determine the
fundamental unit € € O* such that € > 1.

c) Let 8 € R such that % — 28 — 3 =0, and let K := Q(3) Determine its ring
of integers O, show that K has only one real embedding, and determine the
fundamental unit € € O* such that € > 1.

(15.25) Exercise: Factorization of ideals (partly GAP).

Let a € R such that o® = 5(a + 1), let K := Q(a), and let O := Ok.

a) Show that disc(Z[a]) = 32 - 5° - 41, and that annz(O/Z[a]) = (3) < Z.

b) Using GAP, compute the factorization of pO <1 O for the rational primes
p # 3 up to 10* (say). What do you observe for the inertia degrees occurring?

(15.26) Exercise: Norms in cyclotomic number fields.

Let ¢ :=¢5 € C, let K :=Q((¢), and let O := O = Z[¢].

a) For any a € O show that N(a) = 1-(a*—5b?) for suitable a,b € Z. Conclude
that the group of units of O is infinite.

b) Show that N(a+ b() = Z:?:O(—1)iaib4’i7 for a,b € Z. Use this to calculate
N(C+k) for k € {—3,—2,2,3,4}, and write the latter as products of irreducible
elements of O. Similarly, provide factorizations of 11, 31, and 61 in O.

Hint for a). Use Gaussian sums.

(15.27) Exercise: Euclidean cyclotomic number fields.

For m € N let (,,, € C be a primitive m-th root of unity, let Q((,,) be the m-th
cyclotomic field; then Z[(,,] is its ring of integers.

a) Show that Z[(s] is Euclidean.

b) Show that Z[(5] is Euclidean.



V Exercises and references 97

(15.28) Exercise: Real subfields of cyclotomic fields.

Let ¢ := {, € C be a primitive m-th root of unity, where m > 3, let w := ¢+¢ ™1,
let K := Q(w) and let O := Ok.

a) Show that K = Q(¢) NR and that O = Z[w].

b) Let m := p be an odd prime. Show that disc(O) = P

Hint. Show that both the sets {¢~*=1 ... ¢, 1,¢,...,¢* 1} € Q(¢) and
{L,w, ¢, Cw, ..., ¢F1 P tw} € Q(C) are integral bases, where k:@.

(15.29) Exercise: Cyclotomic fields (partly GAP).

a) Let r, e, f € N. Show that there are rational primes p,l € Pz such that p =1
(mod e), and p splits into r distinct prime ideals in Q(¢;), and such that Q(¢;)
has a subfield of degree rf. How does p split in this subfield?

b) Assuming the above setting, show that Q((,;) has a subfield in which p splits
into r prime ideals, each having ramification index e and inertial degree f.

c) Write a GAP program which for r, e, f € N computes rational primes p, [ and
a subfield of Q((,;) as above. Apply this in particular for e := 2, f :=3, r := 5.

(15.30) Exercise: Non-factorial cyclotomic number fields (GAP).
Show that the ring of integers of Q((31) is not factorial.

Hint. Use an element of small norm, and a suitable quadratic field.

(15.31) Exercise: Units in cyclotomic number fields.
Let m € N, let K, := Q(Gn) and Oy, := Ok, = Z[(m), let K, = Q((n) NR
and O}, := Ok: = Z[(m + ('], see Exercise (15.28).

a) For k € (Z/(m))* show that 1725"1 € Of,. (The subgroup of O, generated

1_m

by these elements is called the group of cyclotomic units.)

b) Let p € Pz. Show that O = () x (O),)".

c) Now let p := 5. Determine K} and Of and (0%)*, and show that we have
O3 ={¢§ -1+ ()" € Os;k € (Z/(5))*,n € Z}.

(15.32) Exercise: Class numbers of cyclotomic number fields.
For p € {7,11,13} let w := (, + ¢, ' € C, let K := Q(w), and let O := Z[w] be
its ring of integers, see Exercise (15.28). Show that O has trivial class group.

(15.33) Exercise: Quadratic and cyclotomic fields.

a) Show that any quadratic field is a subfield of a suitable cyclotomic field.
b) Let n > 3 be odd. Describe the quadratic subfields of Q((,).

c) Let k > 3. Describe the quadratic subfields of Q((ax ).

(15.34) Exercise: Ramification in function fields.
Let F € {R,C}. We consider the plane curve {[t?,t] € F?;¢ € F}, having affine
coordinate algebra S := F[X,Y]/(Y? — X). Letting R := F[X] and K := Q(R),
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the projection morphism onto the first coordinate gives rise to the natural F-
algebra homomorphism 7: R — §: X — X.

a) Show the following: The ring S is a univariate polynomial algebra; let L :=
Q(S). The map = is injective; hence we may consider R as a subalgebra of S.

The field extension K C L is Galois; determine the degree [L: K]. The ring
extension R C S is finite, S is the integral closure of R in L, and S is a
free R-module. Determine the trace R-bilinear form of S, and compute the
discriminant discg(S) € R/(F*)? of S.

b) Determine the sets Pr and Pg of non-zero prime ideals of R and .S, respec-
tively, and show the following:

Both sets consist of maximal ideals. The sets Pg(p) := {q € Ps;qN R = p} for
p € Pg, are non-empty and form a partition of Pg. Actually, Pg(p) consists of
a single orbit under Autg (L), and we have pS = ([[,ep () 0)* < S, for some
ep € N. What is the geometrical interpretation of the ramification index e,?
How does ramification relate to the discriminant discg(S)?

Letting E := S/q, then E is independent of the choice of q € Pg(p); determine
the embedding F C [, and the degree f, := [E: F] € N. We have |Pg(p)| - e -
fo = [L: K]. What is the geometrical interpretation of the inertia degree f,?
Determine the associated decomposition and inertia groups.

Hint for b). For F = C distinguish the cases z = 0 and = # 0, while for
F = R distinguish the cases © = 0 and x > 0 and x < 0.

(15.35) Exercise: Values of polynomials.

Let f := X2+ aX + b € Z[X] be irreducible, let im(f) be the image of the
polynomial function f: Z — Z, let Py C Pz be the set of prime divisors of the
elements of im(f), and let Ps C Pz be the set of prime divisors of  := disc(f).

Show that Py \ Ps is the preimage of a subgroup of (Z/(4))* of index 2.

(15.36) Exercise: Carmen de Hastingae Proelio.
All historians know that there is a great deal of mystery and uncertainty con-
cerning the details of the ever-memorable battle [near Hastings| on that fatal
day, October 14, 1066. Here is the passage in question:

The men of Harold stood well together, as their wont was, and formed sizty
and one squares, with a like number of men in every square thereof, and woe
to the hardy Norman who ventured to enter their redoubts; for a single blow of
a Saxon war-hatchet would break his lance and cut through his coat of mail...
When Harold threw himself into the fray the Sazons were one mighty square of
men, shouting the battle-cries ‘Ut!’, ‘Olicrosse!’, ‘Godemitée!’.

What is the smallest possible number of men there could have been?
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(15.37) Exercise: Archimedes’s Problema Bovinum.

If thou art diligent and wise, O stranger, compute the number of cattle of the
Sun, who once upon a time grazed on the fields of the Thrinacian isle of Sicily,
divided into four herds of different colours, one milk white, another a glossy
black, a third yellow and the last dappled. In each herd were bulls, mighty in
number according to these proportions: Understand, stranger, that the white
bulls were equal to a half and a third of the black together with the whole of
the yellow, while the black were equal to the fourth part of the dappled and a
fifth, together with, once more, the whole of the yellow. Observe further that
the remaining bulls, the dappled, were equal to a sixth part of the white and a
seventh, together with all of the yellow. These were the proportions of the cows:
The white were precisely equal to the third part and a fourth of the whole herd of
the black; while the black were equal to the fourth part once more of the dappled
and with it a fifth part, when all, including the bulls, went to pasture together.
Now the dappled in four parts were equal in number to a fifth part and a sixth of
the yellow herd. Finally the yellow were in number equal to a sixth part and a
seventh of the white herd. If thou canst accurately tell, O stranger, the number
of cattle of the Sun, giving separately the number of well-fed bulls and again the
number of females according to each colour, thou wouldst not be called unskilled
or ignorant of numbers, but not yet shalt thou be numbered among the wise.

But come, understand also all these conditions regarding the cattle of the Sun.
When the white bulls mingled their number with the black, they stood firm, equal
in depth and breadth, and the plains of Thrinacia, stretching far in all ways,
were filled with their multitude. Again, when the yellow and the dappled bulls
were gathered into one herd they stood in such a manner that their number,
beginning from one, grew slowly greater till it completed a triangular figure,
there being no bulls of other colours in their midst nor none of them lacking. If
thou art able, O stranger, to find out all these things and gather them together
in your mind, giving all the relations, thou shalt depart crowned with glory and
knowing that thou hast been adjudged perfect in this species of wisdom.

Hint. The first part amounts to solving a system of diophantine linear equa-
tions, the second part leads to a Pell equation; anyway you better use GAP.
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