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L’algèbre n’est qu’une géométrie écrite, la géométrie n’est qu’une algèbre figure.
(Algebra is but written geometry, and geometry is but figured algebra.)

[Marie-Sophie Germain, 1776–1831]

Abstract

Algebraic Geometry, as a modern mathematical discipline, has its roots in
the study of sets of solutions of systems of polynomial equations in affine
or projective spaces over algebraically closed fields. These sets are called
affine and projective algebraic varieties, respectively. To understand their
structure, aspects of commutative algebra, topology, differential geometry,
number theory, and algorithmic algebra play a vital role.
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1 Introduction

(1.1) Example: Solving polynomial equations. Let X := {X,Y, Z} be
indeterminates over C, and let C[X ] be the associated polynomial C-algebra.
We consider the following polynomials in f, g, h ∈ C[X ]:

f := X + Y + Z − 1,
g := X2 + Y 2 + Z2 − 1,
h := X3 + Y 3 + Z3 − 1,

and let I := 〈f, g, h〉EC[X ] be the ideal generated by them. We aim at finding
the solutions of the equations ‘f = g = h = 0’, that is the vanishing set

V(f, g, h) := {[x, y, z] ∈ C3; f(x, y, z) = g(x, y, z) = h(x, y, z) = 0}.

Then we have V(f, g, h) = V(I) = {v ∈ C3; p(v) = 0 for p ∈ I}.
i) In order to determine V(I), we try to find suitable elements of I by ‘elim-
inating indeterminates’: To this end, we order monomials lexicographically
with respect to ‘X > Y > Z > 1’, and apply polynomial division iteratively.
(This falls short of applying the full Buchberger algorithm, but suffices here
to actually find a Gröbner basis.) We successively get:

Dividing h by f we get b′ := h − X2f = −X2Y − X2Z + X2 + Y 3 + Z3 − 1,
and proceeding further we obtain

b := 1
3

(
b′ + (XY +XZ −X − Y 2 − 2Y Z − Z2 + 2Y + 2Z − 1)f

)
= −Y 2Z + Y 2 − Y Z2 + 2Y Z − Y + Z2 − Z.

Similarly, dividing g by f we get c′ := g−Xf = −XY −XZ+X+Y 2 +Z2−1,
and proceeding further we obtain

c :=
1

2

(
c′ + (Y + Z − 1)f

)
= Y 2 + Y Z − Y + Z2 − Z.

Finally, dividing b by c we get d := b+ (Z − 1)c = Z3 − Z2.

Hence we have I = 〈f, g, h〉 = 〈c, b, f〉 = 〈d, c, f〉EC[X ]. Now let [x, y, z] ∈ V(I).
Then from d = Z(Z − 1) we get z ∈ {0, 1}. Next, from c = Y 2 + Y (Z − 1) +
Z(Z − 1), for z = 1 we get y = 0, and for z = 0 we get y ∈ {0, 1}. Finally, from
f = X + Y +Z − 1, for [y, z] ∈ {[0, 1], [1, 0]} we get x = 0, and for [y, z] = [0, 0]
we get x = 1. Hence we have V(I) = {[0, 0, 1], [0, 1, 0], [1, 0, 0]}. (Note that we
have three indeterminates, three equations, and a finite vanishing set.) ]

ii) In the present case, next to the general attack using polynomial division,
there is an approach taking advantage of the particular situation:

The symmetric group S3 acts on C[X ] by C-algebra automorphisms given by
permuting the indeterminates. Since f, g, h ∈ C[X ] are S3-invariant, so is I =
〈f, g, h〉 E C[X ], and thus S3 also acts on V(I). (We are tempted to say ‘by
automorphisms’, but so far we do not have any structure on the set V(I).)
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Appealing to the Newton identities for symmetric polynomials, entangling
power sum polynomials and elementary symmetric polynomials, we infer that

e2 =
1

2
(f2 − g + 2f) = XY +XZ + Y Z,

e3 =
1

3
(h− f3 + 3fe2 − 3g− 3e2 + 3f) =

1

6
(2h+ f3 − 3fg+ 3f2 − 3g) = XY Z.

Thus we have I = 〈f, g, h〉 = 〈f, e2, e3〉 E C[X ]. (Noting that f = e1 − 1, we
actually have C[f, g, h] = C[f, e2, e3] = C[e1, e2, e3] = C[X ]S3 ⊆ C[X ], where
C[X ]S3 denotes the C-subalgebra of S3-invariants.)

Now let again [x, y, z] ∈ V(I). Then e3 = XY Z shows, using the S3-action,
that we may assume x = 0. Next, e2 = XY + XZ + Y Z shows, using the
S3-action again, that we may assume y = 0 as well. Finally f = X + Y +Z − 1
yields z = 1. Thus in conclusion we get V(I) = {[0, 0, 1], [0, 1, 0], [1, 0, 0]}. ]

iii) We observe that the computations in both parts i) and ii) still hold true,
if we replace the base field C by any (algebraically closed) field of character-
istic different from {2, 3}. We treat the latter cases separately: (Note that in
both cases we have two equations remaining, and the associated vanishing set
essentially has a single free parameter.)

Let first K be an algebraically closed field of characteristic 3. Then we have
h = f3 ∈ K[X ], so that I = 〈f, g〉, entailing I = 〈f, c〉. Thus we may choose
z ∈ K freely; then y ∈ K is a zero of c(Y, z) = Y 2 + (z − 1)Y + z(z − 1), that is
y ∈ {z−1±

√
1− z}; and finally we get x = 1−y−z = z−1∓

√
1− z ∈ K. Thus

V(I) has a surjective projection onto K, given by the third coordinate, whose
fibers over K \ {1} have cardinality 2, while the fiber over 1 equals {[0, 0, 1]}. ]
Let now K be a field of characteristic 2. Then we have g = f2 ∈ K[X ], so that
I = 〈f, h〉, entailing I = 〈f, b〉. Thus we may choose z ∈ K freely; then y ∈ K is
a zero of b(Y, z) = (z + 1)Y 2 + (z + 1)2Y + z(z + 1) = (z + 1)(Y + 1)(Y + z),
that is y ∈ {1, z} ⊆ K if z 6= 1, while we may choose y ∈ K freely if z = 1;
and finally we get x = 1 + y + z ∈ K, thus {[z, 1, z], [1, z, z]} if z 6= 1, while
{[y, y, 1]} if z = 1. Thus V(I) has a surjective projection onto K, given by the
third coordinate, whose fibers over K \ {1} have cardinality 2, while the fiber
over 1 has cardinality |K| (which is not an entirely satisfying description). ]

(1.2) Example: The Sudoku game. Let N ∈ N. A Sudoku problem of
size N is an N2 × N2 square tableau, covered by N2 boxes of size N × N ,
to be filled with numbers in N := {1, . . . , N2}, such that the entries in each
row are pairwise distinct, the entries in each column are pairwise distinct, and
the entries in each box are pairwise distinct. To start with, a few entries are
prescribed. A Sudoku problem is called well-posed, if the prescribed tableau
can be completed uniquely. The classical Sudoku game is the case N = 3, but
N = 2 is already suitable to do experiments, while N = 1 is trivial; see Table 1.

Let X := {Xij ; i, j ∈ N} be indeterminates, and let A := Q[X ] be the associated
polynomial Q-algebra. Then filling in the entry mij in position [i, j] amounts
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to specializing Xij 7→ mij . Hence a completed tableau is translated into the
maximal ideal M := 〈Xij − mij ; i, j ∈ N〉 C A; note that dimQ(A/M) = 1.
Moreover, combinatorial conditions required to be fulfilled by the solutions of a
Sudoku problem are translated into polynomial conditions as follows:

i) Let X be an auxiliary indeterminate, and let p :=
∏
k∈N (X − k) ∈ Q[X].

Then the entries being in N gives rise to S := {p(Xij) ∈ A; i, j ∈ N}.
Moreover, prescribing the entries in positions M⊆ N ×N gives rise to

Sp := {Xij −mij ∈ A; [i, j] ∈M}.

ii) Let Y be another auxiliary indeterminate. Then for i ∈ N0 we have Xi−Y i =

(X − Y ) ·
∑i−1
j=0X

jY i−j−1 ∈ Q[X,Y ]. Writing p :=
∑
i≥0 piX

i, where pi ∈ Q,

we get p(X) − p(Y ) =
∑
i≥0 pi · (Xi − Y i), showing that (X − Y ) | p(X) −

p(Y ) ∈ Q[X,Y ], so that q(X,Y ) := p(X)−p(Y )
X−Y ∈ Q[X,Y ] is a polynomial indeed.

Moreover, specializing Y 7→ X yields q(X,X) =
∑
i≥1 pi · iXi−1 = (∂p)(X),

where ∂ denotes the formal derivative.

Thus for x, y ∈ N we get: If x 6= y, then 0 = p(x) − p(y) = (x − y)q(x, y),
implying q(x, y) = 0. If x = y, then q(x, x) = (∂p)(x), where since p has the
zeroes N , all of which are simple, we conclude that (∂p)(x) 6= 0.

Hence, entries in the same row being pairwise different gives rise to

Sr := {q(Xij , Xik) ∈ A]; i, j, k ∈ N , j < k}.

Similarly, entries in the same column being pairwise different gives rise to

Sc := {q(Xij , Xkj) ∈ A; i, j, k ∈ N , i < k}.

Finally, entries in the same box being pairwise different gives rise to

Sb :=

{
q(XaN+i,bN+j , XaN+k,bN+l) ∈ A;

a, b ∈ {0, . . . , N − 1},
i, j, k, l ∈ {1, . . . , N}, i < k, j 6= l

}
.

Now, let I := 〈S,Sp,Sr,Sc,Sb〉EA. Then a completed tableau solves the given
Sudoku problem if and only if the associated maximal ideal divides I.

Moreover, if I ⊆ P C A is a prime ideal dividing I, then A/P is a domain
extending Q. Since Xij ∈ A/P , for i, j ∈ N , is a zero of p =

∏
k∈N (X − k),

and the minimum polynomial of Xij ∈ A/P over Q exists and is irreducible,
we conclude that there is mij ∈ N such that Xij −mij ∈ P . Hence we have
P = 〈Xij −mij ; i, j ∈ N〉 C A, showing that P is a maximal ideal. Thus the
maximal ideals and prime ideals of A/I coincide, of which there are only finitely
many, and any such ideal provides a solution of the given Sudoku problem.

Hence we conclude that the solutions of the given Sudoku problem are precisely
given by the maximal ideals of A dividing I. In particular, the problem is
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Table 1: Sudoku problems of size 2 and 3.

1 4 2 3
3 2 1 4

2 3 4 1
4 1 3 2

1 3
3 1

2 4
4 2

9 6 3 1 7 4 2 5 8
8 3 2 5 6 4 9

2 5 4 6 8 9 7 3 1

8 2 1 4 3 7 5 9 6
4 9 6 8 5 2 3 1 7

5 9 6 1 8 2 4

5 8 9 7 1 3 4 6 2
7 2 4 6 9 8 5

6 4 2 5 9 8 1 7 3

unsolvable if and only if I = A, and it is well-posed if and only if I C A is
maximal. In order to determine the solutions of the given Sudoku problem
explicitly, we have to find a ‘good’ generating set of I, from which we are able
to read off the solutions. (Again, Gröbner bases do the job, this time with
respect to a degree-driven order on monomials.) For example, see Table 1:

i) For N = 2 with four suitable entries given (in bold face), there is a unique
complete solution (depicted in normal font).

ii) Again for N = 2 with four, slightly different entries given, only four more
entries are uniquely determined, while there are four complete solutions deter-
mined by specializing x2,3 ∈ {2, 4} and x4,3 ∈ {1, 3} (for example).

iii) For N = 3 with 26 suitable entries given, only 49 more entries are uniquely
determined, while there are two complete solutions determined by x8,2 ∈ {1, 3}.

(1.3) Example: Curves and surfaces. a) Let {X,Y } be indeterminates,
and let R[X,Y ] be the associated polynomial R-algebra. Given f ∈ R[X,Y ]\R,
the set VR(f) := {[x, y] ∈ R2; f(x, y) = 0} is called a plane curve. A few
examples are depicted in Tables 2 and 3, in particular exhibiting the geometrical
phenomenon of singularities (of which there are at most finitely many):

i) f := X(X2 − 1)− Y 2, ii) f := X(X − 1)2 − Y 2, iii) f := X3 − Y 2,

iv) f :=

(
−3X5 − 2X4Y − 3X3Y 2 +XY 4 + 3Y 5 + 6X4 + 7X3Y
+3X2Y 2 − 2XY 3 − 6Y 4 − 3X3 − 5X2Y +XY 2 + 3Y 3

)
,

v) f := X2(X2 − 1) + Y 2, vi) f := X4(X + 1)− Y 2,

vii) f := X4(X2 − 1) + Y 2, viii) f := (X2 + Y 2)3 − 4X2Y 2.

b) Let {X,Y, Z} be indeterminates, and let R[X,Y, Z] be the associated poly-
nomial R-algebra. Given f ∈ R[X,Y, Z] \ R, the set VR(f) := {[x, y, z] ∈
R3; f(x, y, z) = 0} is called a (hyper-)surface. For example, the surface given
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Table 2: Some plane curves.

by fλ := (X2 − 1)3 + λ · (Y 2 + Z2), where λ > 0, is depicted on the title page.

I Algebraic sets

2 Algebraic sets

(2.1) Noetherian rings. All rings and algebras occurring in the sequel will
be commutative, associative, and unital, unless otherwise specified.

Let R be a ring, let M be a finitely generated R-module. Then M is called
Noetherian if any R-submodule of M finitely generated. The ring R is called
Noetherian if it is so as anR-module, that is any ideal ofR is finitely generated.

This is equivalent to saying that M fulfills the ascending chain condition
(A.C.C.) on submodules, that is any strictly ascending chain of R-submodules
terminates. Moreover, it is equivalent to the maximum condition on sub-
modules, that is any set of R-submodules contains a maximal element.

This implies that any generating set of an ideal of R contains a finite generating
set. For example, any principal ideal ring, and thus any field is Noetherian. ]

For the proofs of these assertions, see Exercise (12.1). The following theorem is
fundamental in algebraic geometry, providing the appropriate finiteness condi-
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Table 3: Some more plane curves.

tions to develop theory and to pursue computational approaches.

(2.2) Theorem: Hilbert’s Basis Theorem [1890].
LetR be a Noetherian ring, and letX be an indeterminate. Then the polynomial
ring R[X] is Noetherian as well.

Proof: [Sarges, 1976]. Assume to the contrary that there is an ideal IER[X]
which is not finitely generated. Then there is a sequence [f1, f2, . . .] ⊆ I ⊆
R[X] such that fi ∈ I \ 〈f1, . . . , fi−1〉, being chosen such that its degree di :=
deg(fi) ≥ 0 is minimal, for i ≥ 1; note that I \ 〈〉 = I \ {0}, and that di ≤ di+1.

Let ai := lc(fi) ∈ R \ {0} be the leading coefficient of fi, so that fi has
leading monomial lm(fi) := Xdi and leading term lt(fi) := aiX

di , for
i ≥ 1. (These notions appearing here is reminiscent of Gordan’s proof [1900].)

Now let J := 〈ai; i ≥ 1〉E R. Then, since R is Noetherian, there is n ≥ 0 such
that J = 〈a1, . . . , an〉. Thus we have an+1 =

∑n
i=1 aibi, for some b1, . . . , bn ∈ R.

Hence g :=
∑n
i=1 bifiX

dn+1−di ∈ 〈f1, . . . , fn〉 has degree deg(g) = dn+1 and
leading coefficient lc(g) =

∑n
i=1 aibi = an+1, which implies that fn+1 − g ∈

I \ 〈f1, . . . , fn〉 has degree deg(fn+1 − g) < dn+1, a contradiction. ]

Corollary. If R is Noetherian, then so is any finitely generated R-algebra.
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Proof. Any such algebra can be written as R[X ]/I, where X is a finite set of
indeterminates, and I ER[X ]. Now, by Hilbert’s Basis Theorem and induction,
R[X ] is Noetherian, and so is R[X ]/I by the Homomorphism Theorem. ]

(2.3) Algebraic sets. Let K ⊆ L be a field extension, let X := {X1, . . . , Xn}
be indeterminates, where n ∈ N0, and let A := K[X ] be the associated polyno-
mial K-algebra. Recall that An(L) = Ln is also called the n-dimensional affine
space over L, its elements are called points; in particular, A1(L) and A2(L)
are called the affine line and the affine plane over L, respectively.

Then, letting S ⊆ A, the set

VL(S) := {[x1, . . . , xn] ∈ Ln; f(x1, . . . , xn) = 0 for all f ∈ S}

is called the (affine) (K-)algebraic subset given by the defining set S;
then K and L are called its field of definition and its field of coordinates,
respectively. If R ⊆ L is a subring, then VR(S) := VL(S)∩Rn is called the set
of R-rational points of VL(S).

We have VL(S) = VL(〈S〉). By Hilbert’s Basis Theorem there are f1, . . . , fr ∈
S, for some r ∈ N0, such that VL(S) = VL(f1, . . . , fr). Hence any algebraic
set is defined by an ideal, or alternatively by finitely many polynomials. In
particular, an algebraic set defined by a single non-constant polynomial is called
a hypersurface; in the case n = 2 the latter is also called a curve.

For ideals I ⊆ J E A we have VL(J) ⊆ VL(I). Given ideals Ii E A, for i ∈ I,
where I is a (possibly infinite) index set, we have

⋂
i∈I VL(Ii) = VL(

∑
i∈I Ii),

but in general we only have
⋃
i∈I VL(Ii) ⊆ VL(

⋂
i∈I Ii).

For example, we have VL(1) = ∅ and VL(0) = Ln. Moreover, for K = L and
n = 1, we have A = L[X], so that the associated algebraic sets are L itself and
its finite subsets; this shows that the infinite union of algebraic sets need not be
algebraic again. (Finite unions of algebraic sets will be treated in (2.6) below.)

(2.4) Vanishing ideals. Letting V ⊆ Ln be any subset, the set

IK(V ) := {f ∈ A; f(x1, . . . , xn) = 0 for all [x1, . . . , xn] ∈ V }EA

is called the vanishing ideal of V ; it is immediate that IK(V ) is an ideal.

For V ⊆ W ⊆ Ln we have IK(W ) ⊆ IK(V ). Given Vi ⊆ Ln, for i ∈ I, where
I is a (possibly infinite) index set, we have

⋂
i∈I IK(Vi) = IK(

⋃
i∈I Vi), but in

general (even for finite sums) we only have
∑
i∈I IK(Vi) ⊆ IK(

⋂
i∈I Vi).

For example, we have IK(∅) = A, and if L is infinite then (it is well-known that)
we have IK(Ln) = {0}. Moreover, for K = L infinite and n = 1, if V1, V2 ⊆ L
are infinite such that V1∩V2 is finite, then we have IK(V1) = {0} = IK(V2), but
IK(V1∩V2) 6= {0}, so that we have IK(V1)+IK(V2) 6= IK(V1∩V2). (Intersections
of algebraic sets will be treated in (2.6) below.)
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(2.5) Radical ideals. a) Let R be a ring, and let I EA be an ideal. Then the
radical of I is given as

√
I := {f ∈ R; fk ∈ I for some k ∈ N}. It is immediate

that for f, g ∈
√
I we have f ·R ⊆

√
I; and from (f + g)k =

∑k
l=1

(
k
l

)
f lgk−l we

infer that
√
I is additively closed; hence

√
I ER is an ideal again.

We have
√
I = R if and only if I = R. Moreover, we have I ⊆

√
I =

√√
I,

and if
√
I = I then I is called a radical ideal. In particular, if P CR is prime,

then fk ∈ P implies f ∈ P , saying that
√
P = P , that is P is radical.

In particular, the ideal nil(R) :=
√
{0}ER, consisting of the nilpotent elements

of R, is called the nilradical of R. The ring R is called reduced if nil(R) = {0}.
We have nil(R/nil(R)) = {0}, that is Rred := R/nil(R) is reduced, being called
the associated reduced ring. For any ideal I E R we have nil(R/I) =

√
I/I,

that is (R/I)red
∼= R/

√
I; thus R/I is reduced if and only if I =

√
I is radical.

(2.6) Algebraic sets and their ideals. a) The relevance of the above notions
is given by the following observations: For any subset V ⊆ Ln we have IK(V ) =√

IK(V ), and for any ideal I EA we have VL(
√
I) = VL(I):

Since there are no non-zero nilpotent elements of L, from fk ∈ IK(V ), for some
f ∈ A and k ∈ N, we get f ∈ IK(V ). Similarly, if v ∈ VL(I), then for f ∈

√
I

we have fk(v) = 0, for some k ∈ N, implying f(v) = 0, hence v ∈ VL(
√
I). ]

b) We consider the interplay between the operators VL and IK : By definition,
for V ⊆ Ln we have V ⊆ VL(IK(V )), and for I EA we have I ⊆ IK(VL(I)).

For three-fold compositions this yields: The inclusion I ⊆ IK(VL(I)) implies
VL(IK(VL(I))) ⊆ VL(I), so that the inclusion VL(I) ⊆ VL(IK(VL(I))) im-
plies equality; that is we have

VL(IK(VL(I))) = VL(I), for any I EA.

Similarly, the inclusion V ⊆ VL(IK(V )) implies IK(VL(IK(V ))) ⊆ IK(V ), so
that the inclusion IK(V ) ⊆ IK(VL(IK(V ))) implies equality; that is we have

IK(VL(IK(V ))) = IK(V ), for any V ⊆ Ln.

c) Let V,W ⊆ Ln be algebraic. Then we have V ⊆W if and only if IK(W) ⊆
IK(V), and V = W if and only if IK(W) = IK(V): From IK(W) ⊆ IK(V) we
get V = VL(IK(V)) ⊆ VL(IK(W)) = W; similarly, equality IK(W) = IK(V)
implies V = VL(IK(V)) = VL(IK(W)) = W.

We consider (arbitrary) intersections and (finite) unions of algebraic sets:

Firstly, for algebraic sets Vi ⊆ Ln, for i ∈ I, where I is a (possibly infinite)
index set, we have VL(

∑
i∈I IK(Vi)) =

⋂
i∈I VL(IK(Vi)) =

⋂
i∈I Vi. In par-

ticular, an arbitrary intersection of algebraic sets is algebraic again. Secondly:

Proposition. We have V∪W = VL(IK(V)∩IK(W)) = VL(IK(V) ·IK(W)).
In particular, a finite union of algebraic sets is algebraic again.
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Proof. We have IK(V) · IK(W) ⊆ IK(V) ∩ IK(W) ⊆ IK(V ∪W), implying

V ∪W ⊆ VL(IK(V ∪W)) ⊆ VL(IK(V) ∩ IK(W)) ⊆ VL(IK(V) · IK(W)).

Conversely, let v ∈ Ln\(V∪W). Since V = VL(IK(V)) and W = VL(IK(W)),
there are f ∈ IK(V) and g ∈ IK(W) such that f(v) 6= 0 6= g(v). Hence we have
fg ∈ IK(V) · IK(W) such that (fg)(v) 6= 0, thus v 6∈ VL(IK(V) · IK(W)). ]

Thus the smallest algebraic set containing V is given as the intersection V :=⋂
{W ⊆ Ln algebraic;V ⊆ W}. Hence we have V ⊆ VL(IK(V )) ⊆ V . Since

conversely for any algebraic set V ⊆ VL(I) we already have V = VL(IK(V )) ⊆
VL(IK(VL(I))) = VL(I), in conclusion we get equality V = VL(IK(V )). (The
notation of a ‘closure operator’ will be explained in (3.4) below.)

Thus, for subsets V ⊆ W we have V ⊆ W , and V is algebraic if and only if
V = V . (The case of IK(VL(I)) EA will be dealt with in (2.8) below.)

(2.7) Algebraic-geometric correspondence. We conclude that the opera-
tor IK induces an inclusion-reversing (with respect to set-theoretic inclusion)
injective correspondence

IK : {V ⊆ Ln affine K-algebraic} → {I EA radical},

whose inverse on the image of IK is given by the operator VL.

In general, IK is not surjective: For example, let K = L = R and n = 1. Then
f := X2 + 1 ∈ R[X] is irreducible, hence 〈f〉CR[X] is prime, thus radical. But
VR(f) = ∅, so that IR(VR(f)) = IR(∅) = R[X], implying that 〈f〉 6∈ im(IR). ]

But it follows from the geometric form of Hilbert’s Nullstellensatz, see (2.8)
below, that if L is algebraically closed then IK is surjective as well. In this
case, the bijective correspondence given by IK and VL provides an algebraic-
geometric dictionary, allowing us to translate between geometric properties
of algebraic sets and algebraic properties of ideals.

(2.8) Hilbert’s Nullstellensatz. We prove the following ‘Theorem of Zeroes’
of fundamental importance in algebraic geometry:

Theorem: Nullstellensatz (strong form) [Hilbert, 1893].
Let L be algebraically closed, and let I CA. Then we have VL(I) 6= ∅.

Theorem: Nullstellensatz (field-theoretic form).
Let the field L be finitely generated as a K-algebra. Then K ⊆ L is algebraic.

In order to show the above assertions, we proceed as follows: We first prove the
equivalence of the strong form and the field theoretic form. Then we prove two
lemmas, from which the field theoretic form follows:
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Proof: Equivalence of strong and field theoretic form.
i) Assume first that the strong form holds, and let K be an algebraic closure of
K. Since L is finitely generated as a K-algebra, by n ∈ N0 elements say, there
is P CA maximal such that L ∼= A/P as K-algebras. Let [x1, . . . , xn] ∈ VK(P ),
and let ϕ : A → K be the (non-zero) homomorphism of K-algebras defined by
Xi 7→ xi. Then for any f ∈ P we have

ϕ(f) = ϕ(f(X1, . . . , Xn)) = f(ϕ(X1), . . . , ϕ(Xn)) = f(x1, . . . , xn) = 0 ∈ K,

hence ker(ϕ) = P . Thus there is an embedding L ∼= A/P → K, implying that
K ⊆ L is an algebraic field extension.

ii) Assume now that the field-theoretic form holds. Let I ⊆ P CA be maximal.
Then A/P is a field extension of K, which is finitely generated as a K-algebra.
Hence by assumption K ⊆ (A/P ) is algebraic. Since L is algebraically closed,
there is a homomorphism ϕ : A → L of K-algebras, inducing an embedding
ϕ : A/P → L. Let v := [ϕ(X1), . . . , ϕ(Xn)] ∈ Ln. Then for any f ∈ P we have

f(v) = f(ϕ(X1), . . . , ϕ(Xn)) = ϕ(f(X1, . . . , Xn)) = ϕ(f) = 0 ∈ L,

hence v ∈ VL(P ) ⊆ VL(I). Thus we have VL(I) 6= ∅. ]

Lemma. Let R be a Noetherian ring, let T be a finitely generated R-algebra,
and let S ⊆ T be an R-subalgebra, such that T is a finitely generated S-module.
Then S is finitely generated as an R-algebra as well.

Proof. Let T = R[G], where G is finite, and let T = 〈T 〉S where G ⊆ T =
{t1, . . . , tr}, for some r ∈ N0. Then we have titj =

∑r
k=1 tksijk, for suitable

sijk ∈ S. Let S′ := R[sijk; i, j, k ∈ {1, . . . , r}] ⊆ S. Then S′ is a finitely
generated R-algebra, such that T = R[G] ⊆ 〈T 〉S′ ⊆ T , implying that T is a
finitely generated S′-module.

Since R is Noetherian, by Hilbert’s Basis Theorem S′ is Noetherian as well.
Thus T is a Noetherian S′-module. Hence S ⊆ T is a finitely generated S′-
module as well. Thus, since S′ is a finitely generated R-algebra, S is a finitely
generated R-algebra as well. ]

Lemma. Let R := K(X ) be the associated rational function field, where n ≥ 1.
Then R is not finitely generated as a K-algebra.

Proof. Assume to the contrary that R = K[ fig ; i ∈ {1, . . . , r}], where fi ∈ A :=

K[X ] and 0 6= g ∈ A, for some r ∈ N0; note that we may indeed assume the
elements of the generating set to have the same denominator. This implies that
any element of R can be written as f

gk
, for some f ∈ A and k ∈ N0. Since A is

factorial, g has only finitely many irreducible divisors, up to associates.

Now, A has infinitely many irreducible polynomials, up to associates: If K is
infinite, there are X − a ∈ K[X] for a ∈ K; if K is finite, there are irreducible
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univariate polynomials of any degree d. Thus there is an irreducible polynomial
p ∈ A coprime to g. Then 1

p ∈ R is not of the required form, a contradiction. ]

Proof: Field theoretic form [Zariski, 1947; Artin–Tate, 1951].
Assume that K ⊆ L is not algebraic. Then, since K ⊆ L is a finitely generated
field extension, let Y := {Y1, . . . , Yr} be a transcendence basis of L over K,
for some r ∈ N; that is K(Y) is a rational function field, such that K(Y) ⊆ L is
algebraic. Since K(Y) ⊆ L is a finitely generated field extension, we conclude
that L is a finitely generated K(Y)-vector space. Now, since L is a finitely
generated K-algebra, the first lemma implies that K(Y) is a finitely generated
K-algebra as well, contradicting the second lemma. ]

(2.9) Hilbert’s Nullstellensatz, cont. We draw a couple of corollaries from
the strong form of Hilbert’s Nullstellensatz. For the second one we need an
independent criterion to decide whether a ring element is contained in the radical
of an ideal; this is also called the Rabinowitsch Trick, see also (7.2).

Corollary: Nullstellensatz (weak form).
Let K be algebraically closed, and let P C A be maximal. Then there is v =
[x1, . . . , xn] ∈ Kn such that P = 〈X1 − x1, . . . , Xn − xn〉CA.

Proof. By the strong form of Hilbert’s Nullstellensatz, applied to K = L, the
ideal P has a zero v = [x1, . . . , xn] ∈ Kn. Hence for any f ∈ A \ P we have
f(v) 6= 0: Assume that f(v) = 0, then A = 〈P, f〉 ⊆ IK(v)CA, a contradiction.

We conclude that I := 〈X1 − x1, . . . , Xn − xn〉 ⊆ P C A. Now polynomial
division shows that dimK(A/I) ≤ 1, thus we have I = P CA. ]

Proposition: Radical membership test. Let R be a domain, let IER, and
let f ∈ R. Moreover, let T be an indeterminate, and let J := 〈I, fT −1〉ER[T ].
Then we have f ∈

√
I if and only if J = R[T ].

Proof. i) Let first f ∈
√
I, and let k ∈ N such that fk ∈ I ⊆ J . Then we

have 1 = (fT )k = fkT k = 0 ∈ R[T ]/J , which implies J = R[T ]. (Note that
f ∈ R[T ]/J is ‘forced’ to be a unit, and f ∈

√
I implies that it is nilpotent.)

ii) Let conversely J = R[T ]. Then there are g, g1, . . . , gr ∈ R[T ] and f1, . . . , fr ∈
I, for some r ∈ N0, such that 1 = g · (fT − 1) +

∑r
i=1 gifi ∈ R[T ].

We may assume that f 6= 0. Then there is an R-algebra homomorphism
ϕ : R[T ]→ Q(R) : T 7→ 1

f . Thus we have ϕ(fT −1) = 0, so that
∑r
i=1 ϕ(gi)fi =

1 ∈ Q(R). We may assume that ϕ(gi) =
g′i
fk
∈ Q(R), where g′i ∈ R and k ∈ N.

This yields fk =
∑r
i=1 g

′
ifi ∈ R ⊆ Q(R), showing that fk ∈ I, thus f ∈

√
I. ]

Corollary: Nullstellensatz (geometric form).
Let L be algebraically closed, and let IEA. Then we have IK(VL(I)) =

√
IEA.
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Proof. We have already seen that I ⊆
√
I ⊆ IK(VL(I)) =

√
IK(VL(I)) E A.

Hence let f ∈ IK(VL(I)). We apply the radical membership test: Let T be an
indeterminate, and let J := 〈I, fT −1〉EA[T ]. We have to show that J = A[T ]:

Assume there is [x1, . . . , xn, t] ∈ VL(J) ⊆ Ln+1, then [x1, . . . , xn] ∈ VL(I), thus
we have f(x1, . . . , xn) = 0, which implies that 0 = (fT − 1)(x1, . . . , xn, t) =
f(x1, . . . , xn) · t− 1 = −1, a contradiction. Hence we have VL(J) = ∅, thus by
the strong form of Hilbert’s Nullstellensatz we infer that J = A[T ] indeed. ]

3 Affine varieties

(3.1) Topological spaces. We recall some notions from general topology: A
collection of subsets of a set V , being called open, is called a topology on V ,
provided the following properties hold: Both ∅ and V are open; if U,U ′ ⊆ V
are open, then U ∩ U ′ ⊆ V is open as well; and if Ui ⊆ V are open, for i ∈ I,
where I is a (possibly infinite) index set, then

⋃
i∈I Ui ⊆ V is open as well.

Then V together with a topology on it is called a topological space. For
example, the collection {∅, V } is a topology, being called the trivial topology;
and the set of all subsets of V is a topology, being called the discrete topology.

A subset W ⊆ V is called closed if its complement V \W ⊆ V is open. Hence
by taking complements a topology is equivalently given by a collection of closed
subsets, having the following properties: Both ∅ and V are closed; if W,W ′ ⊆ V
are closed, then W ∪W ′ ⊆ V is closed; and if Wi ⊆ V are closed, for i ∈ I,
where I is a (possibly infinite) index set, then

⋂
i∈IWi ⊆ V is closed.

Given a subset U ⊆ V , its closure in V is defined as the closed subset U :=⋂
{W ⊆ V closed;U ⊆ W} ⊆ V ; note that the latter set of sets contains V

as an element, thus is non-empty, so that the intersection is well-defined. In
other words, U ⊆ V is the smallest closed subset (with respect to set-theoretic
inclusion) containing U . The subset U ⊆ V is called dense if U = V .

Any subset V ′ ⊆ V carries the induced topology, whose open subsets are
given as U ∩ V ′ ⊆ V ′, where U ⊆ V is open; likewise, its closed subsets are
given as W ∩ V ′ ⊆ V ′, where W ⊆ V is closed.

(3.2) Irreducible spaces. A topological space V 6= ∅ is called reducible, if
V = V ′ ∪ V ′′ is a union of proper closed subsets V ′, V ′′ ⊂ V ; note that we do
not require V ′ and V ′′ to be disjoint. If V 6= ∅ is not reducible, that is whenever
V = V ′∪V ′′ is a union of closed subsets we necessarily have V ′ = V or V ′′ = V ,
then V is called irreducible. A subset ∅ 6= W ⊆ V is called (ir)reducible if
it is so with respect to the induced topology.

We present various characterizations of irreducible topological spaces:

i) By taking complements, it follows that V is irreducible if and only if whenever
U ′, U ′′ ⊆ V are open such that U ′ ∩ U ′′ = ∅, then we have U ′ = ∅ or U ′′ = ∅.
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ii) This can be rephrased as follows: V is irreducible if and only if whenever
∅ 6= U ′, U ′′ ⊆ V are open, then we have U ′ ∩ U ′′ 6= ∅.
In particular, any irreducible topological space is connected, that is cannot
be written as the disjoint union of two non-empty open (hence closed) subsets.
(But the converse does not hold in general.)

iii) Thus V is irreducible if and only if any non-empty open subset of V is dense:

Let V be irreducible, and let ∅ 6= U ⊆ V be open; then V \U ⊆ V is open, and
we have U ∩ (V \ U) = ∅; thus we have V \ U = ∅, that is U = V .

Conversely, let V be such that any non-empty open subset is dense, and assume
there are ∅ 6= U ′, U ′′ ⊆ V open such that U ′ ∩ U ′′ = ∅; then V \ U ′′ ⊂ V is

closed, so that U ′ ⊆ V \ U ′′ implies U ′ ⊆ U ′ ⊆ V \ U ′′ ⊂ V , a contradiction. ]

Proposition. A subset W ⊆ V is irreducible if and only if W ⊆ V is.

Proof. Let first U ⊆ V be open such U ∩W = ∅. Then V \ U is closed and
contains W , so that we have W ⊆ W ⊆ V \ U , thus U ∩ W = ∅ as well.
(Conversely, if U ∩W = ∅ then we trivially have U ∩W = ∅ as well.)

i) Now let W be irreducible, and let U ′, U ′′ ⊆ V be open such that U ′∩W 6= ∅ 6=
U ′′ ∩W . Then we have U ′ ∩W 6= ∅ 6= U ′′ ∩W as well, so that by irreducibility
of W we have ∅ 6= U ′ ∩ U ′′ ∩W ⊆ U ′ ∩ U ′′ ∩W . Thus W is irreducible.

ii) Let conversely W be irreducible, and let U ′, U ′′ ⊆ V be open such that
U ′ ∩W 6= ∅ 6= U ′′ ∩W . Then we trivially have U ′ ∩W 6= ∅ 6= U ′′ ∩W as well,
so that by irreducibility of W we have U ′ ∩ U ′′ ∩W 6= ∅. This in turn implies
U ′ ∩ U ′′ ∩W 6= ∅ as well. Thus W is irreducible. ]

(3.3) Noetherian spaces. A topological space V is called Noetherian, if
any strictly descending chain of closed subsets of V terminates, or equivalently
if any non-empty subset of closed subsets of V has a minimal element.

By taking complements, V is Noetherian if and only if any strictly ascending
chain of open subsets of V terminates, or equivalently if any non-empty subset
of open subsets of V has a maximal element.

Proposition. Any Noetherian topological space V is quasi-compact, that is
any open covering of V has a finite subcovering.

Proof. Let {Ui; i ∈ I} be an open covering of V , where I is an index set, and
let M be the set of all finite unions of some of the Ui. Since V is Noetherian,
we conclude that M has a maximal element, U say. Assume that U 6= V , then
there is i ∈ I such that U ⊂ U ∪ Ui, contradicting the maximality of U . Hence
we have U = V , saying that the given covering has a finite subcovering. ]
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Proposition. Let V 6= ∅ be a Noetherian topological space. Then V can writ-
ten as an irredundant finite union V =

⋃r
i=1 Vi, for some r ∈ N, of irreducible

closed subsets, that is we have Vi 6⊆
⋃
j 6=i Vj for all i. Moreover, the subsets

V1, . . . , Vr are precisely the (finitely many) maximal irreducible (closed) subsets
of V , being called its irreducible components.

Proof. Assume first that V cannot be written as a finite union of irreducible
closed subsets. Hence V is reducible, so that it is a union V = W1∪W ′1 of proper
closed subsets, where we may assume that W1 is reducible again. Iterating this
process yields an infinite strictly descending chain V ⊃W1 ⊃W2 ⊃ · · · of closed
subsets, a contradiction. Hence we may write V =

⋃r
i=1 Vi, for some r ∈ N, as

an irredundant union of irreducible closed subsets.

Then any irreducible closed subset V ′ ⊆ V is contained in (at least) one of the
Vi: We have V ′ = V ′ ∩ (

⋃r
i=1 Vi) =

⋃r
i=1(V ′ ∩ Vi), where the sets V ′ ∩ Vi ⊆ V ′

are closed; since V ′ is irreducible, we have V ′∩Vi = V ′, for some i, thus V ′ ⊆ Vi.
Hence the Vi are precisely the maximal irreducible closed subsets of V . ]

(3.4) Zariski topology. Let again K ⊆ L be a field extension, and let n ∈ N0.
We have seen that we have quite a rich supply of algebraic sets: Both ∅ and Ln

are algebraic, and both arbitrary intersections and finite unions of algebraic sets
are algebraic again. Thus the set of algebraic subsets of Ln can be considered as
the closed subsets of a topology on Ln, being called its (K-)Zariski topology.
Thus henceforth algebraic subsets will just be called (K-)closed.

The Zariski topology is Noetherian: Let Ln ⊇ V1 ⊃ V2 ⊃ · · · ⊃ ∅ be an infinite
strictly descending chain of closed subsets; then the chain {0} ⊆ IK(Ln) ⊆
IK(V1) ⊂ IK(V2) ⊂ · · ·EA of ideals is strictly increasing, a contradiction. ]

In particular, the closure of any subset V ⊆ Ln, that is the smallest closed set
containing V , is given as V = VL(IK(V )), justifying the notation already used
earlier. Moreover, any closed set is the finite union of its irreducible components.
Thus the study of closed sets can often be reduced to the case of irreducible ones.
We characterize irreducible closed sets algebraically:

Proposition. A closed set V ⊆ Ln is irreducible if and only if IK(V) is prime.

Proof. i) Let first V be irreducible. Then V 6= ∅ implies that I := IK(V) CA
is proper. In order to show that I is prime, let f, g ∈ A such that fg ∈ I.
Then we have V = VL(I) ⊆ VL(fg) = VL(f) ∪ VL(g), implying that V =
(VL(f) ∩V) ∪ (VL(g) ∩V). Since V is irreducible, we have VL(f) ∩V = V,
say, that is V ⊆ VL(f), or equivalently f ∈ I.

ii) Let now I be prime. Then ICA being proper implies V 6= ∅. In order to show
that V is irreducible, assume to the contrary that V = V′∪V′′, where V′,V′′ ⊂
V are closed and proper. Letting I ′ := IK(V′) E A and I ′′ := IK(V′′) E A,
we have I = IK(V) = IK(V′ ∪V′′) = IK(V′) ∩ IK(V′′) = I ′ ∩ I ′′, where both
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I ⊂ I ′ and I ⊂ I ′′. Hence there are f ∈ I ′ \ I and g ∈ I ′′ \ I. But now we have
fg ∈ I ′ · I ′′ ⊆ I ′ ∩ I ′′ = I, a contradiction. ]

(3.5) Coordinate algebras. a) Let V ⊆ Ln be closed. Then the vanishing
ideal IK(V) E A is radical, thus the (finitely generated) coordinate algebra
K[V] := A/IK(V) of V is reduced.

A reduced finitely generated K-algebra is called an affine K-algebra. Actually,
any affine K-algebra R is the coordinate algebra of a K-closed set: Let L be an
algebraic closure of K. Since R is finitely generated, by n ∈ N0 elements say, we
have R ∼= A/I, where since R is reduced we have I =

√
I; hence letting V :=

VL(I) ⊆ Ln we get K[V] = A/IK(V) = A/IK(VL(I)) = A/
√
I = A/I ∼= R.

b) The closed set V ⊆ Ln, together with its affine coordinate algebra K[V],
is called an affine (K-)variety. Note that the (induced) Zariski topology on
V can be recovered from K[V], but that all of this depends on the embedding
V ⊆ Ln. The coordinate algebra is decisive for the structure of V:

Any f ∈ K[V] induces a ‘polynomial’ regular function f• : V→ L : v 7→ f(v),
where f(v) is given by choosing any representative of f in A modulo IK(V).
(We will show in (3.6) below that regular functions are actually continuous with
respect to the Zariski topology.)

This gives rise to the homomorphism of K-algebras K[V]→ Maps(V, L) : f 7→
f•. Since for g, h ∈ A we have g• = h• if and only if g − h ∈ IK(V), we
conclude that the latter map is injective. Hence K[V] can be identified with
the algebra of functions it induces, so that K[V] is also called the algebra of
regular functions on V. In particular, for Xi ∈ K[V] we get the coordinate
function (Xi)

• mapping [x1, . . . , xn] ∈ V to its i-th coordinate xi ∈ L.

c) We have the following algebraic-geometric correspondence: For any
subset S ⊆ K[V] we get the (closed) subset

VV(S) := {v ∈ V; f(v) = 0 for all f ∈ S} = VL(S + IK(V)) ⊆ V.

Conversely, for any subset W ⊆ V we get the (radical) vanishing ideal

IV(W ) := {f ∈ K[V]; f(w) = 0 for all w ∈W} = IK(W )/IK(V) EK[V].

Then we have W = VV(IV(W )) ⊆ V. For any closed subset W ⊆ V we have

K[W] = A/IK(W) ∼= (A/IK(V))/(IK(W)/IK(V)) = K[V]/IV(W),

where the natural epimorphism K[V]→ K[W] with kernel IV(W) is given by
restricting regular functions on V to W. Moreover, W is irreducible if and only
if K[W] is a domain, or equivalently if and only if IV(W) EK[V] is prime.

If V ⊆ Ln is closed, the operator IV induces an inclusion-reversing (with respect
to set-theoretic inclusion) injective correspondence

{W ⊆ V K-closed} → {I EK[V] radical},

whose inverse on the image of IV is the operator VV. If L is algebraically closed,
then IV is surjective, and for I EK[V] we have IV(VV(I)) =

√
I EK[V].



I Algebraic sets 16

Example. i) If L is infinite, then we have IK(Ln) = {0} C A = K[X ], where
X = {X1, . . . , Xn} are indeterminates, thus K[Ln] = A/{0} ∼= A; since A is a
domain, Ln is irreducible.

ii) If K = L, for v = [x1, . . . , xn] ∈ Kn letting I := 〈X1−x1, . . . , Xn−xn〉EA,
we have VK(I) = {v}, showing that all singleton sets are closed and irreducible.
Moreover, polynomial division shows that dimK(A/I) ≤ 1. Hence from I ⊆
IK(v) CA we get IK(v) = I CA, being maximal, and K[{v}] = A/I ∼= K.

iii) If moreover K = L is finite, then all subsets of Kn are closed, the irreducible
ones being the singleton subsets. Thus in this case the Zariski topology coincides
with the discrete topology; in particular, Kn is reducible for n ≥ 1.

(3.6) Regular maps. a) Let additionallyB := K[Y], where Y := {Y1, . . . , Ym}
are (further) indeterminates for some m ∈ N0. Moreover, let V ⊆ Ln and
W ⊆ Lm be closed. A map ϕ : V→W is called regular or a (K-)morphism
(of affine varieties), if there are ‘polynomials’ f1, . . . , fm ∈ K[V] such that
ϕ(v) = [f1(v), . . . , fm(v)] ∈W, for all v ∈ V.

Let MorK(V,W) be the set of all regular maps from V to W. In particular, for
W = L we have MorK(V, L) = K[V] as sets. Moreover, ϕ ∈ MorK(V,W) is
called an isomorphism (of affine varieties), if it is bijective and its inverse
is regular again; in particular, idV ∈ MorK(V,V) is an isomorphism.

b) Let Hom(K[W],K[V]) be the set of all K-algebra homomorphisms from
K[W] to K[V]; recall that an algebra homomorphism is an isomorphism if and
only if it is bijective. Letting ϕ : V→W be regular, by pre-composition we get
the dual K-algebra homomorphism or comorphism of coordinate K-algebras

ϕ∗ : K[W]→ K[V] : g 7→ g ◦ ϕ = g(f1, . . . , fm).

We only have to show that ϕ∗ is well-defined: For g ∈ K[W] and v ∈ V we get
g(ϕ(v)) = g(f1(v), . . . , fm(v)) = g(f1, . . . , fm)(v), where g(f1, . . . , fm) ∈ K[V];
note that this independent of the choice of representatives for g ∈ K[W] and
the fj ∈ K[V] in K[Y] and K[X ], respectively.

(3.7) Functoriality. Now we vary the regular map: Let ψ ∈ MorK(U,V),
where U is an affine variety. Then it is immediate (by concatenation of ‘polyno-
mial’ functions) that ψϕ ∈ MorK(U,W). For g ∈ K[W] we have g ◦ (ϕ ◦ ψ) =
(g ◦ ϕ) ◦ ψ, so that we get (ψϕ)∗ = ϕ∗ψ∗. Moreover, we have (idW)∗ = idK[W].

Theorem. The map ?∗ : MorK(V,W) → Hom(K[W],K[V]) : ϕ 7→ ϕ∗ is a
bijection. Moreover, ϕ is an isomorphism (of affine varieties) if and only if ϕ∗

is an isomorphism (of K-algebras), in which case we have (ϕ∗)−1 = (ϕ−1)∗.

Proof. Let ϕ : V → W be regular, given by f1, . . . , fm ∈ K[V]. Then for
Yj ∈ K[W], where j ∈ {1, . . . ,m}, we have ϕ∗(Yj) = fj , implying injectivity.
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Let α : K[W] → K[V] be a homomorphism of K-algebras. For j ∈ {1, . . . ,m}
let fj := α(Yj + IK(W)) ∈ K[V], and let ϕ : V → Lm : v 7→ [f1(v), . . . , fm(v)]
be the associated regular map. Then we have ϕ∗ : B → K[V] : Yj 7→ fj . Thus
by construction ϕ∗ factors through B/IK(W) = K[W]. Hence for f ∈ IK(W)
we have ϕ∗(f) = 0, which for v ∈ V implies f(ϕ(v)) = (ϕ∗(f))(v) = 0. This
says that ϕ(v) ∈ VL(IK(W)) = W. Thus we have ϕ(V) ⊆W. Hence, slightly
abusing notation, we have a regular map ϕ : V → W, having comorphism
ϕ∗ : K[W]→ K[V] : Yj 7→ fj . This shows ϕ∗ = α, implying that ?∗ is surjective.

If ϕ : V → W is an isomorphism with inverse ψ : W → V, then we have
ϕ∗ψ∗ = (ψϕ)∗ = (idW)∗ = idK[W] and ψ∗ϕ∗ = (ϕψ)∗ = (idV)∗ = idK[V],
showing that ϕ∗ is an isomorphism such that (ϕ∗)−1 = (ϕ−1)∗.

Conversely, if ϕ∗ : K[W]→ K[V] is an isomorphism, then by surjectivity there
is a regular map ψ : W→ V such that ψ∗ = (ϕ∗)−1 : K[V]→ K[W]. Hence we
get (ϕψ)∗ = ψ∗ϕ∗ = idK[V] = (idV)∗ and (ψϕ)∗ = ϕ∗ψ∗ = idK[W] = (idW)∗,
by injectivity implying ϕψ = idV and ψϕ = idW; thus ϕ is an isomorphism. ]

Example. Being an isomorphism of affine varieties is a property which is
strictly stronger than being a homeomorphism, let alone being bijective:

Let q be a prime power, let Fq ⊆ F be an algebraic closure, and let A := Fq[X] =
Fq[F]. The Frobenius map Φ = Φq : F → F : x 7→ xq is a Fq-regular, whose
comorphism is the Fq-algebra homomorphism Φ∗ : A → A : X 7→ Xq. Then we
have Φ∗(f) = f(Xq) = fq, for f ∈ A, implying that Φ∗ is injective, but not
surjective. Thus Φ∗ is not an isomorphism, so Φ neither is.

Still, since any x ∈ F has a unique q-th root in F, the map Φ is bijective, with

(non-regular) inverse Φ−1 : F→ F : x 7→ x
1
q . Moreover, Φ fixes all closed subsets

of F: Let ∅ 6= V ⊂ F be closed, thus there is f ∈ A such that V = VF(f),

hence we have Φ−1(V) = {x
1
q ∈ F;x ∈ V} = VF(Φ∗(f)) = VF(f) = V. Thus

Φ is continuous (which also follows from regularity), and is a closed map, that
is it maps closed sets to closed sets, which implies that Φ−1 is continuous as
well, so that Φ is a homeomorphism. ]

(3.8) Theorem: Topological properties. Let ϕ : V→W be regular.

a) Then ϕ is continuous (with respect to the Zariski topology). In particular,
if V is irreducible, then so are both ϕ(V) ⊆W and ϕ(V) ⊆W.

b) ϕ∗ is injective if and only if ϕ is dominant, that is ϕ(V) ⊆W is dense.

c) ϕ∗ is surjective if and only if ϕ is a closed embedding, that is ϕ(V) ⊆W
is closed such that ϕ induces an isomorphism ϕ′ : V→ ϕ(V).

Proof. a) Firstly, let U ⊆ W be closed, and let I := IW(U) EK[W]. Then
VW(I) = U yields ϕ−1(U) = {v ∈ V;ϕ(v) ∈ U} = {v ∈ V; f(ϕ(v)) =
0 for all f ∈ I} = {v ∈ V; (ϕ∗(f))(v) = 0 for all f ∈ I} = {v ∈ V; (ϕ∗(I))(v) =
0} = VV(ϕ∗(I)), which is closed in V indeed.
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Secondly, recall that U := ϕ(V) is irreducible if and only if U := U is. Now let
W′,W′′ ⊆ U be closed such that U = W′∪W′′. Then we have V = ϕ−1(W′)∪
ϕ−1(W′′). Since ϕ is continuous, and V is irreducible, we may assume that
ϕ−1(W′) = V. This implies U = ϕ(V) ⊆W′, hence W′ ⊆ U = U ⊆W′.

b) Let ϕ be dominant, and let f ∈ ker(ϕ∗) EK[W]. Then we have f(ϕ(v)) =
(ϕ∗(f))(v) = 0, for v ∈ V, implying that f |ϕ(V) = 0. Since {0} ⊆ L is
(K-)closed and f is continuous, we infer that f−1({0}) ⊆ W is closed, hence
ϕ(V) ⊆ f−1({0}) entails W = ϕ(V) ⊆ f−1({0}) ⊆W, thus f = 0 ∈ K[W].

Conversely, let ϕ∗ be injective, and let U := ϕ(V) ⊆ W. We show that
IW(U) = {0}, implying U = VW(IW(U)) = W: Let f ∈ IW(U), then we
have (ϕ∗(f))(v) = f(ϕ(v)) = 0, for v ∈ V, implying ϕ∗(f) = 0, thus f = 0.

c) Let ϕ be a closed embedding. Then U := ϕ(V) ⊆ W is closed such that
ϕ = ϕ′ · ιWU , where ϕ′ : V → U is an isomorphism, and ιWU : U → W is the
natural inclusion. Moreover, (ιWU )∗ = ρW

U : K[W] → K[U] is the restriction
epimorphism. Then we have ϕ∗ = (ιWU )∗ · (ϕ′)∗ = ρW

U · (ϕ′)∗. Since ρW
U is

surjective, and (ϕ′)∗ : K[U]→ K[V] is bijective, ϕ∗ is surjective.

Conversely, let ϕ∗ be surjective. Then let U := ϕ(V) ⊆W, and let ϕ′ : V→ U
such that ϕ = ϕ′ · ιWU . Then we have ϕ∗ = (ιWU )∗ · (ϕ′)∗ = ρW

U · (ϕ′)∗. Since ϕ∗

is surjective, so is (ϕ′)∗. Moreover, ϕ′ is dominant, thus (ϕ′)∗ is injective. Thus
(ϕ′)∗ is an isomorphism, hence so is ϕ′, in particular ϕ(V) = U is closed. ]

Example. The image of a regular map needs neither be closed nor open:

Let K = L = C, let V = C2, let A := C[X,Y ] ∼= C[V], and let ϕ : V →
V : [x, y] 7→ [xy, y], being regular with fx = XY ∈ A and fy = Y ∈ A. The asso-
ciated comorphism is the C-algebra homomorphism given by ϕ∗ : A→ A : X 7→
XY, Y 7→ Y . Hence ϕ∗(

∑
i,j≥0 aijX

iY j) =
∑
i,j≥0 aijX

iY i+j shows that ϕ∗ is
injective, but X 6∈ ϕ∗(A) shows that ϕ∗ is not surjective.

We have ϕ(V) = {[0, 0]}
.
∪ (C× C∗) ⊆ V, that is V \ ϕ(V) = C∗ × {0}. Since

V is irreducible, so is ϕ(V). The injectivity of ϕ∗ implies that ϕ is dominant,
in particular ϕ(V) ⊂ V is not closed. We show that ϕ(V) ⊂ V is not open:
Assume to the contrary that ϕ(V) ⊂ V is open, then V \ ϕ(V) ⊂ V is closed;
since {[0, 0]} ⊆ ϕ(V) is closed as well, there is f ∈ A such that f(x, 0) = 0 for
all x 6= 0, but f(0, 0) 6= 0, a contradiction. ]

(3.9) Example: Coordinate algebras of curves. Let K = L = C, and let
n = 2, hence A := C[X,Y ]. (We leave out the subscripts in the notation for the
operators VC and IC.)

a) We consider the curve C := V(f) ⊆ C2 given by f := Y 2 − X2 ∈ A.
We have f = (Y − X)(Y + X) ∈ A, so that C is reducible. We have C =
V((Y −X)(Y +X)) = V(Y −X) ∪V(Y +X).

Since both Y ±X ∈ A are irreducible, both V(Y ±X) are irreducible, and we
have C[V(Y ±X)] = A/〈Y ±X〉 ∼= C[X], so that V(Y ±X) ∼= C is isomorphic to
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the affine line. Since the above union is irredundant, we conclude that V(Y ±X)
are the irreducible components of C; note that V(Y −X)∩V(Y +X) = {0} 6= ∅.
Moreover, 〈f〉E A is radical: Let g ∈

√
〈f〉, then f | gk for some k ∈ N; since

Y ±X ∈ A are non-associate irreducible, and A is factorial, we conclude that
both Y ±X | g; thus f | g, that is g ∈ 〈f〉. Hence we have C[C] = A/〈f〉 =
C[X,Y ]/〈(Y −X)(Y +X)〉; actually Y ±X ∈ C[C] are zero-divisors.

b) We now consider the curve C := V(f) ⊆ C2, where f := Y 2 − X3 ∈ A.
Since X3 ∈ C[X] is not a square, f is irreducible, hence so is C. We have

C[C] = A/〈f〉 = C[X,Y ]/〈Y 2 − X3〉 ∼= C[X,
√
X3] ∼= C[Y,

3
√
Y 2], which is a

domain. (But it is not a polynomial algebra, which is not too easily proved.)

We consider the regular map ϕ : C → C : t 7→ [t2, t3], which since f(ϕ(t)) = 0
is well-defined indeed. Moreover, let ψ : C → C be given by ψ(0, 0) = 0 and

ψ(x, y) = y
x , for [x, y] 6= [0, 0]. Then we have ψ(ϕ(t)) = t3

t2 = t for t 6= 0, and

ψ(ϕ(0)) = 0; and the other way around ϕ(ψ(x, y)) = [ y
2

x2 ,
y3

x3 ] = [x
3

x2 ,
y3

y2 ] = [x, y]

for [x, y] 6= [0, 0], and ϕ(ψ(0, 0)) = [0, 0]. Thus ϕ is bijective. More generally, a
dominant regular map ϕ : C→ C is also called a parametrisation of C.

The associated comorphism is given as ϕ∗ : C[C] → C[T ] : X 7→ T 2, Y 7→ T 3.
Since ϕ is dominant, we conclude that ϕ∗ is injective. But since T 6∈ ϕ∗(C[C])
we conclude that ϕ∗ is not surjective. Hence ϕ is not an isomorphism, where
ϕ−1 actually is a rational map.

4 Projective varieties

(4.1) Projective spaces. Let L be a field, and let n ∈ N0. Then the (n-
dimensional) projective space P := Pn(L) over L is defined as the set of
equivalence classes in Ln+1 \ {0n+1} with respect to the equivalence relation
given by v ∼ λv, for all λ ∈ L]. In particular, P0 is a singleton set, while P1

and P2 are called the projective line and the projective plane, respectively.

The equivalence class in P containing the point 0n+1 6= [x0, x1, . . . , xn] ∈ Ln+1

is denoted by [x0 : x1 : . . . : xn], where the entries xi ∈ L are called the asso-
ciated homogeneous coordinates. Thus P can be identified with the set of
1-dimensional L-subspaces of Ln+1, via [x0 : . . . : xn] 7→ 〈[x0, . . . , xn]〉L.

For i ∈ {0, . . . , n} let Di := {[x0 : . . . : xn] ∈ P;xi 6= 0} ⊆ P. Then we have
P =

⋃n
i=0Di, where Di can be identified with the n-dimensional affine space

Ln, via dehomogenizing and homogenizing at position i, respectively:

Di → Ln : [x0 : . . . : xn] 7→ [
x0

xi
, . . . ,

x̂i
xi
, . . . ,

xn
xi

],

Ln → Di : [x0, . . . , x̂i, . . . , xn] 7→ [x0 : . . . : xi−1 : 1 : xi+1, . . . , xn],

where we write [x0, . . . , x̂i, . . . , xn] := [x0, . . . , xi−1, xi+1, . . . , xn] ∈ Ln.

Thus for n = 1 we have P1 = D0

.
∪ {[0 : 1]}, where (for historical reasons) the

point [0 : 1] is abbreviated by ‘∞’, so that we may write P1(L) = L
.
∪ {∞}. In
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particular, for L = C we get the Riemann sphere P1(C) = C
.
∪ {∞} (which

with respect to the complex topology becomes a compact Riemannian surface).

(4.2) Homogeneous ideals. a) Let K be a field. A K-algebra A is called
(non-negatively) graded, if there is a decomposition A =

⊕
d≥0Ad as K-

vector spaces, such that AiAj ⊆ Ai+j , for i, j ≥ 0. The K-subspace Ad is
called the homogeneous component of degree d. Moreover, for c ∈ N0 we
abbreviate A≤c :=

⊕c
d=0Ad and A<c :=

⊕c−1
d=0Ad.

Then we have 1 ∈ A0: Writing 1 =
∑
i≥0 ei, from fd = 1 · fd =

∑
i≥0 eifd,

where fd ∈ Ad, we get fd = e0fd; thus we have f = e0f for all f ∈ A, implying
e0 = 1. Hence if A 6= {0}, then we have K ∼= K · 1 ≤ A0; if A0

∼= K, then A is
called an indecomposable graded K-algebra.

b) An ideal I EA is called homogeneous if I =
⊕

d≥0 Id, where Id := I ∩Ad;
in other words, an element of A belongs to I if and only if all its homogeneous
components belong to I. We may characterize homogeneous ideals as follows:

i) An ideal I is homogeneous if and only if it is generated by homogeneous
elements: If I is homogeneous, then it is generated by its homogeneous elements.
Conversely, if I is generated by homogeneous elements, g ∈ Ad say, then the
equation g · (

∑
i≥0 fi) =

∑
i≥0(gfi) implies that the homogeneous components

of any element of I belong to I as well, thus I is homogeneous. ]

ii) An ideal I is homogeneous if and only if A/I is a graded K-algebra again,
with respect to the inherited grading: If I is homogeneous, then we have A/I =
(
⊕

d≥0Ad)/(
⊕

d≥0 Id)
∼=
⊕

d≥0Ad/Id, where (Ai/Ii) · (Aj/Ij) ⊆ Ai+j/Ii+j ,
for i, j ≥ 0. Conversely, if A/I is naturally graded again, that is we have
A/I ∼=

⊕
d≥0(Ad + I)/I ∼=

⊕
d≥0Ad/Id, where the second isomorphism follows

from the Homomorphism Theorem, then for f =
∑
i≥0 fi ∈ A we have f ∈ I if

and only if fi ∈ Ii for all i ≥ 0; thus I is homogeneous. ]

In particular, if A is indecomposable, then A+ :=
⊕

d≥1Ad C A is the unique
maximal homogeneous ideal, being called the irrelevant ideal (for a reason
becoming clear soon); we have A/A+

∼= A0
∼= K, hence A+ is maximal.

c) We collect a few straightforward properties of homogeneous ideals:

It is immediate that arbitrary sums, arbitrary intersections, and (finite) prod-
ucts of homogeneous ideals are homogeneous. Moreover, for IEA homogeneous
and JEA we have the following: If J is homogeneous, then so is (J+I)/IEA/I;
if moreover I ⊆ J such that J/IEA/I is homogeneous, then J is homogeneous.

Slightly more subtle are the following properties:

i) If I E A is homogeneous, then so is
√
I E A: Going over to the graded K-

algebra A/I, it suffices to show that nil(A) E A is homogeneous. Hence let

0 6= f =
∑d
i=0 fi ∈ A, for some d ∈ N0 such that fd 6= 0, be nilpotent, that is

there is k ∈ N such that 0 = fk = (fd)
k ∈ A/A<kd. We conclude that (fd)

k = 0,
thus fd is nilpotent as well. Going over to f−fd, the assertion now follows from
induction with respect to d. ]
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ii) Finally, given I C A homogeneous, in order to check whether I is prime, it
suffices to show for f, g ∈ A homogeneous only, that fg ∈ I implies f ∈ I or
g ∈ I: Assume that I has the above property, and let 0 6= f =

∑d
i=0 fi ∈ A

and 0 6= g =
∑c
i=0 gi ∈ A, where fd 6= 0 6= gc, be arbitrary elements such that

fg ∈ I. Then we have fg = fdgc ∈ A/A<(c+d), thus since I is homogeneous
we have fdgc ∈ I as well. By assumption, we have fd ∈ I, say. Going over to
f − fd, it follows from induction with respect to c+ d that f ∈ I or g ∈ I. ]

Example. Let X := {X1, . . . , Xn} and X ] := {X0}
.
∪ X be indeterminates,

for n ∈ N0. Then A] := K[X ]] becomes an indecomposable graded K-algebra

with respect to the total degree, where the homogeneous component A]d is the
finite-dimensional K-subspace generated by the monomials of degree d.

(4.3) Projective algebraic sets. Let K ⊆ L be a field extension. The el-
ements of A] do not induce functions on P. But still, whenever f ∈ A] is
homogeneous of degree d, for [x0, . . . , xn] ∈ Ln+1 we have f(λ · [x0, . . . , xn]) =
λd · f(x0, . . . , xn), for all 0 6= λ ∈ L, so that f(λ · [x0, . . . , xn]) 6= 0 if and only if
f([x0, . . . , xn]) 6= 0. Thus the vanishing set in P of f is well-defined, by taking
representatives in Ln+1 of the equivalence classes in P.

Hence, let S ⊆ A] be a subset consisting of homogeneous polynomials. Then

V]
L(S) := {v ∈ P; f(v) = 0 for all f ∈ S} ⊆ P

is called the (projective) (K-)algebraic subset being defined by S; then K
and L are called its field of definition and field of coordinates, respectively.

If I E A] is homogeneous, let V]
L(I) := V]

L({f ∈ I; f homogeneous}). In par-

ticular, we have V]
L(S) = V]

L(〈S〉). Thus by Hilbert’s Basis Theorem there are

f1, . . . , fr ∈ S, for some r ∈ N0, such that V]
L(S) = V]

L(f1, . . . , fr). Hence any
projective algebraic set is defined by a homogeneous ideal, or alternatively by
finitely many homogeneous polynomials. Moreover, for I ⊆ JEA] homogeneous
we have V]

L(J) ⊆ V]
L(I), and V]

L(
√
I) = V]

L(I).

For example, we have V]
L(0) = P, and V]

L(1) = ∅ = V]
L(X ]) = V]

L(A]+). More
interestingly, an algebraic set defined by a single homogeneous polynomial of
degree d ≥ 1 is called a (projective) hypersurface of degree d; for n = 2
the latter is also called a (projective) curve.

A hypersurface of degree 1 is called a (projective) hyperplane; in particular,

we have Hi = HXi := V]
L(Xi) = {[x0 : . . . : xn] ∈ P;xi = 0} = P \ Di,

for i ∈ {0, . . . , n}. The elements of H0 = P \ D0 are called (for historical
reasons) the points at infinity of P; note that this depends on the coordinates
chosen, so that any hyperplane can be deemed to be at infinity. Moreover, for
n ≥ 1 the hyperplane H0 can be identified with the projective space Pn−1, via
[0 : x1 : . . . : xn] 7→ [x1 : . . . : xn], so that, using the identification of D0 with Ln

as well, we get P = D0

.
∪ H0 = Ln

.
∪ Pn−1.
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(4.4) Projective algebraic sets and their ideals. Let V ⊆ P be any subset.
Then its vanishing ideal is given as

I]K(V ) := 〈{f ∈ A] homogeneous; f(v) = 0 for all v ∈ V }〉EA].

Then we have I]K(V ) =
√

I]K(V ), and for V ⊆ W we get I]K(W ) ⊆ I]K(V ); in

particular we have I]K(∅) = A].

We consider the interplay between the operators V]
L and I]K , where entirely

similar to the affine case treated in (2.6) we observe the following:

For any V ⊆ P and any I E A] homogeneous we get V ⊆ V]
L(I]K(V )) and

I ⊆ I]K(V]
L(I)), which entails V]

L(I]K(V]
L(I))) = V]

L(I) and I]K(V]
L(I]K(V ))) =

I]K(V ). In particular, for algebraic subsets V,W ⊆ P we get V ⊆W if and only

if I]K(W) ⊆ I]K(V), and V = W if and only if I]K(W) = I]K(V); in particular,

if V 6= ∅ then from V]
L(A]+) = ∅ we get I]K(V) ⊂ A]+.

We consider (arbitrary) intersections and (finite) unions of algebraic sets:

Firstly, for algebraic sets Vi ⊆ P, for i ∈ I, where I is a (possibly infinite) index

set, we have V]
L(
∑
i∈I I]K(Vi)) =

⋂
i∈I V]

L(I]K(Vi)) =
⋂
i∈I Vi; in particular,

an arbitrary intersection of algebraic sets is algebraic again.

Secondly, for algebraic sets V,W ⊆ P we have V∪W = V]
L(I]K(V)∩I]K(W)) =

V]
L(I]K(V) · I]K(W)); in particular, a finite union of algebraic sets is algebraic

again. (This again is obtained entirely similar to (2.6), by observing that the
polynomials occurring can be chosen homogeneous.)

Thus the smallest algebraic set containing V ⊆ P is given as V := V]
L(I]K(V )).

(4.5) Projective varieties. a) By the properties proved above, the set of alge-
braic subsets of P form the closed subsets of a topology, called the (K-)Zariski
topology. Thus an algebraic subset V ⊆ P will just be called (K-)closed,
and it carries the induced topology, also being called its Zariski topology.

The reduced finitely generated graded K-algebra K[V] := A]/I]K(V) is called
the homogeneous coordinate algebra of V. Then V, together with its ho-
mogeneous coordinate algebra K[V], is (for the time being) called a projective
(K-)variety. Note that the Zariski topology on V can be recovered from K[V],
but that all of this depends on the embedding V ⊆ P.

Actually, since K[V] does not induce functions on V, it is not a suitable in-
variant attached to V; in particular, even its isomorphism type depends on the
embedding V ⊆ P. Thus we will have to define a suitable K-algebra of ‘regular
functions’ on V to remedy this, see (8.4) below. Anyway:

Going over to vanishing ideals in A], we conclude that the Zariski topology is
Noetherian, so that any closed subset of P is the finite union of its irreducible
components. In view of this, we observe that a closed subset V ⊆ P is irreducible
if and only if its vanishing ideal I]K(V) EA] is prime:
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We have V 6= ∅ if and only if I := I]K(V) ⊂ A]. To show that I is prime, it
suffices to check for f, g ∈ A] homogeneous that fg ∈ I implies f ∈ I or g ∈ I;
thus we may proceed entirely similar to the affine case treated in (3.4). ]

b) We have the following algebraic-geometric correspondence: The oper-

ator I]K induces an inclusion-reversing (with respect to set-theoretic inclusion)
injective correspondence

I]K : {V ⊆ P projective K-closed} → {A]+ 6= I EA] radical homogeneous},

whose inverse on the image of I]K is given by the operator V]
L. Moreover, a

closed subset V ⊆ P is irreducible if and only if I]K(V) E A] is prime. In

addition, if L is algebraically closed then I]K is surjective, which follows from:

(4.6) Theorem: Hilbert’s Nullstellensatz (projective version).

Let L be algebraically closed, let I EA] be homogeneous, and let V := V]
L(I).

Then precisely one of the following cases occurs:
i) We have V = ∅ and A]+ ⊆

√
I EA] = I]K(V).

ii) We have V 6= ∅ and I]K(V) =
√
I ⊂ A]+ CA].

Proof. A subset ∅ 6= V ⊆ Ln+1 is called an (affine) cone if for any v ∈ V we
have 〈v〉L ⊆ V as well; in particular we have 0n+1 ∈ V , and {0n+1} is a cone.

We may assume that I C A], and let Ṽ := VL(I) ⊆ Ln+1 be the associated

affine closed subset. Then by Hilbert’s Nullstellensatz we have Ṽ 6= ∅, such
that IK(Ṽ) =

√
I. Then we conclude that Ṽ is a closed cone, where Ṽ \{0n+1}

consists precisely of the equivalence classes with respect to ∼ belonging to V.

We have Ṽ = {0n+1} if and only if
√
I = 〈X ]〉 = A]+ CA]. In this case we have

V = ∅ and I]K(V) = A]; otherwise, V 6= ∅ and I]K(V) = IK(Ṽ) =
√
I ⊆ A]+. ]

(4.7) Homogenization of ideals. a) Given f ∈ A], the specialization epi-
morphism of K-algebras A] → A defined by X0 7→ 1 yields the dehomog-
enization f ′ := f(1, X1, . . . , Xn) ∈ A. Conversely, for 0 6= f ∈ A we let

f ] := X
deg(f)
0 ·f(X1

X0
, . . . , XnX0

) ∈ A] be its homogenization with respect to X0;

for completeness we let 0] := 0. Then we have X0 - f ] for 0 6= f ∈ A, and
multiplicativity (fg)] = f ]g] holds for f, g ∈ A.

For 0 6= f ∈ A we have (f ])′ = (X
deg(f)
0 · f(X1

X0
, . . . , XnX0

))′ = f(X1, . . . , Xn) = f .

Conversely, for 0 6= f ∈ A] homogeneous, letting ν(f) = νX0(f) := deg(f) −
deg(f ′) ∈ N0, that isX

ν(f)
0 is the highest power ofX0 dividing f , we have (f ′)] =

f(1, X1, . . . , Xn)] = X
deg(f ′)
0 · f(1, X1

X0
, . . . , XnX0

) = X
−ν(f)
0 · f(X0, X1, . . . , Xn).

b) For I E A] homogeneous let I ′ := {f ′ ∈ A; f ∈ I} E A be its dehomoge-
nization, and for IEA let I] := 〈f ] ∈ A]; f ∈ I〉EA] be its homogenization.
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In particular, let I E A be homogeneous. Then we have I] = 〈f ] ∈ A]; f ∈
I homogeneous〉EA]. Now, let I = 〈f1, . . . , fr〉EA for some r ∈ N0, where the

fi are homogeneous; hence we have f ]i = fi. Then the homogeneous elements
of I are of the form

∑r
i=1 figi ∈ I, where the gi ∈ A are homogeneous such that

deg(fi) + deg(gi) is constant, for i ∈ {1, . . . , r}. Hence we have (
∑r
i=1 figi)

] =∑r
i=1 f

]
i g
]
i =

∑r
i=1 fig

]
i . Thus in this case we have I] = 〈f1, . . . , fr〉EA].

For I E A we have (I])′ = (〈f ] ∈ A]; f ∈ I〉A])′ = 〈(f ])′ ∈ A; f ∈ I〉A = I.
Conversely, for IEA] homogeneous we have (I ′)] = {f ′ ∈ A; f ∈ I}] = 〈(f ′)] ∈
A]; f ∈ I〉A] = 〈X−ν(f)

0 · f ∈ A]; f ∈ I homogeneous〉A] ; in particular I ⊆ (I ′)],
such that for any f ∈ (I ′)] homogeneous we have Xk

0 · f ∈ I for some k ∈ N0.

Proposition. a) i) An ideal I EA is radical if and only if I] EA] is radical.
ii) If a homogeneous ideal I EA] is radical, then I ′ EA is radical as well.
iii) If I = (I ′)] EA] and I ′ EA is radical, then I is radical.

b) i) An ideal I EA is prime if and only if I] EA] is prime.
ii) If a homogeneous ideal I EA] is prime, then I ′ = A or I ′ EA is prime.
iii) If I = (I ′)] EA] and I ′ EA is prime, then I is prime.

Proof. a) i) Let I] EA] be radical, and let f ∈
√
I EA. Then we have fk ∈ I

for some k ∈ N. Thus we get (f ])k = (fk)] ∈ I] =
√
I]. This implies f ] ∈ I],

so that f = (f ])′ ∈ (I])′ = I.

Conversely, let I E A be radical, and let f ∈
√
I] E A] homogeneous. Then we

have fk ∈ I] for some k ∈ N. Thus we get (f ′)k = (fk)′ ∈ (I])′ = I =
√
I. This

implies f ′ ∈ I, so that (f ′)] = X
−ν(f)
0 · f ∈ I], thus f ∈ I].

ii) Let I EA] be radical, and let f ∈
√
I ′ E A. Then we have fk ∈ I ′ for some

k ∈ N. Thus we get (f ])k = (fk)] ∈ (I ′)]. Since ν(f ]) = 0 we conclude that
(f ])k ∈ I =

√
I. This implies f ] ∈ I, so that f = (f ])′ ∈ I ′.

iii) Conversely, let I ′EA be radical, and let f ∈
√
IEA] homogeneous. Then we

have fk ∈ I for some k ∈ N. Thus we get (f ′)k = (fk)′ ∈ I ′ =
√
I ′. This implies

f ′ ∈ I ′, so that (f ′)] = X
−ν(f)
0 · f ∈ (I ′)], hence by assumption f ∈ (I ′)] = I.

b) i) Let I] E A] be prime. Assume that I = A, then 1 ∈ I], a contradiction.
Hence ICA, and we let f, g ∈ A such that fg ∈ I. Then we have f ]g] = (fg)] ∈
I]. Thus we may assume that f ] ∈ I]. This implies f = (f ])′ ∈ (I])′ = I.

Conversely, let I E A be prime. Assume that I] = A], then 1 = 1′ ∈ (I])′ = I,
a contradiction. Hence we have I] C A], and we let f, g ∈ A] be homogeneous
such that fg ∈ I]. Then we have f ′g′ = (fg)′ ∈ (I])′ = I. Thus we may assume

that f ′ ∈ I. This implies (f ′)] = X
−ν(f)
0 · f ∈ I], hence f ∈ I].

ii) Let I E A] be prime. If X0 ∈ I, then we have 1 ∈ I ′ = A. Thus we may
assume that X0 6∈ I and I ′ C A. Now let f, g ∈ A such that fg ∈ I ′. Then we
have f ]g] = (fg)] ∈ (I ′)], hence Xk

0 f
]g] ∈ I for some k ∈ N0. Since X0 6∈ I, we

may assume that f ] ∈ I, implying f = (f ])′ = I ′. Thus I ′ is prime.
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iii) Conversely, let I ′ E A be prime. Assume that I = A, then 1 = 1′ ∈ I ′, a
contradiction. Hence we have I CA, and we let f, g ∈ A] be homogeneous such
that fg ∈ I. Then we have f ′g′ = (fg)′ ∈ I ′. Thus we may assume that f ′ ∈ I ′.
This implies (f ′)] = X

−ν(f)
0 · f ∈ (I ′)], hence by assumption f ∈ (I ′)] = I. ]

(4.8) Affine open subsets. We consider D0 = P \H0, which is open with
respect to the Zariski topology on P. Recall that D0 can be identified with Ln

via (de)homogenization Ln → D0 : v = [x1, . . . , xn] 7→ [1 : x1 : . . . : xn] =: v]

and D0 → Ln : v = [x0 : . . . : xn] 7→ [x1

x0
, . . . , xnx0

] =: v′.

We show that the topology on Ln induced by the Zariski topology on P and
the Zariski topology on Ln coincide; thus the identification Ln → D0 is a
homeomorphism, and D0 ⊆ P is (for the time being) called affine open:

For I E A] homogeneous we have V]
L(I) ∩ Ln = {v ∈ Ln; v] ∈ V]

L(I)} = {v ∈
Ln; f ′(v) = 0 for all f ∈ I homogeneous} = VL(I ′); thus any closed subset of
Ln with respect to the induced topology is Zariski closed. Conversely, for I EA
we have V]

L(I]) ∩ Ln = VL((I])′) = VL(I); thus any Zariski closed subset of
Ln is closed with respect to the induced topology. ]

In particular, if L is infinite, from V]
L(I]K(P)) = P we get VL(I]K(P)′) = Ln,

so that I]L(P)′ = {0}, entailing I]L(P) = {0}; thus we have K[P] ∼= A].

(4.9) Projective closure. a) We compare affine closed sets and projective
closed sets: For I E A and V := VL(I) ⊆ Ln affine closed, let V ⊆ P be its
projective closure, that is the smallest projective closed subset containing V .

Letting W := V]
L(I]) ⊆ P, being projective closed such that W ∩ Ln =

VL((I])′) = VL(I) = V , we get V ⊆W, hence V ⊆ V ∩Ln ⊆W ∩Ln = V , so
that V ∩ Ln = V . (We will comment on the relationship V ⊆W below.) The
elements of V \V ⊆ P \Ln = H0 are called the points at infinity of V ; recall
that V is irreducible if and only if V is irreducible.

Conversely, if V ⊆ P is projective closed and irreducible, such that V 6⊆ H0,
we have ∅ 6= V ∩ Ln ⊆ V open, and hence dense, entailing V ∩ Ln = V. In
conclusion, we have shown that mapping V 7→ V yields a bijection

{V ⊆ Ln closed, irreducible} → {V ⊆ P closed, irreducible; V 6⊆ H0},

whose inverse is given by V 7→ V ∩ Ln.

In general, if V =
⋃r
i=1 Vi ⊆ Ln are the irreducible components of V , then we

have V =
⋃r
i=1 V i ⊆ P, where the V i are irreducible, and since V i∩Ln = Vi the

decomposition of V is irredundant, so that the V i are the irreducible components
of V . Hence the above bijections extend to bijections between the set of affine
closed subsets of Ln, and the set of projective closed subsets of P having no
irreducible component being contained in the hyperplane at infinity.

In particular, if L is infinite, then both Ln, having coordinate algebra A, and P,
having homogeneous coordinate algebra A], are irreducible, so that P∩Ln = Ln



I Algebraic sets 26

implies that the projective closure of Ln is Ln = P. (In contrast, if L is finite and
K = L, then singleton sets are closed, so that P carries the discrete topology.)

b) We proceed to describe the vanishing ideals of projective closures: To this
end, let V ⊆ P be projective closed having no irreducible component contained
in H0, and let V := V ∩ Ln ⊆ Ln, being affine closed such that V = V.

i) If I EA] is homogeneous such that V = V]
L(I), then we have V = V∩Ln =

VL(I ′), saying that a defining ideal of V is given as the dehomogenization of
any defining ideal of V. In particular, if L is algebraically closed, the vanishing
ideal of V is given as the dehomogenization of the vanishing ideal of V.

ii) Let conversely IEA such that V = VL(I), and let W := V]
L(I]) ⊆ P. Then

we have already seen that W ∩ Ln = VL((I])′) = VL(I) = V , implying that
V = V ⊆ W. If L is algebraically closed we show that actually V = W, by
showing that any projective closed set containing V already contains W:

Let J E A] homogeneous such that U := V]
L(J) contains V , that is we have

V ⊆ U ∩ Ln = VL(J ′). Thus we have J ′ ⊆ IK(V ) =
√
I E A. Hence for any

f ∈ J we have (fk)′ = (f ′)k ∈ I, for some k ∈ N. This implies (X
−ν(f)
0 · f)k =

((fk)′)] ∈ I], thus X
−ν(f)
0 · f ∈

√
I] = I]K(W). This entails f ∈ I]K(W), hence

J ⊆ I]K(W), thus W = V]
L(I]K(W)) ⊆ V]

L(J) = U. ]

Thus, if L is algebraically closed, a defining ideal of V is given as the homog-
enization of any defining ideal of V . In particular, the vanishing ideal of V is
given as the homogenization of the vanishing ideal of V . Note that the latter
assertions do not necessarily hold if L is not algebraically closed:

Example. Let K = L = R and n = 2, hence A] = R[T,X, Y ]. Let I =
〈X2 +Y 4〉EA. Then we have V = V(I) = {[0, 0]}, so that V = V = {[1 : 0 : 0]}.
But we have I] = 〈T 2X2 + Y 4〉, so that V](I]) = {[1 : 0 : 0], [0 : 1 : 0]}.

(4.10) Example: The twisted cubic. Let K = L = C, and let n = 3, hence
we have A = C[X,Y, Z] and A] = C[W,X, Y, Z]. We consider the projective
closed set W := V](I) ⊆ P = P3(C), where I := 〈XZ − Y 2, Y W −X2〉EA].

Note that the graded C-algebra automorphism of A] given by X ↔ Y and
W ↔ Z leaves I invariant, so that it induces a graded C-algebra automorphism
of A]/I and thus of C[W] = A]/I](W) = A]/

√
I. (But we do not know yet

what an ‘automorphism’ of a projective variety should be.)

i) We observe that W ∩H0 = V](XZ − Y 2, Y W −X2,W ) = V](W,X, Y ) =
{[0 : 0 : 0 : 1]}. Hence W either has no irreducible component contained in H0,
or {[0 : 0 : 0 : 1]} is the only one. We will exclude the latter case by showing (on
the fly) that {[0 : 0 : 0 : 1]} is contained in a larger closed irreducible subset.

We proceed to examine the affine closed set W ∩ C3 = V(I ′), where we have
I ′ = 〈XZ − Y 2, Y − X2〉 = 〈X(Z − X3), Y − X2〉 E A. Then both P :=
〈Z −X3, Y −X2〉EA and Q := 〈X,Y −X2〉 = 〈X,Y 〉EA divide I ′.
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ii) We show that P is prime: To this end, we consider the homomorphism of
C-algebras ϕ∗ : A/P → C[T ] : X 7→ T, Y 7→ T 2, Z 7→ T 3, which is well-defined
by the definition of P . Moreover, we have a homomorphism of C-algebras
ψ∗ : C[T ] → A/P : T 7→ X. Then we have ψ∗(ϕ∗(X)) = X, and ψ∗(ϕ∗(Y )) =
X2 = Y , and ψ∗(ϕ∗(Z)) = X3 = Z, thus ϕ∗ψ∗ = idA/P . Similarly, we get
ϕ∗(ψ∗(T )) = T , thus ψ∗ϕ∗ = idC[T ]. This shows that A/P ∼= C[T ] is a domain.

Let V := V(P ) ⊆ C3, which is irreducible. Then ϕ∗ is the comorphism associ-
ated with the isomorphism ϕ : C→ V : t 7→ [t, t2, t3].

Similarly, A/Q ∼= C[Z] is a domain, hence Q is prime. Let U := V(Q) = {0} ×
{0}×C ⊆ C3, that is the ‘z-axis’; we have the isomorphism C→ U : z 7→ [0, 0, z].

We show that P∩Q = I ′: We have I ′ ⊆ P∩Q. From P = I(V ) and Q = I(U) we
get I(V ∪U) = P ∩Q = PQ. Since Y −X2 ∈ I ′ we have PQ = 〈X(Z −X3)〉 =
{0}EA/I ′. Thus we infer that PQ ⊆ I ′, so that I ′ = PQ = P ∩Q = I(V ∪U).

Hence we have the decomposition W∩C3 = V(I ′) = V(I(V ∪U)) = V ∪U into
irreducible components, where V ∩ U = V(P +Q) = V(〈X,Y, Z〉) = {[0, 0, 0]}.
Letting V := V = V](P ]) and U := U = V](Q]) we have the decomposition
W = V ∪U∪ {[0 : 0 : 0 : 1]} into irreducible closed subsets, where it remains to
be decided whether the last piece is redundant. Being homogenizations of prime
ideals, both P ] and Q] are prime. In order to determine P ] and Q] explicitly,
we apply homogenization, recalling that we have to apply homogenization not
only to a generating set of the ideal in question, but to all its elements:

iii) We determine Q] E A]: Since Q = 〈X,Y 〉 E A is homogeneous, we get
Q] = 〈X,Y 〉EA]. Thus we have

U = (U ∩ C3)
.
∪ (U ∩H0) = {[1 : 0 : 0 : z] ∈ P; z ∈ C}

.
∪ {[0 : 0 : 0 : 1]},

having homogeneous coordinate algebra C[U] = A]/Q] ∼= C[W,Z] = C[P1].
Indeed we have the homeomorphism P1 → U : [w : z] 7→ [w : 0 : 0 : z]. (We are
tempted to call it an ‘isomorphism’, but so far we do not even have a definition
of a ‘morphism’ between projective varieties.)

iv) We proceed to determine P ] EA]: We have 〈YW −X2, ZW 2 −X3〉 ⊆ P ].
But we have Z = X3 = XY ∈ A/P and Y 2 = X4 = XZ ∈ A/P , which implies
that Z − XY ∈ P and Y 2 − XZ ∈ P . Hence we have ZW − XY ∈ P ] and
Y 2 −XZ ∈ P ] as well. Letting

J := 〈Y 2 −XZ,ZW −XY, YW −X2〉 ⊆ P ] EA],

we observe that ZW 2−X3 = XYW−XYW = 0 ∈ A]/J , making this generator
redundant. We guess that we actually have J = P ], and set out to show this:

To this end, we consider the epimorphism of C-algebras

α : A] → C[S, T ]3N0 :=
⊕
d∈N0

C[S, T ]3d : W 7→ S3, X 7→ S2T, Y 7→ ST 2, Z 7→ T 3.
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Then we observe that J ⊆ ker(α) EA]. We show that equality holds:

Since α is a homomorphism of graded algebras, with respect to the grading of
C[S, T ]3N0

indicated above, we infer that ker(α) E A] is a homogeneous ideal.
Since J E A] is homogeneous as well, both A]/J and A]/ ker(α) are graded
algebras. Thus we have J = ker(α), if and only if for all d ≥ 0 we have

dimC((A])d/Jd) ≤ dimC((A])d/ ker(α)d) = dimC(C[S, T ]3d) = 3d+ 1.

Now (A]/J)d is generated as a C-vector space by the cosets of the monomials
in A] of degree d. Taking the (binomial) generators of J into account, it is
immediate that the following cosets suffice:

{W iZj ; i+ j = d}
.
∪ {W iZjX; i+ j = d− 1}

.
∪ {W iZjY ; i+ j = d− 1}.

This set has cardinality (d+1)+2d = 3d+1, showing dimC((A])d/Jd) ≤ 3d+1.

From J = ker(α) E A], since C[S, T ]3N0 ⊆ C[S, T ] is a domain, we conclude
that J E A] is prime. Thus J ′ = P = (P ])′ yields V](J) = V(J ′) = V(P ) =

V((P ])′) = V](P ]) = V, entailing J = I](V](J)) = I](V](P ])) = P ].

From this we get the twisted cubic (space curve)

V = (V ∩ C3)
.
∪ (V ∩H0) = {[1 : t : t2 : t3] ∈ P; t ∈ C}

.
∪ {[0 : 0 : 0 : 1]},

having homogeneous coordinate algebra C[V] = A]/P ] ∼= C[S, T ]3N0
6∼= C[S, T ].

But still we have the homeomorphism P1 → V : [s : t] 7→ [s3 : s2t : st2 : t3], see
also Exercise (12.32); note that [s : t] = [s3 : s2t] if s 6= 0, and [s : t] = [st2 : t3] if
t 6= 0. (Again we are tempted to call it an ‘isomorphism’.)

v) In conclusion, we have W = V ∪U, the latter being the irreducible compo-
nents of W, where V ∩U = {[1 : 0 : 0 : 0], [0 : 0 : 0 : 1]}.
Moreover, we have I](W) = I](W ∩ C3) = I(W ∩ C3)] = (I ′)] and I](W) =
I](V) ∩ I](U) = P ] ∩Q] = P ]Q], thus we get (I ′)] = P ] ∩Q] = P ]Q].

Finally, since I ⊆ (I ′)] = P ]∩Q], computing in A]/I = A]/〈XZ−Y 2, Y W−X2〉
yields P ]Q] = 〈Y 2−XZ,ZW −XY, YW −X2〉〈X,Y 〉 = 〈ZW −XY 〉〈X,Y 〉 ⊆
A]/I, where XZW − X2Y = Y 2W − Y 2W = 0 ∈ A]/I and Y ZW − XY 2 =
X2Z −X2Z = 0 ∈ A]/I yields P ]Q] = 〈XZW −X2Y, Y ZW −XY 2〉 = {0} ⊆
A]/I. Thus we get I = (I ′)] = P ] ∩Q] = P ]Q] = I](W). ]

Remark. A couple of comments concerning part (iv) is in order:

a) The ideal J̃ := 〈YW − X2, ZW 2 − X3〉 E A] encountered as the ‘first ap-

proximation’ of P ] is indeed properly contained in P ]: We have V](J̃) ∩H0 =
V](YW − X2, ZW 2 − X3,W ) = V](X,W ) = {[0 : 0 : y : z] ∈ P; [y : z] ∈ P1},
while V](P ]) ∩H0 = V ∩H0 = {[0 : 0 : 0 : 1]}. (Recall that (J̃)′ = P = (P ])′,

so that V](J̃) ∩ C3 = V(P ) = V](P ]) ∩ C3.)
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b) In order to avoid a specially tailored argument to determine a generating set
of P ] from a generating set of P , we may proceed computationally as follows:
We compute a Gröbner basis of P with respect to a degree-driven monomial
order, then by [1, Sect.8.4] its homogenization generates P ]; actually it is a
Gröbner basis of P ] with respect to a certain extension of the given monomial
order from X to X ]. Here, we get P = 〈Y 2 − XZ,XY − Z,X2 − Y 〉 E A, so
that we again obtain P ] = 〈Y 2 −XZ,XY − ZW,X2 − YW 〉EA].

II Varieties

5 Categories

(5.1) Categories. A category C consists of a class Ob(C) of objects (which
is not necessarily a set), together with sets of morphisms HomC(A,B), also
denoted by MorC(A,B), for all A,B ∈ C, such that
i) for all A ∈ C there is an identity idA ∈ EndC(A) := HomC(A,A), and
ii) for all A,B,C ∈ C there is a concatenation map

HomC(A,B)×HomC(B,C)→ HomC(A,C) : [α, β] 7→ αβ,

fulfilling the following conditions, for all A,B,C,D ∈ C:
i) For all α : A→ B and β : B → A we have idA · α = α and β · idA = β, and
ii) for all α : A→ B, β : B → C, γ : C → D we have (αβ)γ = α(βγ) : A→ D.

Here and further on, for objects A ∈ Ob(C) we abbreviate by writing A ∈ C,
and for α ∈ HomC(A,B) we write an arrow α : A→ B.

Example. The class Sets of all sets, together with the set of all maps between
pairs of sets as morphisms, forms a category. Note that the class of all sets is
not a set, so that we have to be careful with these constructions. (We will not
go into any detail here, but we will just take this for granted.)

The following is an example of a small category, that is one whose class of
objects is a set: Let M be a set. Then the set Sets(M) of all subsets of M,
together with all maps between subsets of M as morphisms, forms a category.
This can be varied, for example by allowing only for injective maps, or only for
surjective maps morphisms; or by going down to a smaller set of objects, such
as the set of all finite subsets of M; or both.

Further examples are the class Top of all topological spaces, together with all
continuous maps as morphisms; the class Ab of abelian groups, together with all
group homomorphisms as morphisms; the class Mod-R of all R-modules, where
R is a ring, or the class mod-R of all finitely generated R-modules, together
with all R-module homomorphisms as morphisms. ]
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(5.2) Functors. a) Let C and D be categories. A (covariant) functor
F : C → D is an assignment Ob(C)→ Ob(D) : A→ F(A), together with maps

FA,B : HomC(A,B)→ HomD(F(A),F(B)) : α 7→ FA,B(α) = F(α),

fulfilling the following conditions, for A,B,C ∈ C: i) We have F(idA) = idF(A),
and ii) for α : A→ B and β : B → C we have F(α) · F(β) = F(αβ).

Similarly, a contravariant functor F : C → D consists of a map Ob(C) →
Ob(D), together with arrow reversing maps

FA,B : HomC(A,B)→ HomD(F(B),F(A)),

such that i) F(idA) = idF(A), and ii) FB,C(β) · FA,B(α) = FA,C(αβ) : C → A.

For example, we have the (covariant) identity functor IdC : C → C, mapping
A 7→ A for A ∈ C, and α 7→ α for α : A→ B.

b) If E is a category, and F : C → D and G : D → E are (covariant) functors,
then the concatenation G ◦ F : C → E is the (covariant) functor given by

G ◦ F : A 7→ G(F(A)) and (G ◦ F)(α) = G(F(α)) : G(F(A))→ G(F(B)),

for A,B ∈ C, and α : A → B a morphism in C; it is immediately checked that
this is a functor indeed. The concatenation of contravariant functors, or of
covariant and contravariant functors is defined analogously.

Categories C and D are called isomorphic, if there are functors F : C → D and
G : D → C such that G ◦F = IdC and F ◦G = IdD. Note that in this case either
both C and D are covariant, or both C and D are contravariant.

c) Let F : C → D and G : C → D be (covariant) functors. Then a natural
transformation N : F ⇒ G is a map assigning a morphism NA : F(A)→ G(A)
in D to all A ∈ C, such that for any morphism α : A→ B in C we have(
F(α) · NB : F(A)→ F(B)→ G(B)

)
=
(
NA · G(α) : F(A)→ G(A)→ G(B)

)
.

If the morphisms NA are isomorphisms in D, for all A ∈ C, then N is called a
natural isomorphism; in this case we write F ∼= G. Natural transformations
and isomorphisms between contravariant functors are defined analogously.

Categories C and D are called equivalent if there are (covariant or contravari-
ant) functors F : C → D and G : D → C such that G◦F ∼= IdC and F◦G ∼= IdD; in
this case we write C ∼= D. In particular, isomorphic categories are (covariantly or
contravariantly) equivalent. Typically, ‘equivalence’, rather than ‘isomorphism’,
is the appropriate notion to say that two categories are ‘essentially equal’.

(5.3) Limits. Let I be a set carrying a partial order, that is a reflexive, anti-
symmetric and transitive relation ≤. Then I becomes a category by letting
HomI(i, j) = {ρij} be a singleton set if i ≤ j, and HomI(i, j) = ∅ otherwise,
concatenation being given by ρijρjk = ρik for i ≤ j ≤ k; in particular ρii = idi.
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Now let C be a category. Then an inverse system or projective system
in C is a contravariant functor I → C; that is it specifies a set of objects
{Ai ∈ C; i ∈ I}, together with morphisms {ψji ∈ HomC(Aj , Ai); i, j ∈ I, j ≥ i},
such that ψkjψji = ψki, and ψii = idAi , for k ≥ j ≥ i.
Given A ∈ C, let HomC(A, {Ai}) consist of all sets {ϕi ∈ HomC(A,Ai); i ∈ I}
such that ϕjψji = ϕi, for j ≥ i. Then the assignment

HomC(?, {Ai}) : C → Sets : A 7→ HomC(A, {Ai})

is a contravariant functor, where a morphism ϕ ∈ HomC(A,B) is mapped to
the map ϕ∗ : HomC(B, {Ai})→ HomC(A, {Ai}) induced by pre-composition.

An object P ∈ C, together with a universal morphism {πi} ∈ HomC(P, {Ai}),
is called an (inverse) limit or projective limit, if P has the following universal
property: For any A ∈ C and {ϕi} ∈ HomC(A, {Ai}) there is a unique ϕ ∈
HomC(A,P ) such that ϕπi = ϕi, for all i ∈ I.

It is immediate that the limit is unique up to unique isomorphism in C, if it exists
at all; in this case we write P = lim←−{Ai}. (For proofs of these assertions, see

Exercise (13.3).) Then we have the natural bijection, given by post-composition,

HomC(A,P )→ HomC(A, {Ai}) : ϕ 7→ {ϕπi}.

Recall that HomC(?, P ) : C → Sets : A 7→ HomC(A,P ) is a contravariant func-
tor, where ϕ ∈ HomC(A,B) is mapped to ϕ∗ : HomC(B,P ) → HomC(A,P ),
induced by pre-composition. Then the universal property says that the univer-
sal morphism induces an equivalence of functors HomC(?, P ) ∼= HomC(?, {Ai}).
In other words, HomC(?, {Ai}) is a representable functor, being represented
by P and the universal morphism {πi} ∈ HomC(P, {Ai}).

(5.4) Limits in the category of sets. a) Let C := Sets. Given sets Ai and
maps ψji : Aj → Ai, for j ≥ i, let P :=

∏
i∈I Ai := {ρ : I →

⋃
i∈I Ai; ρ(i) ∈

Ai for i ∈ I} be the (Cartesian) product of the Ai, whose elements may be
written as I-tuples, and let πi : P → Ai : x = [xj ; j ∈ I] 7→ xi be the natural
projections, for i ∈ I. Then it is immediate that the subset

P := {x ∈ P;xi = ψji(xj) for j ≥ i} = {x ∈ P;πi(x) = ψji(πj(x)) for j ≥ i},

together with the induced maps {πi}, is a limit in C.
In particular, if I carries the trivial partial order, that is the only relations are
i ≥ i, for i ∈ I, then the product P is the associated limit. If I = ∅, then the
(empty) product P boils down to a singleton set, which is a terminal object
in C, that is to which any set has a unique map.

b) Let I := {0, 1, 2} be partially ordered by the non-trivial relations 1 ≥ 0
and 2 ≥ 0. Given maps ψ1 : A1 → A0 and ψ2 : A2 → A0 between sets, the
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associated fibre product, also called the pullback of ψ1 and ψ2, is defined as
the associated limit in the category of sets

A1 ×A0
A2 := lim←−{A0, A1, A2} = {[x0, x1, x2] ∈ P;ψ1(x1) = x0 = ψ2(x2)}.

Hence we have A1×A0A2
∼= {[x1, x2] ∈ A1×A2;ψ1(x1) = ψ2(x2)}. In particular,

if A0 is a singleton set, the product A1 × A2 is the limit. Note that if both ψi
are surjective, then so are the induced maps πi : A1 ×A0

A2 → Ai.

Example: Completions of Z. i) Let I := N, and let the partial order be
given by divisibility n | m. Let Zn := Z/〈n〉, let ψmn : Zm → Zn be the

natural ring epimorphism, for n | m, and let Ẑ := lim←−{Zn} ⊆
∏
n∈N Zn be the

associated limit in the category of sets.

Then
∏
n∈N Zn becomes a ring with componentwise addition and multiplication.

Since the maps ψmn and πn are ring homomorphisms, Ẑ becomes a ring. Hence
Ẑ is a limit in the category of rings, called the profinite completion of Z.

ii) Similarly, let p ∈ Z be a prime, let Ip := {pn ∈ N;n ∈ N0}, and let

Ẑp := lim←−{Zpn} ⊆
∏
n∈N0

Zpn be the associated limit in the category of sets.

Then again
∏
n∈N0

Zpn becomes a ring, and hence Ẑp is a limit in the category
of rings, called the p-adic completion of Z, or the ring of p-adic integers.
(Actually, Ẑp is a complete local domain with maximal ideal 〈p〉; its field of

fractions Q̂p := Q(Ẑp) is called the field of p-adic numbers. By the Chinese

Remainder Theorem we have Ẑ ∼=
∏
p prime Ẑp; in particular Ẑ is not a domain.)

(5.5) Colimits. A direct system or inductive system in C is a (covariant)
functor I → C; that is it specifies objects {Ai ∈ C; i ∈ I}, together with
morphisms {ψij ∈ HomC(Ai, Aj); i, j ∈ I, i ≤ j}, such that ψijψjk = ψik, and
ψii = idAi , for i ≤ j ≤ k.

Given A ∈ C, let HomC({Ai}, A) consist of all sets {ϕi ∈ HomC(Ai, A); i ∈ I}
such that ψijϕj = ϕi, for i ≤ j. Then the assignment

HomC({Ai}, ?) : C → Sets : A 7→ HomC({Ai}, A)

is a (covariant) functor, where a morphism ϕ ∈ HomC(A,B) is mapped to the
map ϕ∗ : HomC({Ai}, A)→ HomC({Ai}, B) induced by post-composition.

An object I ∈ C, together with a universal morphism {ιi} ∈ HomC({Ai}, I),
is called a colimit or direct limit or inductive limit, if I has the following
universal property: For any A ∈ C and {ϕi} ∈ HomC({Ai}, A) there is a unique
ϕ ∈ HomC(I, A) such that ιiϕ = ϕi, for all i ∈ I.

It is immediate that the colimit is unique up to unique isomorphism in C, if it
exists at all; in this case we write I = lim−→{Ai}. (For proofs, see Exercise (13.4).)
Then we have the natural bijection, given by pre-composition,

HomC(I, A)→ HomC({Ai}, A) : ϕ 7→ {ιiϕ}.
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Recall that HomC(I, ?) : C → Sets : A 7→ HomC(I, A) is a (covariant) functor,
where ϕ ∈ HomC(A,B) is mapped to ϕ∗ : HomC(I, A) → HomC(I,B), induced
by post-composition. Then the universal property says that the universal mor-
phism induces an equivalence of functors HomC(I, ?) ∼= HomC({Ai}, ?). In other
words, HomC({Ai}, ?) is a representable functor, being represented by I and the
universal morphism {ιi} ∈ HomC(I, {Ai}).

(5.6) Colimits in the category of sets. a) Let C := Sets. Given sets
Ai and maps ψij : Ai → Aj , for i ≤ j, let Q :=

∐
i∈I Ai := {[i, x] ∈ I ×

(
⋃
i∈I Ai); [i, x] ∈ {i} × Ai} be the coproduct or disjoint union of the Ai,

and let ιi : Ai → Q : x 7→ [i, x] be the natural inclusion, for i ∈ I.

Let ∼ be the equivalence relation on Q generated by transitive and symmetric
closure from ιi(x) ∼ ιj(ψij(x)) for i ≤ j and x ∈ Ai; note that reflexivity
is fulfilled anyway. Then it is immediate that the set of equivalence classes
I := Q/∼, together with the induced maps {ιi}, is a colimit in C.
In particular, if I carries the trivial partial order, that is the only relations
are i ≤ i, for i ∈ I, then the coproduct Q is the associated colimit. If I = ∅,
then the (empty) coproduct Q boils down to the empty set, which is the initial
object in C, that is which has a unique map to any set.

b) Let I := {0, 1, 2} be partially ordered by the non-trivial relations 0 ≤ 1 and
0 ≤ 2. Given maps ψ1 : A0 → A1 and ψ2 : A0 → A2 between sets, the associated
fibre sum, also called the pushout of ψ1 and ψ2, is defined as the associated
colimit in the category of sets

A1 tA0
A2 := lim−→{A0, A1, A2} = (

∐
i∈{0,1,2}

Ai)/∼,

where ∼ is the equivalence relation generated by ι0(x) ∼ ι1(ψ1(x)) ∼ ι2(ψ2(x)),
for x ∈ A0. Hence we have A1 tA0

A2
∼= (A1 t A2)/∼, where ∼ is the relation

generated by reflexive closure from ι1(ψ1(x)) ∼ ι2(ψ2(x)), for x ∈ A0. In
particular, if A0 = ∅ then the coproduct A1 t A2 is the colimit. Note that if
both ψi are injective, then so are the induced maps ιi : Ai → A1 tA0 A2.

6 Sheaves

(6.1) Presheaves. a) Let V be a topological space. We get a category T = TV ,
consisting of the open subsets of V , whose morphism sets are defined as follows:
Letting W,U ⊆ V be open, if W 6⊆ U then HomT (W,U) := ∅, if W ⊆ U then
HomT (W,U) := {ιUW }, where ιUW : W → U is the natural inclusion map; in
particular we have ιUU = idU .

Let A ⊆ Sets be a category; typically, we will have A ⊆ Ab. Then a presheaf
on V with values in A is a contravariant functor F : T → A.

Thus a presheaf F on V assigns a set Γ(U,F) := F(U) ∈ A to any open subset
U ⊆ V , whose elements are called the sections of F over U ; in particular, the
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elements of Γ(F) := F(V ) ∈ A are called the global sections of F . Moreover,
for U ′ ⊆ U ⊆ V open there is a restriction morphism

ρUU ′ = ρUU ′,F := F(ιUU ′) : F(U)→ F(U ′) : f 7→ f |U ′ ,

such that for U ′′ ⊆ U ′ ⊆ U ⊆ V open we have ρU
′

U ′′◦ρUU ′ = ρUU ′′ , and ρUU = idF(U).

b) Letting F and G be presheaves on V with values in A, a morphism of
presheaves is a natural transformation Φ: F ⇒ G, where F and G are called
isomorphic if they are naturally isomorphic; in this case we again write F ∼= G.

Thus a morphism of presheaves Φ assigns a morphism ΦU : F(U)→ G(U) to all
open subsets U ⊆ V , such that for all U ′ ⊆ U ⊆ V open we have

ρUU ′,F · ΦU ′ = ΦU · ρUU ′,G : F(U)→ G(U ′).

We get the functor category PSh(V ) = PSh(V,A), whose objects are the
presheaves on V with values in A, having the morphism of presheaves as mor-
phisms; it is immediately checked that it is a category indeed.

(6.2) Sheaves. A presheaf F on V with values in A is called a sheaf, if the
following additional condition holds: Whenever U ⊆ V is open, and {Ui; i ∈ I}
is an open covering of U , where I is an index set, and {fi ∈ F(Ui); i ∈ I} are
compatible sections, that is (fi)|Uij = (fj)|Uij , where Uij := Ui ∩ Uj , for all
i, j ∈ I, then there is a unique section f ∈ F(U) such that f |Ui = fi, for i ∈ I.

Since for any section f ∈ F(U) we have (f |Ui)|Uij = f |Uij = (f |Uj )|Uij the
compatibility condition is necessary. Thus the sheaf condition says that the
compatibility condition is also sufficient for the existence of such a section.
Moreover, it also says that any section is uniquely defined by its restrictions to
the given open ‘patches’.

In particular, for ∅ ⊆ V , in view of the empty covering given by I = ∅, the sheaf
condition says that F(∅) is a singleton set, {0} say; thus if A ⊆ Ab being the
trivial group. Generally speaking, {0} is a terminal object in A. Hence for any
U ⊆ V open the restriction map ρU∅ is the unique morphism F(U) → {0}. In
turn, if F is a presheaf such that F(∅) = {0}, then the compatibility condition
is vacuous whenever Ui ∩ Uj = ∅.
The full subcategory Sh(V ) = Sh(V,A) ⊆ PSh(V,A) has the sheaves on V
with values in A as its objects, and all morphisms of presheaves as morphisms.

(6.3) Example: Function spaces. a) Let V and W be topological spaces.
Letting C(U) be the set of continuous maps from U to W , for U ⊆ V open, de-
fines a presheaf C on V , restriction maps being given by restriction of functions.

Actually, C is a sheaf: For any open subset U ⊆ V , and any open covering
{Ui; i ∈ I} of U , where I is an index set, any map ϕ : U → W is uniquely
defined by its restrictions ϕ|Ui . Conversely, since ϕ is continuous if and only
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if for any v ∈ U there is an open neighborhood v ∈ U ′ ⊆ U such that ϕ|U ′
is continuous, prescribing compatible continuous maps ϕi : Ui → W defines a
continuous map ϕ : U → T such that ϕ|Ui = ϕi. ]

b) Letting U ⊆ C be open, with respect to the metric topology, let H(U) be the
set of holomorphic C-valued functions on U , which is a C-algebra with respect to
pointwise addition and multiplication. This defines a presheaf H of C-algebras
on C, whose restriction maps are given by restriction of functions.

Actually, H is a sheaf: For any open subset U ⊆ C, and any open covering
{Ui; i ∈ I} of U , where I is an index set, any function f : U → C is uniquely
defined by its restrictions f |Ui . Conversely, since f is holomorphic if and only
if for any z ∈ U there is an open disc Dε(z) ⊆ U , for some radius ε > 0, around
z such that f |Dε(z) is complex differentiable, where the open discs are basis of
the metric topology, prescribing compatible holomorphic functions fi : Ui → C
defines a holomorphic function f : U → C such that f |Ui = fi. ]

(6.4) Restricted sheaves. a) Let V be a topological space, and let OV be a
presheaf of functions on V , whose restriction maps are given by restriction of
functions. For W ⊆ V the restricted presheaf OV |W is defined as follows:

For U ⊆ W open let OV |W (U) be the set of all functions f : U → L, such that
for all v ∈ U there exist an open neighborhood v ∈ Uv ⊆ V and a section
fv ∈ OV (Uv), such that Uv ∩W ⊆ U and fv|Uv∩W = f |Uv∩W .

Then the natural inclusion map ιVW : W → V , being continuous, induces a
comorphism (ιVW )∗ : OV ⇒ OV |W :

Let U ⊆ V be open and f ∈ OV (U). Then we have U ′ := (ιVW )−1(U) = U ∩W .
Letting Uv = U and fv = f , for all v ∈ U ′, we get (ιVW )∗U (f) = f |U∩W = f |U ′ ,
showing that f |U ′ ∈ OV |W (U ′). ]

Actually, OV |W is a sheaf (even if OV is not a sheaf):

Let U ⊆ W be open, let {Ui; i ∈ I} be an open covering of U , where I is an
index set, let fi ∈ OV |W (Ui) be a compatible set of functions, for i ∈ I. Letting
f : U → L be defined by f |Ui = fi, we show f ∈ OV |W (U): For v ∈ U , let i ∈ I
such that v ∈ Ui, hence there are v ∈ Uv ⊆ V open and fv ∈ OV (Uv), such that
Uv ∩W ⊆ Ui ⊆ U and fv|Uv∩W = fi|Uv∩W = f |Uv∩W . ]

b) The case of W ⊆ V being open is of particular interest: In this case, any
open subset U ⊆W is open in V as well, and (ιVW )∗U : OV (U)→ OV |W (U) : f 7→
f |U = f is the identity map, hence is injective; thus the morphism of presheaves
(ιVW )∗ : OV ⇒ OV |W is called injective.

We define the presheaf OW on W by letting OW (U) := OV (U), for any U ⊆
W open, where the restriction maps of OW are inherited from OV . Thus we
get an injective morphism of presheaves σV |W : OW ⇒ OV |W . In particular,
σV |V : OV ⇒ OV |V is injective, saying that OV is a subpresheaf of OV |V ,
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where the sheaf OV |V is called the sheafification of OV . (The sheafification
fulfills a universal property, which we do not discuss here; see Exercise (13.5).)

If OV already is a sheaf, we show that σV |W : OW ⇒ OV |W is surjective as
well, that is (ιVW )∗U : OV (U)→ OV |W (U) is surjective, for all U ⊆W open:

Let f ∈ OV |W (U). Then for all v ∈ U let v ∈ Uv ⊆ V be open, and let
fv ∈ OV (Uv), such that Uv ∩W ⊆ U and fv|Uv∩W = f |Uv∩W . Since W is open,
we may assume that Uv ⊆W , or equivalently Uv ⊆ U , and thus fv = f |Uv . Since
{Uv; v ∈ U} is an open covering of U , the sheaf properties imply f ∈ OV (U). ]

Thus in this case we have σV |W (U) = idOW (U), for all U ⊆ W open. In partic-
ular, sheafification does not change a given sheaf.

Example: Constant sheaves. i) Let V be topological space, let A 6= ∅ be a
set, and let 0 ∈ A. Letting U 7→ A for ∅ 6= U ⊆ V open, and ∅ 7→ {0}, and
restriction maps being given as ρUU ′ = idA, for all ∅ 6= U ′ ⊆ U ⊆ V open, defines
a presheaf C on V , called the constant presheaf with values in A. In other
words, C(U) can be considered as consisting of the constant maps from U to A.

Then C is not necessarily a sheaf: Assume that |A| ≥ 2, and that V is discon-
nected, that is there are ∅ 6= U,W ⊆ V open such that V = U

.
∪ W . Then

letting a ∈ C(U) = A and b ∈ C(W ) = A, where a 6= b, be sections on U and W ,
respectively, the compatibility condition is trivially fulfilled. But for any global
section c ∈ C(V ) = A we get ρVU (c) = idA(c) = c and ρVW (c) = idA(c) = c, thus
the prescribed sections cannot be obtained by restriction from a global one.

ii) Let A be equipped with the discrete topology. For U ⊆ V open let C0(U) be
the set of continuous maps from U to A. Together with restriction maps being
given by restriction of functions this defines a presheaf C0 on V .

Note that, due to A carrying the discrete topology, a map ϕ : U → A is con-
tinuous if and only if ϕ−1({a}) ⊆ U is open, for all a ∈ A, which in turn is
equivalent to ϕ being locally constant, that is any point in U has an open
neighborhood on which ϕ is constant. Hence C0 coincides with the sheafification
of C, thus C0 actually is a sheaf, being called the (locally) constant sheaf on
V with values in A. Alternatively, it can be shown directly that C0 is a sheaf:

For U ⊆ V open, and any open covering {Ui; i ∈ I}, where I is an index set,
any map ϕ : U → A is uniquely defined by its restrictions ϕ|Ui . Conversely, ϕ is
continuous if and only if Ua := ϕ−1({a}) ⊆ U is open, for a ∈ A. Now Ua ⊆ U
is open if and only if Ua ∩ Ui ⊆ Ui is open, for i ∈ I. Hence giving compatible
continuous maps ϕi : Ui → A defines a continuous map ϕ such that ϕ|Ui = ϕi.

7 Localization

(7.1) Localization. Let R be a ring, and let S ⊆ R be a multiplicatively
closed subset, that is 1 ∈ S and for any f, g ∈ S we have fg ∈ S as well.
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a) Let M be an R-module, and for f ∈ R let ρM (f) : M →M : m→ mf . An R-
module MS together with a ‘natural’ R-module homomorphism σ : M → MS
is called the localization of M at S, or the module of fractions of M with
respect to S, if it fulfills the following universal property in Mod-R: i) The
map ρMS (f) is bijective for all f ∈ S, and ii) for any R-module N such that
ρN (f) is bijective for all f ∈ S, and any R-module homomorphism α : M → N ,
there is a unique R-module homomorphism α̂ : MS → N such that α = σ · α̂.

It is immediate that the localization of M at S is unique up to unique isomor-
phism of R-modules, if it exists at all. We show that a localization exists:

We consider the set M × S, and the relation ∼ given by [m, f ] ∼ [m′, f ′] if
there is g ∈ S such that (mf ′ − m′f)g = 0. Then ∼ is an equivalence re-
lation indeed: Reflexivity and symmetry are immediate; to show transitivity
let [m, f ] ∼ [m′, f ′] and [m′, f ′] ∼ [m′′, f ′′], hence there are g, h ∈ S such
that (mf ′ −m′f)g = 0 = (m′f ′′ − m′′f ′)h, thus we get (mf ′′ −m′′f)f ′gh =
mf ′f ′′gh− (mf ′ −m′f)f ′′gh− (m′f ′′ −m′′f ′)fgh−m′′ff ′gh = 0 ∈M .

The set of equivalence classes in M×S with respect to ∼ is denoted by M/S, and
the equivalence class of [m, f ] is denoted by m

f ∈ M/S. Then M/S becomes

an R-module by letting m
f + m′

f ′ := mf ′+m′f
ff ′ and m

f · g := mg
f , for g ∈ R;

independence of the choice of representatives is immediately checked. Then
σ : M →M/S : m 7→ m

1 is an R-module homomorphism. We show that M × S
together with σ fulfills the required universal property:

Firstly, ρM/S(g) : M/S → M/S : m
f 7→

mg
f is bijective, for any g ∈ S, with

inverse M/S →M/S : m
f 7→

m
fg .

Secondly, let α : M → N be an R-module homomorphism, where ρN (f) is
bijective for all f ∈ S. Then, for any R-module homomorphism α̂ : M/S → N
such that α = σ · α̂ we have α̂(mf ) · f = α̂(mf · f) = α̂(mff ) = α̂(m1 ) = α(m) ∈ N ,

so that α̂(mf ) = ρN (f)−1(α(m)) ∈ N , for f ∈ S. Thus α̂ is unique, if it exists
at all. Now it is immediately checked that the latter formula indeed defines an
R-module homomorphism α̂ as desired; see also Exercise (13.8). ]

b) In particular, for the regular R-module we get the localization RS of R at
S, or the ring of fractions of R with respect to S. Indeed RS becomes a ring,

by letting g
f ·

g′

f ′ := gg′

ff ′ , as is immediately checked.

Then RS has the following universal property in the category of (commutative
unital) rings: i) f

1 ∈ RS is a unit, for all f ∈ S, and ii) for any ring homomor-
phism α : R→ T , such that α(f) ∈ T is a unit for f ∈ S, there is a unique ring
homomorphism α̂ : RS → T such that α = σ · α̂.

Indeed, firstly, ρRS (f) being bijective, thus having inverse ρRS ( 1
f ), is equivalent

to saying that σ(f) = f
1 ∈ RS is a unit. Secondly, considering T as an R-module

via α, the universal property of RS as an R-module implies the existence of a
unique R-module homomorphism α̂ as desired; then it immediately checked that
α̂ even is a ring homomorphism; see also Exercise (13.8). ]
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In combination, since f
1 ∈ RS is a unit, for any RS -module N the map ρN ( f1 )

is bijective, having inverse ρN ( 1
f ). Conversely, if ρM (f) is bijective for all f ∈

S, then M becomes an RS -module by letting m · gf := ρM (f)−1(mg), as is
immediately checked. In particular, the localization MS becomes an RS -module
by letting m

h ·
g
f := mg

fh ; thus MS is generated by σ(M) as an RS -module.

(7.2) Properties of localizations. a) The natural map σ : M → MS is an
isomorphism of R-modules if and only if ρM (f) is bijective, for all f ∈ S:
Indeed, the latter condition implies that M together with the natural map idM
is a localization of M at S.

Similarly, σ : R → RS is a ring isomorphism if and only if S ⊆ R consists of
units: Indeed, the latter condition implies that R together with the natural map
idR is a localization of R at S.

b) An element f ∈ R is called a zero-divisor on M , if ρM (f) is not injective,
that is there is 0 6= m ∈M such that mf = 0. Let Z = ZR(M) ⊆ R be the set
of zero-divisors on M . In particular, R \ Z is multiplicatively closed; note that
0 ∈ Z if and only if R 6= {0}.
For m ∈M let the annihilator be defined as annR(m) := {f ∈ R;mf = 0}ER;
then we have Z =

⋃
06=m∈M annR(m) ⊆ R. For the natural map σ : M → MS

we have ker(σ) = {m ∈ M ; annR(m) ∩ S 6= ∅}: We have m ∈ ker(σ) if and
only if m

1 = 0 ∈ MS , that is mf = 0 for some f ∈ S, which is equivalent to
annR(m) ∩ S 6= ∅. In particular, σ is injective if and only if S ∩ ZR(M) = ∅.
Moreover, we have MS = {0} if and only if ker(σ) = M , which is equivalent to
annR(m) ∩ S 6= ∅ for all m ∈M (or for an R-module generating set of M).

Similarly, the natural map σ : R → RS is injective if and only if S ∩ ZR = ∅,
where ZR = ZR(R) is the set of zero-divisors of R (including 0 whenever R 6=
{0}). We have RS = {0} if and only if 1 ∈ ker(σ)ER, which since annR(1) = {0}
is equivalent to 0 ∈ S; in this case we have MS = {0}, for any R-module M .

Example. The ring Q(R) := RR\ZR is called the (full) ring of fractions of
R, and we have a natural embedding R→ Q(R). In particular, if R is a domain,
then ZR = {0}, and Q(R) := RR\{0} is a field, called the field of fractions of
R, which again comes with a natural embedding R→ Q(R).

c) An element f ∈ R is called nilpotent on M , if ρM (f) is nilpotent. Let
NR(M) E R be the set of nilpotent elements on M . In particular, for M = R
we recover the nilradical NR(R) = nil(R) ER; note that nil(R) ⊆ NR(M), and
that 0 ∈ S if and only if S ∩ nil(R) 6= ∅.
Now, for f ∈ R let S := {fk ∈ R; k ∈ N}. Then Rf := RS is called the
localization of R at f . We have Rf = {0} if and only if f ∈ nil(R).

i) If R is reduced, then so is Rf : Since 1
f ∈ Rf is a unit, we consider g

1 ∈ nil(Rf ).

Thus gk

1 = 0 ∈ Rf , for some k ∈ N, hence (gfr)k = gkfrk = 0 ∈ R, for some
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r ∈ N0; from nil(R) = {0} we conclude gfr = 0 ∈ R, thus g
1 = 0 ∈ Rf . ]

ii) For f, g ∈ R we have a natural isomorphism rings (Rf )g ∼= Rfg: The image
of f and g, with respect to the natural maps, is a unit in both (Rf )g and Rfg.
Hence the natural map R → Rfg factors through a natural map α : (Rf )g →
Rfg, and the natural map R → Rf → (Rf )g factors through a natural map
β : Rfg → (Rf )g. By naturality we have αβ = id(Rf )g and βα = idRfg . ]

iii) Letting T be an indeterminate, we have Rf ∼= R[T ]/〈fT − 1〉: Since f =
1
T ∈ R[T ]/〈fT − 1〉 =: S, the ring homomorphism R → R[T ] extends to a
homomorphism of R-algebras given by ϕ : Rf → S : 1

f 7→ T . Conversely, the

homomorphism of R-algebras given by ψ̂ : R[T ] → Rf : T 7→ 1
f factors through

〈fT − 1〉ER[T ], giving rise to ψ : S → Rf . Then ϕψ = idRf and ψϕ = idS . ]

We recover the radical membership test, see (2.9): We have f ∈ nil(R), that
is f is nilpotent, if and only if Rf = {0}, which is equivalent to 〈fT −1〉 = R[T ].

(7.3) Graded localization. Let R be a graded K-algebra, let Z ⊆ R be the
set of zero-divisors, let S ⊆ R be multiplicatively closed such that S ∩ Z = ∅,
and let S̃ ⊆ S be its (multiplicatively closed) subset of homogeneous elements.
Then RS̃ is Z-graded by deg( fg ) := deg f − deg(g), whenever 0 6= f ∈ R is
homogeneous. Recall that the natural map R→ RS̃ → RS is an embedding.

The homogeneous component R]S := (RS̃)0 of RS̃ of degree 0 is called the

graded localization of R at S; it is a K-algebra again. In particular, Q](R) :=

R]R\Z ⊆ RR\Z = Q(R) is called the (full) graded ring of fractions of R. If

moreover R is a domain this yields the graded field of fractions

Q](R) = {0}
.
∪ {f

g
∈ Q(R); 0 6= f, g ∈ R homogeneous,deg(f) = deg(g)}.

8 Spaces with functions

(8.1) Principal open subsets. Let K ⊆ L be a field extension, where L is
algebraically closed, let n ∈ N0, let X := {X1, . . . , Xn} and X ] := {X0}

.
∪ X be

indeterminates, and let A := K[X ] and A] := K[X ]].
a) Let V ⊆ Ln be closed, and let f ∈ K[V]. The associated principal open
subset is defined as

Df := V \VV(f) = {v ∈ V; f(v) 6= 0} ⊆ V.

Then we have D(fk) = D(f) for k ∈ N, and Dfg = Df ∩Dg for g ∈ K[V], and
D0 = ∅ and D1 = V. Moreover, the set {Df ⊆ V; f ∈ K[V]} is a basis of the
Zariski topology on V, where actually any open subset U ⊆ V is a finite union
of principal open subsets:



II Varieties 40

Let U = V \ VV(I), where I = 〈f1, . . . , fr〉 E K[V], for some r ∈ N0. Then
for all f ∈ I we have VV(I) ⊆ VV(f), that is Df ⊆ U . Moreover, for any
u ∈ U = V \VV(I) there is i ∈ {1, . . . , r} such that fi(u) 6= 0, that is u ∈ Dfi .
This implies that U =

⋃
f∈I Df =

⋃r
i=1Dfi . ]

Letting U ⊆ V be open, the topology induced by the Zariski topology on V is
called the (K-)Zariski topology on U . Then {Df ⊆ U ; f ∈ IV(V \ U)} is
a basis of the Zariski topology on U . Moreover, any subset M ⊆ V is quasi-
compact, in a very explicit sense: (We have seen this in (3.3) for V itself, and
it actually holds for any Noetherian topological space, see Exercise (12.11).)

We may assume that the covering is given as M =
⋃
i∈I(Dfi ∩ M) = M ∩⋃

i∈I Dfi , where I is an index set. Let I := 〈fi; i ∈ I〉 = 〈fj ; j ∈ J 〉EK[V], for
some J ⊆ I finite. Then we get V\

⋃
i∈I Dfi =

⋂
i∈I(V\Dfi) =

⋂
i∈I VV(fi) =

VV(I) =
⋂
j∈J VV(fj) =

⋂
j∈J (V \ Dfi) = V \

⋃
j∈J Dfj . Thus we have⋃

i∈I Dfi =
⋃
j∈J Dfj , hence M = M ∩

⋃
j∈J Dfj =

⋃
j∈J (Dfj ∩M). ]

b) Let V ⊆ P be closed. For f ∈ K[V] homogeneous let Df := V\V]
L(f) ⊆ V,

being open in V. Letting Di = DXi , for i ∈ {0, . . . , n}, we have D0 = V∩Ln ⊆
Ln, and similarly Di can be identified with a subset of Ln, for all i.

Silently identifying f ∈ K[V] homogeneous with a homogeneous representative
f ∈ A, we have Df ∩D0 = DfX0

= Df ′ ⊆ Ln, where conversely for g ∈ A] from
(g])′ = g we get Dg = Dg]X0

= Dg] ∩D0 ⊆ Ln; and similar for all i.

Hence V =
⋃n
i=0Di implies that {Df ⊆ V; f ∈ K[V] homogeneous} is a basis

of the Zariski topology on V. Moreover, any subset of V is a quasi-compact
topological space, with respect to the induced topology.

Letting U ⊆ V be open, the topology induced by the Zariski topology on V
is called the (K-)Zariski topology on U , which has the set {Df ⊆ U ; f ∈
I]K(V \ U) homogeneous} as a basis; note that I]K(V) ⊆ I]K(V \ U).

(8.2) Regular functions on affine varieties. a) Let V ⊆ Ln be closed, and
let U ⊆ V be open. A function ϕ : U → L is called regular at a point v ∈ U , if

there are f, g ∈ K[V], such that v ∈ Dg ⊆ U and ϕ(u) = f(u)
g(u) , for all u ∈ Dg;

note that we may assume Dg ⊆ U . Moreover, ϕ is called regular on U , if it
is regular at any point of U . (It will follow from (9.2) below that any regular
function is continuous. Hence a regular function is already uniquely determined
on any dense subset.)

If K[V] is a domain, that is V is irreducible, then we may write f
g ∈ K(V) :=

Q(K[V]), where K(V) is called the field of rational functions on V. Note
that K(V) induces regular functions which are only defined on certain (dense)
open subsets of V. (But by continuity this suffices to identify K(V) with this
set of ‘globally rational’ functions.)

b) It is immediate that the set OV(U) of regular functions on U is a K-algebra;
recall that Dg∩Dg′ = Dgg′ for g, g′ ∈ K[V]. Then it is immediate that associat-
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ing the K-algebra OV(U) to any open subset U ⊆ V, together with restriction
of functions ρUU ′ : OV(U) → OV(U ′) : f 7→ f |U ′ for any pair U ′ ⊆ U ⊆ V of
open subsets, and letting OV(∅) := {0}, defines a presheaf OV : TV → K-Alg,
where K-Alg is the category of K-algebras together with all homomorphisms
of K-algebras as morphisms. Actually, OV is a sheaf:

For any open subset U ⊆ V, and any open covering {Ui; i ∈ I} of U , where I is
an index set, any function f : U → L is uniquely defined by its restrictions f |Ui .
Conversely, f : U → L is regular if and only if for any v ∈ U there is a principal
open subset v ∈ Dg ⊆ U such that f |Dg = h

g , for some g, h ∈ K[V]; hence,
since the principal open subsets are a basis of the Zariski topology, prescribing
compatible regular functions fi : Ui → L defines a regular function on U . ]

Then V, together with the sheaf of regular functions or structure sheaf
OV, is called an affine (K-)variety. We will show in (9.1) below that Γ(OV) =
K[V], and that OV is determined by K[V], so that the present definition of
an affine variety coincides with the one given in (3.5). Note that the Zariski
topology is built into the structure sheaf anyway.

Moreover, we get the restricted sheaf OU := OV|U : TU → K-Alg, that is we
have OU (U ′) := OV(U ′) for any U ′ ⊆ U ⊆ V open. Then U , together with the
sheaf OU , is called a quasi-affine (K-)variety.

(8.3) Example: A quadric hypersurface. We show that a regular function
on a quasi-affine variety is not necessarily globally rational:

i) Let K = L = C, and f := WX − Y Z ∈ A := C[W,X, Y, Z]. Then, since f is
homogeneous, it is immediate that f is irreducible. We consider the irreducible
affine hypersurface V := V(f) ⊆ C4, where C[V] = A/〈f〉 is a graded domain.

Since f has degree 2, we conclude that {W,X, Y, Z} ⊆ C[V]1 is a C-basis. In
particular, the elements W,X, Y, Z are irreducible and pairwise non-associated.
This implies that none of these elements is prime: It suffices to consider X; we
have X | Y Z ∈ C[V], but X - Y and X - Z. Thus C[V] is not factorial.

ii) We proceed to present an open subset U ⊆ V and a regular function ϕ ∈
OV(U) which is not given by an element of C(V). We need a few preparations:

Firstly, A is Z-graded by letting δ(X) = 1 = δ(Y ) and δ(W ) = −1 = δ(Z);
note that none of the associated homogeneous components is finite-dimensional.
Then, since f is homogeneous of degree δ(f) = 0, the coordinate algebra C[V]
is Z-graded as well, with respect to the inherited grading. Comparing with the
standard grading, for k ∈ N0 and W aXbY cZd ∈ Ak we get δ(W aXbY cZd) =
(b− a) + (c− d) = k − 2(a+ d) ∈ {−k,−k + 2, . . . , k − 2, k}.
Next, since f is binomial, we infer that the following set is a C-basis of C[V]:

B :=
(
{1}

.
∪ {Xi; i ≥ 1}

.
∪ {W i; i ≥ 1}

)
· {Y i; i ≥ 0} · {Zi; i ≥ 0} ⊆ C[V].

We show that the divisors of Y m ∈ C[V] are {1, Y, . . . , Y m}, up to associates:
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We proceed by induction on m ≥ 0, the cases m ≤ 1 being trivial; let m ≥ 2.
Since the divisors of Y m are homogeneous with respect to both gradings, let
Y m = pq, where p and q are homogeneous of degree k ≥ 1 and l ≥ 1, respectively,
such that k + l = m. Then, since δ(Y m) = m, we conclude that p and q are

homogeneous such that δ(p) = k and δ(q) = l. This entails p =
∑k
i=0 aiX

iY k−i

and q =
∑l
j=0 bjX

jY l−j , yielding Y m = pq =
∑k
i=0

∑l
j=0 aibjX

i+jY m−(i+j).
Comparing coefficients, for i = k and j = l we get akbl = 0, so that we may
assume that ak = 0. Hence writing p = p′ · Y we get p′q = Y m−1. ]

iii) Let U := DW ∪ DY ⊆ V open, and let ϕ ∈ OV(U) such that ϕ|DW = Z
W

and ϕ|DY = X
Y , where since Z

W |DWY
= X

Y |DWY
the function ϕ is well-defined.

Assume that ϕ = h
g on U , where 0 6= g, h ∈ C[V]; hence we have V(g) ⊆ V\U =

VV(W,Y ). Since f ∈ 〈W,Y 〉A E A, we have C[V]/〈W,Y 〉 ∼= A/〈W,Y 〉A ∼=
C[X,Z], hence 〈W,Y 〉 E C[V] is prime. Thus we get 〈W,Y 〉 ⊆

√
〈g〉 E C[V],

hence there is l ∈ N such that g | Y l ∈ C[V].

Thus we may assume that g = Y k, for some k ∈ N0. Then considering v :=
[1, 0, 0, 1] ∈ DW \ DY ⊆ U ⊆ V yields 0k = Y k(v) = g(v) 6= 0, hence k = 0,
that is g = 1. By continuity, which follows from (9.2) below, this entails h =
X
Y ∈ C(V). Thus we get h · Y = X ∈ C[V], a contradiction. ]

(8.4) Regular functions on projective varieties. a) Let again K ⊆ L be
a field extension, where L is algebraically closed, let V ⊆ P be closed, and let
U ⊆ V be open. Recall that the homogeneous coordinate algebra K[V] does
not induce functions on P, due to the use of homogeneous coordinates. But
K[V] is a graded K-algebra:

Let 0 6= f, g ∈ K[V] such that d := deg(f) = deg(g). Then for [x0 : . . . : xn] ∈
Dg ⊆ V we have f(λ·[x0,...,xn])

g(λ·[x0,...,xn]) = λd·f(x0,...,xn)
λd·g(x0,...,xn)

= f(x0,...,xn)
g(x0,...,xn) , for all 0 6= λ ∈ L.

Hence this indeed defines a function on Dg. Having observed this:

A function ϕ : U → L is called regular at a point v ∈ U , if there are f, g ∈ K[V],
where g 6= 0, and f = 0 or deg(f) = deg(g), such that v ∈ Dg ⊆ U and

ϕ(u) = f(u)
g(u) , or all u ∈ Dg; note that we may assume that Dg ⊆ U . Moreover,

ϕ is called regular on U , if it is regular at any point of U . (We will see in (9.4)
below that any regular function is continuous.)

If K[V] is a domain, that is V is irreducible, then we may write f
g ∈ K(V) :=

Q](K[V]), where K(V) is called the field of rational functions on V. Note
that K(V) induces regular functions which are only defined on certain (dense)
open subsets of V. (Again, it follows from continuity that this suffices to identify
K(V) with this set of ‘globally rational’ functions.)

b) It is immediate that the set OV(U) of regular functions on U is a K-algebra.
Moreover, associating theK-algebraOV(U) to any open subset U ⊆ V, together
with restriction of functions between open subsets, and letting OV(∅) := {0},
defines a sheaf OV : TV → K-Alg on V, and by restriction a sheaf OU :=
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OV|U : TU → K-Alg on any open subset U ⊆ V. Then OU is called the sheaf
of regular functions on U , or the structure sheaf of U .

Then V, together with the sheaf OV, is called a projective (K-)variety; and
U , together with the sheaf OU , is called a quasi-projective (K-)variety. Note
that the Zariski topology is built into the structure sheaf anyway. Unfortunately,
if V is irreducible, we will show in (9.4) below that Γ(OV) ∼= K, so that the
global sections are not too useful, and that the homogeneous coordinate algebra
K[V] cannot be recovered from OV.

(8.5) Varieties as spaces with functions. a) Any affine, quasi-affine, pro-
jective or quasi-projective variety is briefly called a (K-)variety (over L).

Then, generally speaking, a variety V is a topological space together with a sheaf
OV of K-algebras of L-valued functions, where K is identified with the constant
(thus K-valued) functions, and whose restriction maps are given by restriction of
functions. Then the pair (V,OV ) is called a space with functions. (Actually,
this is a special case of a ringed space.)

This yields the definition of morphisms of varieties, and thus the category of
(K-)varieties (over L). We will show in (9.1) below that for affine varieties the
new definition of morphisms and the earlier notion of regular maps coincide.

b) Let (U,OU ) and (V,OV ) be spaces with functions. Then a continuous map
ϕ : U → V is called a morphism (of spaces with functions), if for any W ⊆ V
open and any f ∈ OV (W ) we have ϕ∗W (f) := (f ◦ ϕ)|ϕ−1(W ) ∈ OU (ϕ−1(W )).

Thus the comorphism ϕ∗ : OV ⇒ OU induces homomorphisms of K-algebras
ϕ∗W : OV (W )→ OU (ϕ−1(W )), which commute with the restriction of functions,

that is for W ′ ⊆W ⊆ V open we have ϕ∗W ′ ◦ ρWW ′⊆V = ρ
ϕ−1(W )
ϕ−1(W ′)⊆U ◦ ϕ

∗
W . (The

pair (ϕ,ϕ∗) is a special case of a morphism of ringed spaces.)

In other words, the assignment ϕ∗ : OV ⇒ OU behaves like a (contravari-
ant) natural transformation (that is a morphism of sheaves, where we consider
sheaves as functors) from the sheaf OV : TV → K-Alg to the sheaf OU : TU →
K-Alg; alone the sheaves in question are based on different topological spaces
(that is the functors are defined on different categories). Anyway:

In particular, idU is a morphism, whose comorphism (idU )∗ : OU ⇒ OU induces
the identity isomorphism on all sections of OU . Moreover, if (W,OW ) is a space
with functions, and ψ : V →W is a morphism, then ϕψ : U →W is a morphism
again, where the associated comorphisms fulfill (ϕψ)∗ = ψ∗ϕ∗. This gives rise
to the category of spaces with (K-algebras of L-valued) functions.

A morphism ϕ : U → V is called an isomorphism (of spaces with functions),
if there is a morphism ψ : V → U such that ϕψ = idU and ψϕ = idV . This
is equivalent to saying that ϕ : U → V is a homeomorphism, such that the
associated comorphisms fulfill ψ∗ϕ∗ = (idU )∗ and ϕ∗ψ∗ = (idV )∗, where the
latter in turn is equivalent to saying that ϕ∗W : OV (W ) → OU (ϕ−1(W )) is an
isomorphism with inverse ψ∗ψ(W ) : OU (ψ(W ))→ OV (W ), for any W ⊆ V open.
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9 Varieties

(9.1) Affine varieties. a) Let K ⊆ L be a field extension, where L is alge-
braically closed, and let V ⊆ Ln be an affine variety.

Theorem. Let f ∈ K[V]. Then we have OV(Df ) = K[V]f .

Proof. We may assume that f 6= 0, and let ϕ ∈ OV(Df ). Then there are
fi, gi ∈ K[V] for i ∈ {1, . . . , r}, such that ϕ|Dfi = gi

fi
|Dfi , where Df =

⋃r
i=1Dfi .

Then we have (figj − fjgi)|Dfifj = 0, for all i, j, hence fifj(figj − fjgi) = 0 ∈
K[V]. Rewriting this as f2

i (fjgj)−f2
j (figi) = 0, and observing ϕ|Dfi = figi

f2
i
|Dfi ,

we may assume that ϕ|Dfi = gi
fi
|Dfi , where figj − fjgi = 0 ∈ K[V].

From VV(f) = V \ Df =
⋂r
i=1(V \ Dfi) =

⋂r
i=1 VV(fi) = VV(f1, . . . , fr)

we get f ∈ IV(VV(f1, . . . , fr)) =
√
〈f1, . . . , fr〉, hence there are k ∈ N and

hi ∈ K[V] such that fk =
∑r
i=1 hifi. This yields fkgj =

∑r
i=1 hifigj =∑r

i=1 higifj = (
∑r
i=1 higi)fj ∈ K[V]. Thus letting h :=

∑r
i=1 higi ∈ K[V] we

get
gj
fj
|Dfj = h

fk
|Dfj . This implies that ϕ = h

fk
|Df .

Since f ∈ OV(Df ) is a unit, there is a K-algebra epimorphism α : K[V]f →
OV(Df ). In order to show that α in injective, let g

fk
|Df = h

f l
|Df , where g, h ∈

K[V] and k, l ∈ N0. Then we have (gf l − hfk)|Df = 0, which implies that

(gf l − hfk)f = 0 ∈ K[V]. Thus we have g
fk

= h
f l
∈ K[V]f . ]

Corollary. We have Γ(OV) = K[V].

Recall that the Zariski topology on V can be recovered from K[V]. Moreover,
a map ϕ : V → L is regular in the sense of (3.5), that is ϕ ∈ K[V], if and only
if it is a regular function on V, that is ϕ ∈ OV(V) = Γ(OV).

We observe that the K-algebra of regular functions on any principal open subset
of V can be recovered from K[V] as well, thus by the sheaf properties this holds
for any open subset of V. In other words, the structure sheaf of any quasi-affine
variety is determined by the coordinate algebra of the affine variety it is open
in. In particular, this holds for affine varieties themselves, so that the present
definition of affine varieties coincides with the earlier one given in (3.5).

b) Let W ⊆ Lm be an affine variety. Then a map ϕ : V → W is regular
in the sense of (3.6) if and only if ϕ∗(K[W]) ⊆ K[V], see (3.7); in this case
ϕ∗ : K[W] → K[V] is a homomorphism of K-algebras. Actually, the earlier
notion of regularity indeed coincides with the present definition of morphisms:

Corollary. The map ϕ is regular if and only if it is a morphism of varieties.
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Proof. If ϕ is a morphism of varieties, that is ϕ is continuous and for any open
subset U ⊆ W we have ϕ∗U (OW(U)) ⊆ OV(ϕ−1(U)), then for U = W we get
ϕ∗(K[W]) = ϕ∗W(OW(W)) ⊆ OV(ϕ−1(W)) = OV(V) = K[V].

Conversely, if ϕ is regular, then it is continuous. It remains to show that
ϕ∗(OW(U)) ⊆ OV(ϕ−1(U)) for any open subset U ⊆ W. Since the principal
open subsets are a basis of the Zariski topology on U , by the sheaf properties
it suffices to consider the principal open subsets Df ⊆W, where f ∈ K[W]:

We have ϕ−1(Df ) = {v ∈ V; f(ϕ(v)) 6= 0} = Dϕ∗(f) ⊆ V. Moreover, the homo-
morphism ϕ∗ : K[W] → K[V] extends naturally to ϕ∗f : K[W]f → K[V]ϕ∗(f).
Thus we have ϕ∗Df (OW(Df )) = ϕ∗f (K[W]f ) ⊆ K[V]ϕ∗(f) = OV(Dϕ∗(f)). ]

In particular, for W = L, we conclude that the set Γ(OV) = K[V] of regular
functions on V consists precisely of the morphisms of affine varieties V→ L.

(9.2) Principal open subsets of affine varieties. Let V ⊆ Ln be closed.
We show that any principal open subset of V is isomorphic to an affine variety:

Let I := IK(V) E A, and let T be an indeterminate. Then for f ∈ K[V] =

A/I let Îf := 〈I, fT − 1〉 E A[T ] (which is independent of the chosen coset
representative for f). We consider the affine closed set

V̂f := VL(Îf ) = {[v, t] ∈ V × L; f(v) · t = 1} ⊆ Ln × L = Ln+1.

In order to show K[V̂f ] = A[T ]/IK(V̂f ) = A[T ]/Îf , we show that A[T ]/Îf is

reduced: From A[T ]/〈I〉 ∼= (A/I)[T ] we get A[T ]/Îf ∼= (A/I)[T ]/〈fT − 1〉 =
K[V][T ]/〈fT − 1〉 ∼= K[V]f . Now, since K[V] is reduced, so is K[V]f . ]

Theorem. We have V̂f
∼= Df as varieties.

Proof. Let π̂ : Ln+1 → Ln be the projection onto the first n coordinates; since
π̂ is a regular map (in the earlier sense), it is continuous. Thus π̂ restricts to

a continuous map π : V̂f → Df , which is bijective having inverse π−1 : Df →
V̂f : v 7→ [v, 1

f(v) ]. We proceed to show that π is a homeomorphism:

A basis of the Zariski topology on V̂f is given by the principal open subsets.

Letting g
fk
∈ K[V]f , for some g ∈ K[V] and k ∈ N0, we get D̂ g

fk
= D̂g ⊆ V̂f ,

where OV̂f
(D̂g) = (K[V]f )g. For D̂h ⊆ D̂g, for h ∈ K[V], restriction is given

by the natural map (K[V]f )g → (K[V]f )h; note that g ∈ (K[V]f )h is a unit.

Similarly, a basis of the Zariski topology on Df is given by the principal open
subsets Dfg = Dg ∩ Df ⊆ Df , for some g ∈ K[V], where ODf (Dfg) =
OV(Dfg) = K[V]fg. For Dfh ⊆ Dfg, where h ∈ K[V], restriction is given
by the natural map K[V]fg → K[V]fh; note that fg ∈ K[V]fh is a unit.

From g([v, t]) = g(v), for all [v, t] ∈ V̂f , we infer that π induces a bijection D̂g →
Dfg, for any g ∈ K[V]. Thus π is an open map, hence is a homeomorphism.
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(Note that this also reproves that π is continuous.) It remains to be shown that
π∗ : ODf ⇒ OV̂f

induces isomorphisms on the level of K-algebras of functions:

By the sheaf properties it suffices to consider principal open subsets Dfg ⊆ Df ,

where g ∈ K[V]. Then we have π−1(Dfg) = D̂g, and

π∗Dfg : ODf (Dfg) = K[V]fg → (K[V]f )g = OV̂f
(D̂g)

boils down to the natural isomorphism π∗fg : K[V]fg ∼= (K[V]f )g. ]

In particular, we infer that the set Γ(ODf ) = K[V]f of regular functions on Df

consists precisely of the morphisms of affine varieties Df → L. This entails that
any quasi-affine variety U ⊆ V has an open covering consisting of affine open
subsets. Thus by the sheaf properties we conclude that the set Γ(OU ) of regular
functions on U consists precisely of the morphisms of varieties U → L.

(9.3) Example. We show that a quasi-affine variety is not necessarily affine:

Letting K = L = C, we consider the affine space V := C2, having coordinate
algebra A := C[X,Y ], and the open subset U := DX ∪DY = V \ {[0, 0]} ⊆ V,
having structure sheaf OU = OV|U . We determine Γ(OU ) = OV(U):

Letting ϕ ∈ OV(U), there are f, g ∈ A and k, l ∈ N0 such that ϕ|DX = f
Xk
∈ AX

and ϕ|DY = g
Y l
∈ AY ; recall that by continuity Q(A) can be identified with

the set of regular functions it induces. Thus on DX ∩ DY = DXY we have
f
Xk

= g
Y l
∈ AXY , from which we get fY l = gXk ∈ A. Since A is factorial,

where X and Y are irreducible and non-associated, we infer that Xk | f and
Y l | g, hence ϕ ∈ A. Conversely, ρV

DXY
: A → AXY is injective, hence so is

ρV
U : A→ OV(U). This implies OV(U) = A and ρV

U = idA. ]

Let ιVU be the natural inclusion map; recall (ιVU )∗ = ρV
U . Then ιVU is a morphism

of varieties; see also (6.4): It is continuous, and for any W ⊆ V open we have

(ιVU )∗W (OV(W )) = ρWW∩U⊆V(OV(W )) ⊆ OV(W ∩ U) = OU ((ιVU )−1(W )).

Now assume that U is affine. Then ιVU is a morphism of affine varieties, that
is a regular map. The associated comorphism induces the identity idA =
ρV
U : Γ(OV) = A→ A = Γ(OU ) on global sections. The latter is an isomorphism

of K-algebras, so that ιVU is an isomorphism of varieties, hence is bijective, a
contradiction. This shows that U together with OU is not an affine variety. ]

(9.4) Projective varieties. We first consider P = Pn, having structure sheaf
OP. For i ∈ {0, . . . , n} the principal open subset Di := DXi ⊆ P has structure
sheaf ODi = OP(Di); recall that P =

⋃n
i=0Di. For notational simplicity we

proceed to consider the case i = 0; the other open pieces are treated similarly.

Then homogenization σ : Ln → D0 : v = [x1, . . . , xn] 7→ [1 : x1 : . . . : xn] = v]

and dehomogenization τ : D0 → Ln : v = [x0 : . . . : xn] 7→ [x1

x0
, . . . , xnx0

] = v′



II Varieties 47

are mutually inverse homeomorphisms. Still, for g ∈ A] let g′ ∈ A be its
dehomogenization, and for f ∈ A let f ] ∈ A] be its homogenization. Recall
that A = An = Ln is an affine variety, where Γ(OA) = A.

Theorem. We have A ∼= D0 as varieties.

Proof. Given U ⊆ D0 open, we have to show σ∗(OP(U)) ⊆ OA(σ−1(U)):
Since the principal open subsets are a basis of the Zariski topology, by the sheaf
properties it suffices to consider regular functions of shape ϕ = f

g |Dg on Dg ⊆
D0, where f

g ∈ Q](A]). For any v ∈ Ln we have σ∗(g)(v) = g(v]) = g′(v). This

implies σ∗(g) = g′ and σ−1(Dg) = Dg′ , thus σ∗(ϕ) = f ′

g′ |Dg′ , where f ′

g′ ∈ Q(A).

Conversely, given V ⊆ Ln open, we have to show τ∗(OA(V )) ⊆ OP(τ−1(V )):
Again, it suffices to consider regular functions of shape ϕ = f

g |Dg , where f
g ∈

Q(A). For any v ∈ D0 we have τ∗(g)(v) = g(v′) = g(X1

X0
, . . . , XnX0

)(v). This

implies τ∗(g) = g]

X
deg(g)
0

|D0
, and τ−1(Dg) = D0 ∩ Dg] = DX0g] , thus we get

τ∗(ϕ) = (X
deg(g)−deg(f)
0 · f

]

g]
)|D

X0g
]
, where X

deg(g)−deg(f)
0 · f

]

g]
∈ Q](A]). ]

Corollary. Let V ⊆ P be closed and irreducible. Then we have Γ(OV) = K.

Proof. Let Vi := V∩Di, for i ∈ {0, . . . , n}, so that V =
⋃n
i=0 Vi. If Vn = ∅, say,

then we have V ⊆ Pn−1, and we may proceed with coordinates X0, . . . , Xn−1

instead. Thus we may assume that Vi 6= ∅ for all i ∈ {0, . . . , n}. Moreover, if
n = 0 then V is a singleton set; hence we may assume that n ≥ 1.

Then Vi ⊆ V is open, hence dense, so that Vi = V. Since Di is affine and
Vi ⊆ Di is closed, we conclude that Vi is irreducible affine, such that OV(Vi) =
Γ(OVi) = K[Vi]. Identifying Di

∼= A and Vi ∼= Vi ⊆ A, we get K[Vi] ∼=
K[Vi] = K[X ] \ {Xi}]/IK(Vi), where by (4.9) the vanishing ideals I]K(V)EA]

and IK(Vi) are related by (de)homogenization at position i.

Now let 0 6= ϕ ∈ Γ(OV). Then we have ϕ|Vi ∈ K[Vi], which is regular, thus
continuous on the affine variety Vi. Hence from V =

⋃n
i=0 Vi we conclude that

ϕ is continuous, which since Vi ⊆ V is dense implies ϕ|Vi 6= 0. Hence we have
ϕ|Vi = fi|Vi = fi

X
di
i

|Vi , where 0 6= fi

X
di
i

∈ Q](K[V]) such that fi ∈ K[V] is the

homogenization at position i of an element of K[Vi]; thus we have Xi - fi and
di = deg(fi). (Note that by the relation between the vanishing ideals involved
this is well-defined indeed.)

For comparison, we consider ∅ 6= V0∩Vi ⊆ V0, for i ≥ 1, which is identified with

the principal open subset DXi ⊆ V0. Dehomogenisation yields (f0)′ = (fi)
′

X
di
i

∈
OV0(DXi) = K[V0]Xi ⊆ K(V0). Thus we infer that di = 0, that is fi ∈ K, for
all i ≥ 1. This implies ϕ = f0 = f1 = . . . = fn ∈ K, that is ϕ is constant. ]
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From this, we get the following property of quasi-projective varieties: Let V ⊆ P
be closed, and let U ⊆ V be open. We have see above that Di ∩ V is affine
as well, so that Di ∩V ⊆ V is affine open, for all i ∈ {0, . . . , n}. Thus, since
U ∩ Di = U ∩ (Di ∩V) ⊆ Di ∩V is open, we conclude that U ∩ Di is quasi-
affine, hence U ∩ Di ⊆ U is quasi-affine open. Thus U =

⋃n
i=0(U ∩ Di) has a

quasi-affine open covering, so that U also has an affine open covering.

In particular, by the sheaf properties we conclude that the set Γ(OU ) of regular
functions on U consists precisely of the morphisms of varieties U → L.

Example. We show that the homogeneous coordinate algebra of a projective
variety cannot be recovered from its structure sheaf, but strictly depends on its
embedding into a projective space (contrary to the analogous fact that the co-
ordinate algebra of an affine variety is intimately related to its structure sheaf):

Let K = L = C, let A] = C[W,X, Y, Z], let P ] := 〈Y 2 −XZ,WZ −XY,WY −
X2〉EA], and let V := V(P ]) ⊆ P := P3 be the twisted cubic again, see (4.10).
Let P1 be the projective line, having homogeneous coordinate algebra K[T, S].
Then we have the bijection ϕ : P1 → V : [s : t] 7→ [s3 : s2t : st2 : t3]. Moreover,
we observe that both restrictions ϕ|DS : DS → V ∩DW : t 7→ [1 : t : t2 : t3] and
ϕ|DT : DT → V ∩ DZ : s 7→ [s3 : s2 : s : 1] are isomorphisms of affine varieties.
Hence it follows from (10.1) below that ϕ is an isomorphism of projective vari-
eties. But we have C[V] ∼= C[S, T ]3N0

6∼= C[S, T ] ∼= C[P1]. ]

(9.5) Algebraic-geometric correspondence again. a) Let K-Alg be the
category of all K-algebras together with all homomorphisms of K-algebras
Hom(?, ??) as morphisms. Moreover, let K-fgAlg be its full subcategory of
quotient algebras of finitely generated polynomial K-algebras, and let in turn
K-AffAlg be its full subcategory of reduced algebras. (Note that the object
classes of the latter are sets.)

Then, given a fixed K-algebra A, assigning B 7→ Hom(A,B), and letting(
α : B → B′

)
7→
(
α∗ : Hom(A,B)→ Hom(A,B′) : β 7→ α ◦ β

)
defines a (covariant) functor Hom(A, ?) : K-Alg→ Sets.

b) Let K-Var be the category of all K-varieties over L, together with all mor-
phisms of varieties MorK(?, ??) as morphisms. Moreover, let K-AffVar :=∐
n∈N0
{V ⊆ Ln K-closed} be its full subcategory of affine K-varieties over L,

where the morphisms of affine varieties coincide with the regular maps. (Note
that the object class of the latter is a set.)

Then, given a fixed K-variety V , assigning U 7→ MorK(U, V ), and letting(
ϕ : U ′ → U

)
7→
(
ϕ∗U,V : MorK(U, V )→ MorK(U ′, V ) : ψ 7→ ψ ◦ ϕ

)
defines a contravariant functor MorK(?, V ) : K-Var→ Sets.
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c) Now, assigning U 7→ Γ(OU ), where U is a variety, and letting(
ϕ : U ′ → U

)
7→
(
ϕ∗U : Γ(OU ) = OU (U)→ OU ′(ϕ−1(U)) = OU ′(U ′) = Γ(OU ′)

)
defines the contravariant global section functor Γ: K-Var→ K-Alg.

Motivated by the close relationship between morphisms of affine varieties and
the associated (co)morphisms of coordinate algebras, we observe the following:

Theorem. Let V be an affine K-variety. Then the contravariant functors
MorK(?,V) and Hom(K[V],Γ(?)) are isomorphic as functors K-Var→ Sets.

Proof. We show that N : MorK(?,V)⇒ Hom(K[V],Γ(?)) given by

NU : MorK(U,V)→ Hom(K[V],Γ(U)) : ψ 7→ ψ∗V

is a natural isomorphism:

For ψ ∈ MorK(U,V) we have ψ∗V ∈ Hom(Γ(OV),Γ(OU )) = Hom(K[V],Γ(U));
thus N is well-defined. For any morphism ϕ : U ′ → U and any morphism
ψ : U → V we have (ψ ◦ ϕ)∗V = ϕ∗U ◦ ψ∗V : K[V]→ Γ(U ′), that is

ϕ∗U,V · NU ′ = NU · (ϕ∗U )∗ : MorK(U,V)→ Hom(K[V],Γ(U ′));

this shows that N is a natural transformation. We show that NU is bijective:

Let V ⊆ Ln, and let K[V] = A/IK(V). Given a morphism ψ : U → V,
for i ∈ {1, . . . , n} and Xi ∈ K[V] let fi := π∗V(Xi) ∈ Γ(U). Then we have
ψ(v) = [f1(v), . . . , fn(v)] for all v ∈ U . Thus ψ can be recovered from ψ∗V,
implying that NU is injective.

In order to show that NU is surjective, let π ∈ Hom(K[V],Γ(U)), let pi :=
π(Xi) ∈ Γ(U), for i ∈ {1, . . . , n}, and let π∨ : U → Ln : v 7→ [p1(v), . . . , pn(v)].
We show that π∨(U) ⊆ V: For f ∈ IK(V) we have f ◦ π∨ = f(p1, . . . , pn) =
f(π(X1), . . . , π(Xn)) = π(f) = 0 on U , thus π∨(U) ⊆ VL(IK(V)) = V. This
entails (π∨)∗V(Xi) = Xi ◦ π∨ = pi, so that (π∨)∗V = π.

It remains to be shown that π∨ actually is a morphism of varieties: To this
end, since U is covered by affine open subsets, by the sheaf properties we may
assume that U is affine; then we have (π∨)∗V = π ∈ Hom(K[V],K[U ]), which is
equivalent to π∨ : U → V being a morphism of affine varieties. ]

d) Having this in place, the case of affine varieties reads as follows (where
actually the affine case has been used in the proof of the general case):

If ϕ : V → W is a morphism of affine varieties, then Γ(ϕ) = ϕ∗W : K[W] =
Γ(W) → Γ(V) = K[V] coincides with the comorphism ϕ∗ associated with the
regular map ϕ. We get a contravariant functor Γ: K-AffVar→ K-AffAlg by

V 7→ K[V] and
(
ϕ : V→W

)
7→
(
ϕ∗ : K[W]→ K[V]

)
.
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Moreover, since any affine variety V can be recovered from its coordinate algebra
K[V] (which does not generalize to arbitrary varieties and their global sections),
we get a contravariant functor V : K-AffAlg→ K-AffVar by letting

K[X ]/I 7→ VL(I) and
(
α : K[X ]/I → K[Y]/J

)
7→
(
α∨ : VL(J)→ VL(I)

)
,

where α∨ is given by v 7→ [α(X1)(v), . . . , α(Xn)(v)].

Then we have V ◦ Γ = IdK-AffAlg and Γ ◦ V = IdK-AffVar, so that K-AffVar
and K-AffAlg are contravariantly isomorphic. In particular, both functors
are surjective on objects; fully faithful, that is surjective and injective on
morphisms, respectively (which is a special case of the above theorem); and
they respect and reflect isomorphisms.

10 Prevarieties

(10.1) Prevarieties. a) Let K ⊆ L be a field extension, where L is alge-
braically closed. A space with (K-algebras of L-valued) functions (V,OV ) is
called a prevariety, if i) V is connected, and ii) there is an open covering
{Vi; i ∈ I} of V , where I is a finite index set, such that the space with functions
(Vi,OV |Vi) is (isomorphic to) an irreducible affine variety, for i ∈ I.

In particular, any irreducible affine, quasi-affine, projective or quasi-projective
variety is a prevariety.

Proposition. i) Any prevariety V is Noetherian, hence V is quasi-compact.
ii) If V 6= ∅, then V is irreducible.

Proof. i) Let V ⊇ W1 ⊇ W2 ⊇ · · · be a descending chain of closed subsets.
Then for i ∈ I we have Vi ⊇ (Vi∩W1) ⊇ (Vi∩W2) ⊇ · · · . Since Vi is Noetherian,
each of the latter chains stabilizes after finitely many steps. Thus, since I is
finite and V =

⋃
i∈I Vi, so does the given chain.

ii) Let ∅ 6= V =
⋃r
j=1Wj be the irreducible components of V , where r ∈ N,

and assume that r ≥ 2. Since W1 ⊆ V and
⋃
i≥2Wi ⊆ V are closed, and V is

connected, we may assume that there is v ∈W1 ∩W2 6= ∅. Let v ∈ Vi, for some
i ∈ I. Then ∅ 6= Vi ∩Wj ⊆ Wj is open, hence dense, for both j ∈ {1, 2}. Thus
we have W1 ∪W2 ⊆ V i ⊆ V . Since Vi is irreducible, so is its closure V i. Thus
W1 6⊆W2 6⊆W1 cannot possibly be irreducible components, a contradiction. ]

An open subset ∅ 6= U ⊆ V , such that (U,OV |U ) is an (irreducible) affine
variety, is called an affine open subset of V . Since the (irreducible) affine open
subsets form a basis of the Zariski topology on an irreducible affine variety, we
conclude that the affine open subsets form a basis of the topology on V .

b) Morphisms of prevarieties are their morphisms as spaces with functions. This
gives rise to the category of prevarieties, being a full subcategory of the category
of spaces with functions. Here is a useful criterion ensuring that a map between
prevarieties actually is a morphism:
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Proposition. Let (V,OV ) and (W,OW ) be prevarieties, let {Vi; i ∈ I} be an
open covering of V , let {Wi; i ∈ I} be an affine open covering of W , where
I is an index set, and let ϕ : V → W be a map such that ϕ(Vi) ⊆ Wi and
(ϕ|Vi)∗(OW (Wi)) ⊆ OV (Vi), for all i ∈ I. Then ϕ is a morphism of prevarieties.

Proof. If U ⊆ Vi is open, then from (ϕ|U )∗(f) = (ϕ|Vi)∗(f)|U , for any f : Wi →
L, we get (ϕ|U )∗(OW (Wi)) ⊆ OV (U). Hence, since the affine open subsets form
a basis of the topology on V , we may assume that the Vi are affine open.

Then, abbreviating ϕi := ϕ|Vi , since OV (Vi) = Γ(OVi) and OW (Wi) = Γ(OWi
),

we have (ϕi)
∗(Γ(OWi

)) ⊆ Γ(OVi). Thus, Vi and Wi being affine, we conclude
that ϕi is a morphism. In particular, ϕi is continuous, thus ϕ is so as well.

For U ⊆W open, the set {U ∩Wi; i ∈ I} is an open covering of U , and we have
ϕ−1
i (U ∩Wi) = ϕ−1(U ∩Wi)∩Vi = ϕ−1(U)∩Vi. Then for f ∈ OW (U) we have

f |U∩Wi
∈ OW (U ∩Wi) = OWi

(U ∩Wi), hence we get

ϕ∗(f)|ϕ−1(U)∩Vi = (ϕi)
∗(f |U∩Wi) ∈ OVi(ϕ−1

i (U ∩Wi)) = OV (ϕ−1(U) ∩ Vi).

Since {ϕ−1(U)∩Vi; i ∈ I} is an open covering of ϕ−1(U), by the sheaf properties
from this we infer that ϕ∗(f) ∈ OV (ϕ−1(U)). ]

(10.2) Remark: Comparison with manifolds. Recall that a topological
space V is called Hausdorff, if for any x 6= y ∈ V there are open neighborhoods
Ux and Uy of x and y, respectively, such that Ux ∩ Uy = ∅.
Now, for n ∈ N, we may define an n-dimensional complex manifoldM along
the above lines, as being a connected Hausdorff space, together with a sheaf of
C-valued functions HM, such that there is an open covering {Mi; i ∈ I} ofM,
where I is an index set, such that (Mi,HM|Mi

) is isomorphic to (Cn,HCn),
for i ∈ I, where HCn is the sheaf of holomorphic functions on Cn.

In particular, for n = 1 we recover Riemann surfaces. Similarly, we may define
an n-dimensional differentiable manifold by being connected Hausdorff, and
prescribing (Rn, C∞Rn) on an open covering, where C∞Rn is the sheaf of smooth
R-valued functions on Rn. Note that in the algebraic setting we cannot proceed
with ‘smooth transition maps’ between ‘charts’, as is usually done for manifolds.

(10.3) Subprevarieties. a) Let (V,OV ) be a prevariety. We show that open
or irreducible closed subsets of V , carry the structure of a prevariety again:

Proposition. Let U ⊆ V be open. Then (U,OV |U ) is a prevariety again, being
called an open subprevariety.

Proof. We may assume that U 6= ∅. Since V is irreducible, U is dense, hence
is irreducible as well, thus is connected. Moreover, since V is quasi-compact, so
is U . Finally, since the affine open subsets form a basis of the topology on V ,
we conclude that U is covered by affine open subsets. ]
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b) To deal with the case of closed subsets, let first V be irreducible affine
with structure sheaf OV, and let W ⊆ V be closed and irreducible. Then W
carries the structure of an irreducible affine variety with structure sheaf OW,
and the structure of a space with functions with respect to the sheaf OV|W. The
natural inclusion map ιVW : W → V, which is regular, induces a comorphism
(ιVW)∗ : OV ⇒ OW, as well as a comorphism (ιVW)∗ : OV ⇒ OV|W anyway.

Proposition. We have OV|W = OW.

Proof. Letting U ⊆W open, we show that OV|W(U) = OW(U):

Let first f ∈ OV|W(U), for v ∈ U let v ∈ Uv ⊆ V be open, and let fv ∈
OV(Uv), such that Uv ∩ W ⊆ U and fv|Uv∩W = f |Uv∩W. Thus we have
f |Uv∩W ∈ OW(Uv ∩W), by the sheaf properties implying f ∈ OW(U).

Conversely, again by the sheaf properties, it suffices to consider principal open
subsets Dg ⊆ W, where 0 6= g ∈ K[W]. Letting I := IV(W) E K[V], we
have the natural epimorphism (ιVW)∗V : K[V] → K[V]/I = K[W]. Thus we
get the natural epimorphism K[V]K[V]\I → Q(K[W]) = K(W); note that I

being prime, K[V] \ I is multiplicatively closed. Thus any f = h
g ∈ OW(Dg) =

K[W]g ⊆ K(W) lifts to an element f̂ = ĥ
ĝ ∈ K[V]ĝ ⊆ K[V]K[V]\I . Then we

have D(ĝ) ∩W = D(g) and f̂ |D(ĝ)∩W = f , thus f ∈ OV|W(Dg). ]

Corollary. Let W ⊆ V be closed and irreducible. Then (W,OV |W ) is a preva-
riety again, being called a closed subprevariety.

Proof. Since W is connected, it only remains to be shown that (W,OV |W )
has a finite affine open covering: To this end, let {Vi; i ∈ I} be an affine open
covering of V , where I is a finite index set. Then {Vi∩W ; i ∈ I} is a finite open
covering of W ; note that Vi∩W is empty or irreducible. Then since Vi∩W ⊆W
and Vi ⊆ V are open, we have (OV |W )|Vi∩W = OV |Vi∩W = (OV |Vi)|Vi∩W .
Since OV |Vi = OVi is affine, and Vi ∩ W ⊆ Vi is closed, we conclude that
(OV |Vi)|Vi∩W = OVi |Vi∩W = OVi∩W is affine. ]

(10.4) Example: Affine line with an additional point. Let U1
∼= L ∼= U2

be two copies of the affine line, with coordinate algebras K[U1] = K[S] and
K[U2] = K[T ]. Let U0 := L \ {0}, with coordinate algebra K[X]X = K[X±1],
let U ′1 := (U1)S and U ′2 := (U2)T , with coordinate algebras K[U ′1] = K[S±1]
and K[U ′2] = K[T±1], respectively, and let ψi : U0 → U ′i be isomorphisms such
that ψ∗1 : K[S±1]→ K[X±1] : S 7→ X and ψ∗2 : K[T±1]→ K[X±1] : T 7→ X,

We ‘glue’ U1 and U2 along an identification of U ′1 and U ′2 as affine varieties. To do
so, let ϕ∗0 be a K-algebra automorphism of K[X±1]. Hence we get an associated
automorphism ϕ0 of U0, and an isomorphism ϕ := ψ−1

1 ϕ0ψ2 : U ′1 → U ′2.

Let V := U1tϕU2 be the ϕ-twisted fibre sum of U1 and U2, that is with respect
to the inclusions ψ1 : U0 → U1 and ϕ0ψ2 : U0 → U2. Thus we have embeddings
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ιi : Ui → V , for i ∈ {1, 2}, such that letting V ′ := ι1(U ′1) = ι2(U ′2) we have
V = {01}

.
∪ V ′

.
∪ {02}, where Vi := ιi(Ui) = {0i}

.
∪ V ′, and (ι1|U ′1) = ϕ · (ι2|U ′2).

The topology on V is defined as follows: A subset W ⊆ V is open if both
ι−1
i (W ) ⊆ Ui are open; this is the coarsest topology on V such that both maps
ιi are continuous. Moreover, both maps ιi are open: It suffices to consider ι1;
let U ⊆ U1 be open, then we have ι−1

1 (ι1(U)) = U ⊆ U1 open, and ι−1
2 (ι1(U)) =

ι−1
2 (ι1(U) ∩ V ′) = ι−1

2 (ι1(U ∩ U ′1) ∩ U ′2) = ϕ(U ∩ U ′1) ⊆ U ′2 ⊆ U2 open. Hence
both maps ιi are homeomorphisms, allowing us to identify Ui and Vi.

Next, V is connected: Let V = W1

.
∪ W2, where Wj ⊆ V are open; since

Wj ∩ Vi ⊆ Vi is open, and Vi is irreducible, we may assume that W2 ∩ V1 = ∅
and W1 ∩ V2 = ∅, thus W1 ⊆ {01} and W2 ⊆ {02}, a contradiction.

We proceed to define a structure sheaf OV on V : Firstly, let OVi be the
sheaf of functions on Vi obtained by pre-composition with the homeomorphism
ι−1
i : Vi → Ui. Thus ι∗i : OVi ⇒ OUi is an isomorphism of sheaves, so that Vi

carries the structure of an affine variety. Moreover, we get the isomorphism

ι∗2 · ϕ∗ · (ι−1
1 )∗ : OV2

|V ′ ⇒ OU2
|U ′2 = OU ′2 ⇒ OU ′1 = OU1

|U ′1 ⇒ OV1
|V ′ ,

where on V ′ we indeed have ι∗2 · ϕ∗ · (ι−1
1 )∗ = (ι−1

1 · ϕ · ι2)∗ = (idV ′)
∗.

Now, for W ⊆ V open, let OV (W ) be the set of all functions f : W → L such
that both f |Vi ∈ OVi(W ∩ Vi). It is immediate that this defines a presheaf on
V . We show that OV is a sheaf:

Let {Wj ; j ∈ J } be an open covering of W , and let f : W → L be a function such
that f |Wj ∈ OV (Wj), for j ∈ J . Then {Wj ∩ Vi; j ∈ J } is an open covering of
W∩Vi, and the functions f |Wj∩Vi = (f |Wj )|Wj∩Vi ∈ OV (Wj∩Vi) = OVi(Wj∩Vi)
are compatible. Thus there is fi ∈ OVi(W ∩ Vi) such that fi|Wj∩Vi = f |Wj∩Vi ,
for j ∈ J . This entails both f |Vi = fi ∈ OVi(W ∩ Vi), thus f ∈ OV (W ). ]

Hence {V1, V2} is an affine open covering, where we identify K[Vi] = K[Ui].
Thus (V,OV ) is a prevariety. (Actually, generally speaking, OV is obtained by
‘gluing’ the sheaves OU1

and OU2
along ϕ∗ : OU ′2 ⇒ OU ′1 , see Exercise (13.6).)

i) Let ϕ∗ : K[T±1]→ K[S±1] : T 7→ S−1, hence ϕ : U ′1 → U ′2 : s 7→ s−1.

Let P1 be the projective line, having homogeneous coordinate algebra K[T, S],
and let ψ : P1 → V be the bijection given by

ψ|DT : DT → V1 : [t : s] 7→ ι1(
s

t
) and ψ|DS : DS → V2 : [t : s] 7→ ι2(

t

s
);

note that on DS ∩DT = DST we have ι2( ts ) = ι2(ϕ( st )) = ι1( st ) ∈ V
′, so that ψ

is well-defined indeed. Recall that DT ⊆ P1 and DS ⊆ P1 are affine open such
that K[DT ] = K[S] and K[DS ] = K[T ], respectively. Thus (ψ|DT )∗ = idK[S]

and (ψ|DS )∗ = idK[T ] shows that both ψ|DT and ψ|DS are isomorphisms of affine
varieties. Hence we conclude that ψ is an isomorphism of prevarieties, where
P1 actually is a projective variety.
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ii) Let ϕ∗ : K[T±1]→ K[S±1] : T 7→ S, hence ϕ : U ′1 → U ′2 : s 7→ s.

Writing V ′ = L \ {0}, we have V = {01}
.
∪ (L \ {0})

.
∪ {02}, which is called

the affine line with one point doubled. (This prevariety will be shown not
to be an abstract variety, see (11.6) below; in particular it is not isomorphic as
prevarieties to any of the varieties we have seen before.)

11 Abstract varieties

(11.1) Categorical products of prevarieties. Let K ⊆ L be a field exten-
sion, where L is algebraically closed. We aim at showing that the category of
prevarieties has (finite direct) products.

As a motivation, we would certainly like to have Ln × Lm ∼= Ln+m as affine
varieties, for n,m ∈ N0, but the Zariski topology on Ln+m is strictly finer
than the product topology of the Zariski topologies on Ln and Lm, respectively,
whenever n,m ≥ 1, see Exercise (12.13). Thus we have to define products in
the categorical sense. As an indication we observe the following:

Lemma. Let K = L, let V and W be prevarieties, and let P be a product of
V and W . Then P can be identified with the Cartesian product V ×W of sets.

Proof. For v ∈ V there is an affine open subset v ∈ U ⊆ V , implying that
U \{v} ⊆ U ⊆ V is open, thus {v} ⊆ V is closed; recall that any singleton subset
of an affine L-variety is closed. Hence {v} is a closed subprevariety, being affine,
isomorphic to {0} ∼= L0. Thus there is a unique morphism {0} → {v}, entailing
a bijection V → Mor({0}, V ). By the universal property of products we have
bijections P ∼= Mor({0}, P ) ∼= Mor({0}, V )×Mor({0},W ) ∼= V ×W , the second
one being induced by post-composition with πV : P → V and πW : P →W . ]

(11.2) Theorem: Products of affine varieties. Let V ⊆ Ln and W ⊆ Lm,
where n,m ∈ N0, be affine varieties having coordinate algebras K[V] and K[W].

a) Then U := V ×W ⊆ Ln × Lm ∼= Ln+m is closed, hence becomes an affine
variety, which has coordinate algebra K[U] ∼= K[V]⊗K K[W].

b) If both V and W are irreducible, then so is U, and together with the pro-
jections πV and πW it is a product of V and W in the category of prevarieties.

Proof. a) Let X := {X1, . . . , Xn} and Y := {Y1, . . . , Ym} be indeterminates,
let A := K[X ] and B := K[Y], and let I := IK(V) E A and J := IK(W) E B,
so that K[V] = A/I and K[W] = B/J .

We may identify Ln×Lm ∼= Ln+m as sets, where Ln+m is an affine variety having
coordinate algebra C := K[X ,Y] ∼= K[X ]⊗KK[Y], where the tensor product of
K-vector spaces naturally becomes a K-algebra again. (This coincides with the
fibre sum of K[X ] and K[Y] in the category of K-algebras, with respect to the
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structural homomorphisms K → K[X ] and K → K[Y].) Thus f(X )g(Y) ∈ C
induces the regular function (f ⊗ g)• : Ln × Lm → L : [v, w] 7→ f(v)g(w).

Then for [v, w] ∈ Ln × Lm we have [v, w] ∈ U if and only if v ∈ VL(I) and
w ∈ VL(J). In other words, U = VL(〈I ⊗ 1, 1 ⊗ J〉) ⊆ Ln+m is closed, such
that 〈I ⊗ 1, 1⊗ J〉 ⊆ IK(U) E C.

We have a K-bilinear map (A/I)×(B/J)→ C/〈I⊗1, 1⊗J〉 : [f, g] 7→ f(X )g(Y),
which hence gives rise to an epimorphism of K-algebras

α : (A/I)⊗K (B/J)→ C/〈I ⊗ 1, 1⊗ J〉 : Xi ⊗ 1 7→ Xi, 1⊗ Yj 7→ Yj .

Concatenating α with the natural map C/〈I ⊗ 1, 1⊗ J〉 → C/IK(U), we get an
epimorphism α̃ : (A/I)⊗K (B/J)→ C/IK(U). We show that α̃ is injective:

Let A := {fk; k ∈ K} ⊆ (A/I) and B := {gl; l ∈ L} ⊆ (B/J) be K-bases, where
K and L are index sets. Then A ⊗ B ⊆ (A/I) ⊗K (B/J) is a K-basis, so that
α̃(A⊗ B) spans C/IK(U). We show that α̃(A⊗ B) is K-linearly independent:

Let λkl ∈ K such that
∑
k∈K

∑
l∈L λklfk(X )gl(Y) = 0 ∈ C/IK(U) = K[U].

Hence for all v ∈ V and w ∈ W we have
∑
k∈K fk(v) ·

(∑
l∈L λklgl(w)

)
= 0.

Keeping w fixed, we infer that
∑
k∈K fk(X ) ·

(∑
l∈L λklgl(w)

)
= 0 ∈ K[V] =

A/I. Since A ⊆ (A/I) is K-linearly independent, we get
∑
l∈L λklgl(w) = 0, for

all k ∈ K. This entails
∑
l∈L λklgl(Y) = 0 ∈ K[W] = B/J . Since B ⊆ (B/J) is

K-linearly independent, we finally get λkl = 0, for all k ∈ K and l ∈ L. ]

Hence both α and the natural map C/〈I ⊗ 1, 1⊗ J〉 → C/IK(U) are injective,
and thus are isomorphisms. Hence we have 〈I ⊗ 1, 1⊗ J〉 = IK(U) E C, and

K[U] = C/IK(U) ∼= C/〈I ⊗ 1, 1⊗ J〉 ∼= (A/I)⊗K (B/J) = K[V]⊗K K[W].

b) Assume that IEA and J EB are prime. We show that IK(U)EC is prime:

Let h1, h2 ∈ C such that h1h2 ∈ IK(U). For w ∈ W fixed let Vi(w) :=
{v ∈ V;hi(v, w) = 0} = VV(hi(X , w)) ⊆ V closed, for i ∈ {1, 2}. Since
h1h2 ∈ IK(U), for any v ∈ V we have h1(v, w) = 0 or h2(v, w) = 0, that is
v ∈ V1(w) or v ∈ V2(w). Thus we get V = V1(w) ∪V2(w). Hence, since V is
irreducible, we have V1(w) = V or V2(w) = V.

Let Wi := {w ∈ W; Vi(w) = V} = {w ∈ W;hi(v, w) = 0 for all v ∈ V} =
VW({hi(v,Y); v ∈ V}) ⊆ W closed. Then by the above we have W = W1 ∪
W2. Since W is irreducible, we get W1 = W or W2 = W. Finally, if Wi = W
then we have hi(v, w) = 0 for all v ∈ V and w ∈W, thus hi(v, w) ∈ IK(U). ]

We show that U is a product in the category of prevarieties: Firstly, since
π∗V : K[V] → K[U] : Xi 7→ Xi ⊗ 1 and π∗W : K[W] → K[U] : Yj 7→ 1 ⊗ Yj are
homomorphisms of K-algebras, πV and πW are morphisms of affine varieties.

Now let Z be a prevariety, and let ϕ′ : Z → V and ϕ′′ : Z →W be morphisms.
Since U = V×W as sets (that is a product in the category of sets), there is a
unique product map ϕ = ϕ′ ×ϕ′′ : Z → U such that ϕ′ = ϕπV and ϕ′′ = ϕπW.
Hence we have to show that ϕ is a morphism of prevarieties:
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Since U is affine, it suffices to show that ϕ∗ : K[U] = Γ(OU) → Γ(OZ) is a
homomorphism of K-algebras, which just amounts to showing that it is well-
defined: Recall that K[U] is generated by the Xi⊗1 and 1⊗Yj . Since ϕ′ and ϕ′′

are morphisms, we get ϕ∗(Xi ⊗ 1) = ϕ∗(π∗V(Xi)) = (ϕπV)∗(Xi) = (ϕ′)∗(Xi) ∈
Γ(OZ) and ϕ∗(1⊗ Yj) = ϕ∗(π∗W(Yj)) = (ϕπW)∗(Yj) = (ϕ′′)∗(Yj) ∈ Γ(OZ). ]

(11.3) Theorem: Products of prevarieties. Let V and W be prevarieties.
Then the product V ×W as sets carries the structure of a prevariety, as which
it is a product of V and W in the category of prevarieties.

Proof. We may assume that V 6= ∅ 6= W . We let the topology on P := V ×W
be defined by having the basis consisting of all subsets V ′ ×W ′ ⊆ P such that
both V ′ ⊆ V and W ′ ⊆W are affine open, where V ′ ×W ′ carries the structure
of an affine variety: Noting that (V ′×W ′)∩(V ′′×W ′′) = (V ′∩V ′′)×(W ′∩W ′′),
where V ′ ∩ V ′′ ⊆ V and W ′ ∩W ′′ ⊆ W are open, and recalling that V and W
have bases consisting of affine open subsets, we infer that this indeed is a basis.

Since V is irreducible, any two non-empty open subsets of V intersect non-
trivially; similarly for W . Thus any two non-empty open subsets of P belonging
to the above basis intersect non-trivially, entailing that P is irreducible. Since
both V and W have a finite affine open covering, this holds for P as well.

Next, as is immediately seen, the following defines a sheaf OP on P : For U ⊆ P
open let OP (U) be the K-algebra of all f : U → L such that f |U∩(V ′×W ′) ∈
OV ′×W ′(U ∩ (V ′×W ′)), for V ′ ⊆ V and W ′ ⊆W affine open. Thus P together
with OP becomes a prevariety, so that V ′ × W ′ together with OP |V ′×W ′ =
OV ′×W ′ is an affine open subprevariety, for all V ′ ×W ′ as above.

We show that P , together with the projections πV and πW , is a product of
V and W in the category of prevarieties: Firstly, πV and πW are morphisms:
We consider the affine open covering by subsets V ′ ×W ′ ⊆ P as above. Then
πV |V ′×W ′ : V ′×W ′ → V ′ and πW |V ′×W ′ : V ′×W ′ →W ′ are morphisms, hence
πV and πW are continuous, and by the sheaf properties are morphisms.

Now let Z be a prevariety, and let ϕV : Z → V and ϕW : Z →W be morphisms.
Then there is a unique product map ϕ = ϕV ×ϕW : Z → P such that ϕV = ϕπV
and ϕW = ϕπW . We show that ϕ is a morphism of prevarieties:

We again consider the affine open covering by subsets V ′ ×W ′ ⊆ P as above.
Let U := ϕ−1

V (V ′)∩ϕ−1
W (W ′) ⊆ Z open. Then ϕ|U : U → V ′×W ′ is the product

map associated with the morphisms ϕV |U : U → V ′ and ϕW |U : U →W ′. Since
V ′ ×W ′ is affine, ϕ|U is a morphism. Again we infer that ϕ is a morphism. ]

Corollary. If U ⊆ V is an open subprevariety, then so is U ×W ⊆ P .

Proof. Picking affine open coverings of U and W , respectively, shows that
U ×W ⊆ P is open, and that OP |U×W = OU×W . ]
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In particular, the product of two irreducible quasi-affine varieties is irreducible
quasi-affine again, and by (11.5) below the product of two irreducible quasi-
projective varieties is irreducible quasi-projective again.

(11.4) Proposition. Let V and W be prevarieties, and let Z ⊆ V be a closed
subprevariety. Then Z ×W ⊆ V ×W is a closed subprevariety as well.

Proof. Since (V \ Z)×W ⊆ V ×W =: P is open, Z ×W ⊆ P is closed. Now
P is covered by affine open subsets V ′ ×W ′ ⊆ P , where V ′ ⊆ V and W ′ ⊆ W
are affine open. Then Z ′ := Z ∩ V ′ ⊆ V ′ is closed, where we may assume that
Z ′ 6= ∅. Since Z ′ ⊆ Z is open and Z is irreducible, Z ′ is irreducible as well.

Then Z ′×W ′ ⊆ V ′×W ′ is closed, hence is affine with respect to OV ′×W ′ |Z′×W ′ ,
where we have Γ(OV ′×W ′ |Z′×W ′) = K[V ′ × W ′]/IK(Z ′ × W ′) ∼= (K[V ′] ⊗K
K[W ′])/〈IK(Z ′)⊗ 1, 1⊗ IK(W ′)〉 ∼= (K[V ′]/〈IK(Z ′)〉)⊗K K[W ′].

Similarly, Z ′ ⊆ V ′ is affine with respect to OV ′ |Z′ = OZ′ , where Γ(OZ′) =
K[Z ′] = K[V ′]/IK(Z ′). Then Z ′ ×W ′ is affine with respect to OZ′×W ′ , where
Γ(OZ′×W ′) = K[Z ′ ×W ′] ∼= K[Z ′] ⊗K K[W ′] = (K[V ′]/〈IK(Z ′)〉) ⊗K K[W ′].
Thus we infer that OV ′×W ′ |Z′×W ′ = OZ′×W ′ .
Then from this we get (OP |Z×W )|Z′×W ′ = OP |Z′×W ′ = (OP |V ′×W ′)|Z′×W ′ =
OV ′×W ′ |Z′×W ′ = OZ′×W ′ = OZ×W |Z′×W ′ . Since Z ×W is covered by affine
open subsets of the above form, we conclude that OP |Z×W = OZ×W . ]

(11.5) Theorem: Products of projective varieties. Let V and W be
projective varieties. Then V ×W is a projective variety again.

Proof. Let V ⊆ Pn and W ⊆ Pm be closed, where n,m ∈ N0. Then V×W ⊆
Pn ×Pm is closed as well. Since a closed subprevariety of a projective variety
is projective again again, it suffices to show that Pn × Pm is projective. We
show that the latter can be identified with a closed subprevariety of Ps, where
s := (n+ 1)(m+ 1)− 1 = n+m+ nm:

Letting X ] = {X0, . . . , Xn}, Y] = {Y0, . . . , Ym}, and Z] = {Z00, Z01, . . . , Znm}
be indeterminates associated with Pn, Pm, and Ps, respectively, we consider
the Segre map (which is immediately seen to be well-defined)

σ : Pn ×Pm → Ps : [[x0 : . . . : xn], [y0 : . . . : ym]] 7→ [. . . : xiyj : . . .].

We show that σ is injective: Let p = [x0 : . . . : xn], p′ = [x′0 : . . . : x′n], and
q = [y0 : . . . : ym], q′ = [y′0 : . . . : y′m], such that σ(p, q) = σ(p′, q′). We may
assume that x0 6= 0 6= y0. Then x0y0 6= 0 implies x′0y

′
0 6= 0, thus x′0 6= 0 6= y′0

as well. Hence we have
xiyj
x0y0

=
x′iy
′
j

x′0y
′
0
, entailing xi

x0
= xiy0

x0y0
=

x′iy
′
0

x′0y
′
0

=
x′i
x′0

and

yj
y0

=
x0yj
x0y0

=
x′0y
′
j

x′0y
′
0

=
y′j
y′0

, for all i and j, thus p = p′ ∈ Pn and q = q′ ∈ Pm.
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Now, writing Di := DXi ⊆ Pn, Dj := DYj ⊆ Pm, and Dij := DZij ⊆ Ps,
we have σ−1(Dij) = Di ×Dj ⊆ Pn × Pm. Thus this gives rise to maps σij =
σ|Di×Dj : Di ×Dj → Dij , where we let Vij := σij(Di ×Dj) ⊆ Dij ⊆ Ps.

For convenience letting i = 0 = j, and identifying Ln ∼= D0 ⊆ Pn and Lm ∼=
D0 ⊆ Pm and Ls ∼= D00 ⊆ Ps as affine varieties, we get the regular map
σ00 : Ln×Lm → Ls : [[x1, . . . , xn], [y1, . . . , ym]] 7→ [zij ]ij , given by zij = xiyj and
zi,0 = xi and z0,j = yj , for i, j ≥ 1. Moreover, the comorphism σ∗00 : K[Z] →
K[X ] ⊗K K[Y], where X , Y, and Z are the respective dehomogenizations, is
given by Zij 7→ Xi ⊗ Yj and Zi,0 7→ Xi ⊗ 1 and Z0,j 7→ 1⊗ Yj , for i, j ≥ 1.

Hence we conclude that the σ∗ij are epimorphisms of K-algebras, implying that
σij is a closed embedding, for all i and j, that is Vij ⊆ Dij is closed such that
σij : Di ×Dj → Vij is an isomorphism of affine varieties.

Let V := σ(Pn×Pm) =
⋃
i,j≥0 Vij ⊆ Ps. Then we have V∩Dij = σ(Di×Dj) =

Vij . Since Vij ⊆ Dij is closed, for all i and j, we conclude that V ⊆ Ps is closed
as well, so that V is a projective variety. Moreover, by the sheaf properties,
σ : Pn × Pm → V is an isomorphism of prevarieties. (For a description of the

homogeneous vanishing ideal I]K(V) EK[Z]], see Exercise (12.33).) ]

(11.6) Abstract varieties. a) A prevariety V is called an (abstract) variety
if the Hausdorff axiom holds, that is for any prevariety U and any morphisms
ϕ,ψ ∈ Mor(U, V ) the associated (difference) kernel

ker(ϕ,ψ) := {u ∈ U ;ϕ(u) = ψ(u)} ⊆ U

is closed. (This naming is reminiscent of the Hausdorff property of topological
spaces, where product spaces carry the product topology.)

Morphisms of varieties are their morphisms as prevarieties. This gives rise to
the category of varieties, being a full subcategory of the category of prevarieties.
There are prevarieties which are not varieties, as the example below shows.

b) We present a characterization of varieties amongst prevarieties:

Let U and V be prevarieties, and let ϕ ∈ Mor(U, V ). Then let the graph
morphism γϕ = idU ×ϕ : U → U ×V : u 7→ [u, ϕ(u)] be the product morphism
arising from idU and ϕ, and let Γϕ := γϕ(U) ⊆ U × V be the graph of ϕ.

In particular, for the identity morphism idV let δV := γidV = idV × idV : V →
V × V : v 7→ [v, v] be the diagonal morphism, and let ∆V := δV (V ) ⊆ V × V
be the diagonal of V × V .

Proposition. a) Let V be a prevariety. Then V is a variety if and only if V is
separated, that is the diagonal ∆V ⊆ V × V is closed.

b) Let V be a variety, let U be a prevariety, and let ϕ ∈ Mor(U, V ). Then
γϕ : U → U × V is a closed embedding. In particular, so is δV : V → V × V .
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Proof. a) Let V be a variety. Since ∆V = ker(π1, π2) ⊆ V × V , where the
πi : V ×V → V are the projections on the first and second factors, respectively,
we conclude that ∆V ⊆ V × V is closed.

Now let V be separated, let U be a prevariety, let ϕ1, ϕ2 ∈ Mor(U, V ), and let
ϕ := ϕ1 × ϕ2 : U → V × V be the associated product morphism. Then we have
ker(ϕ1, ϕ2) = ker(ϕπ1, ϕπ2) = {u ∈ U ;ϕ(u) ∈ ∆V } = ϕ−1(∆V ) ⊆ U . Since
∆V ⊆ V × V is closed, we infer that ϕ−1(∆V ) ⊆ U is closed as well.

b) Letting P := U ×V , we consider the morphisms πV : P → V and πUϕ : P →
V . Thus, since V is a variety, the kernel ker(πV , πUϕ) = {[u, v] ∈ P ;πV (u, v) =
ϕ(πU (u, v))} = {[u, v] ∈ P ; v = ϕ(u)} = Γϕ ⊆ P is closed. In particular, Γϕ
together with the structure sheaf OP |Γϕ is a prevariety.

Moreover, the map γ′ϕ : U → Γϕ : u 7→ γϕ(u), obtained from γϕ by restricting
its range, is a morphism as well: Let W ⊆ Γϕ be open, and let f ∈ OP |Γϕ(W );

then by the definition of a restricted sheaf we may assume that there is Ŵ ⊆ P
open and f̂ ∈ OP (Ŵ ) such that Ŵ ∩ Γϕ = W and f̂ |W = f ; then we have

(γ′ϕ)∗(f) = γ∗ϕ(f̂) ∈ OU (γ−1
ϕ (Ŵ )) = OU ((γ′ϕ)−1(W )).

Conversely, we have the morphism πU |Γϕ = ιPΓϕ · πU : Γϕ → U ; recall that the

inclusion map ιPΓϕ : Γϕ → P is a morphism with respect to the restricted sheaf.

Then we get γ′ϕ · (πU |Γϕ) = idU and (πU |Γϕ) · γ′ϕ = idΓϕ . ]

Example: The affine line with one point doubled. Following (10.4), we
consider the fibre sum V := LtU L of two disjoint copies of the affine line, with
respect to the inclusion U := L \ {0} ⊆ L. Thus we have injective morphisms
ιi : L→ V , such that ι1|U = ι2|U . Letting V ′ := ιi(U) ⊆ V we have V = {01}

.
∪

V ′
.
∪ {02}, where Vi := ιi(L) = {0i}

.
∪ V ′. Then V becomes a prevariety, having

{V1, V2} as an affine open covering. But ker(ι1, ι2) = {a ∈ L; ι1(a) = ι2(a)} =
{a ∈ L; ιi(a) ∈ V ′} = U ⊆ L is not closed; hence V is not a variety. ]

(11.7) Proposition. Any irreducible affine variety V is a variety.

Proof. Let U be any prevariety, and let ϕ,ψ ∈ Mor(U,V). In order to show
that ker(ϕ,ψ) ⊆ U is closed, by taking an affine open covering of U , we may
assume that U is an affine variety. Then, given u ∈ U , we have ϕ(u) = ψ(u) ∈ V
if and only if f(ϕ(u)) = f(ψ(u)) for all f ∈ L[V] = L⊗KK[V]. Comparing the
associated maximal ideals of L[V] and K[V], respectively, it follows that the
latter property is fulfilled if and only if it holds for all f ∈ K[V]. Thus we have
ϕ(u) = ψ(u) if and only if (ϕ∗(f))(u) = f(ϕ(u)) = f(ψ(u)) = (ψ∗(f))(u) for all
f ∈ K[V], that is ker(ϕ,ψ) = VL((ϕ∗ − ψ∗)(K[V])) ⊆ U is closed. ]

From this we get the following consequence on difference kernels in general:

Recall first that a subset of a topological space V is called locally closed, if it
is the intersection of an open and a closed subset of V . Then W ⊆ V is locally
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closed if and only if it is open in its closure: If W = U ∩Z, where U ⊆ V is open
and Z ⊆ V is closed, then W ⊆ Z is open, hence W ⊆ W is open; conversely,
if W ⊆W is open, then there is U ⊆ V open such that W = U ∩W .

Corollary. a) Let U and V be prevarieties, and let ϕ,ψ ∈ Mor(U, V ). Then
the kernel ker(ϕ,ψ) ⊆ U is locally closed (rather than closed, if V is a variety).

b) Assume that for any v, w ∈ V there is an affine open subset of V containing
v and w. Then V is a variety.

Proof. a) Let u ∈ ker(ϕ,ψ), let ϕ(u) = ψ(u) ∈ V ′ ⊆ V be affine open, and let
U ′ := ϕ−1(V ′) ∩ ψ−1(V ′) ⊆ U open, hence u ∈ U ′. Since V ′ is affine and thus
is a variety, for the morphisms ϕ|U ′ : U ′ → V ′ and ψ|U ′ : U ′ → V ′ we infer that
ker(ϕ,ψ)∩U ′ = ker(ϕ|U ′ , ψ|U ′) ⊆ U ′ is closed. Taking the union of the subsets
U ′ ⊆ U as above, we conclude that ker(ϕ,ψ) is closed in an open subset of U .
Thus ker(ϕ,ψ) is the intersection of a closed and an open subset of U .

b) Let U be a prevariety, and let ϕ,ψ ∈ Mor(U, V ). Given u ∈ U , there is an
affine open subset V ′ ⊆ V such that ϕ(u), ψ(u) ∈ V ′. Let U ′ := ϕ−1(V ′) ∩
ψ−1(V ′) ⊆ U open, hence u ∈ U ′. Then ker(ϕ,ψ) ∩ U ′ = ker(ϕ|U ′ , ψ|U ′) ⊆ U ′

is closed. Now U is covered by subsets as above, thus ker(ϕ,ψ) ⊆ U is closed. ]

(11.8) Proposition. The (irreducible) projective space P is a variety.

Proof. We consider the natural L-linear (right) action of the general linear
group G := GLn+1(K) on Ln+1, which induces an action of G on P. We show
that G acts on P by automorphisms, where it suffices to show that the map
induced by any α = [αij ] ∈ G is a morphism:

Let P have homogeneous coordinate algebra A] = K[X0, . . . , Xn]. We consider
the affine open subset Di := DXi ⊆ P, for i ∈ {0, . . . , n}, where Γ(ODi) =

K[X0

Xi
, . . . , X̂iXi , . . . ,

Xn
Xi

]. Then α∗(Xi) =
∑n
j=0 αjiXj is homogeneous of degree

1, entailing a bijection Dα∗(Xi) = α−1(Di) → Di. We have α∗(
Xj
Xi

) =
α∗(Xj)
α∗(Xi)

,

being homogeneous of degree 0, thus being regular on Dα∗(Xi). Hence α|Dα∗(Xi)
is a morphism. Since P =

⋃n
i=0Dα∗(Xi), so is the map induced by α. ]

This shows that Dα∗(Xi)
∼= Ln is an affine variety. From this we infer that any

hyperplane complement Df ⊆ P, where f ∈ A] is homogeneous of degree 1, is
an affine variety isomorphic to Ln. Finally, it is immediate that for any v, w ∈ P
there is a hyperplane complement Df , such that both v, w ∈ Df . (It suffices to
consider the case v ∈ Di \Dj and w ∈ Dj \Di, for i 6= j.) ]

(11.9) Persistence properties. We show that the full subcategory of varieties
within the category of prevarieties is closed with respect to certain constructions:
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Proposition. i) The product of two varieties is a variety again.

ii) Any subprevariety of a variety is a variety again. In particular, any irre-
ducible quasi-affine, projective or quasi-projective variety is a variety.

Proof. i) Let V and W be varieties. Then ∆V ⊆ V ×V and ∆W ⊆W ×W are
closed, thus so is ∆V×W = ∆V ×∆W ⊆ (V ×V )×(W×W ) ∼= (V ×W )×(V ×W ).

ii) Let V be a variety, and let W ⊆ V be a subprevariety. Moreover, let U
be a prevariety, and let ϕ,ψ : U → W be morphisms of prevarieties. Then,
since the injective inclusion map ιVW : W → V is a morphism, we conclude that
ker(ϕ,ψ) = ker(ϕιVW , ψι

V
W ) ⊆ U is closed. ]

Proposition. Let U be a variety, and let V,W ⊆ U be affine open subsets,
having coordinate algebras K[V ] and K[W ], respectively. Then V ∩W ⊆ U is
affine open again, having coordinate algebra K[V ∩W ] = K[V ] ·K[W ].

Proof. We may assume that V 6= ∅ 6= W . The product V ×W ⊆ U × U is an
affine open subset. Since δU : U → U × U is a closed embedding, we infer that
the morphism ε := δU |V ∩W : V ∩W → V ×W induces an isomorphism onto its
image {[x, x] ∈ U × U ;x ∈ V ∩W} = ∆U ∩ (V ×W ), where ∆U ∩ (V ×W ) ⊆
V × W is closed. Noting that V ∩ W ⊆ U is irreducible, we conclude that
ε : V ∩W → V ×W is a closed embedding, thus V ∩W is affine.

Finally, as comorphism we get the surjective homomorphism of K-algebras
ε∗ : K[V ]⊗K K[W ]→ K[V ∩W ] : f ⊗ g 7→ f |V ∩W · g|V ∩W , where since V ∩W
is dense in both V and W , both restriction maps to V ∩W are injective. ]
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III Exercises and references

12 Exercises for Part I

(12.1) Exercise: Noetherian rings and modules.
Let R be a (commutative, associative, unital) ring, and let M be a finitely
generated R-module. Recall that the set of R-submodules of M is partially
ordered by set-theoretic inclusion.

a) Let M 6= {0}. Show that M has a maximal (proper) R-submodule.

b) Show that the following properties are equivalent:
i) M is Noetherian, that is any R-submodule of M is finitely generated.
ii) Any strictly ascending chain of R-submodule of M terminates.
iii) Any non-empty set of R-submodules of M contains a maximal element.

c) Let N ≤ M is an R-submodule. Show that M is Noetherian if and only if
both N and M/N are Noetherian.

d) Let M be Noetherian. If S ⊆ M is any (possibly infinite) generating set,
show that there is a finite subset S ′ ⊆ S generating M . Moreover, show that
any surjective R-endomorphism of M is injective.

e) Let R be Noetherian, that is R is Noetherian as an R-module; in other
words, any ideal of R is finitely generated. Show that M is Noetherian as well.

(12.2) Exercise: Non-Noetherian rings.
Let K be a field, and let X := {X1, X2, . . .} be an infinite set of indeterminates.
Show that K[X ] is not Noetherian.

(12.3) Exercise: Polynomial functions.
Let K be a field, and let A be a polynomial K-algebra in n ∈ N0 indeterminates.
For f ∈ A let f• : Ln → L : v 7→ f(v) be the associated polynomial function.
Show that the set A of all such polynomial functions carries the structure of a
K-algebra, with respect to which the map f 7→ f• : A→ A is a homomorphism
of K-algebras, which moreover is injective if and only if K is infinite.

(12.4) Exercise: Finite fields.
Let F be a finite field, and let n ∈ N0. Show that any function Fn → F is
polynomial. Conclude that any subset of Fn is algebraic.

(12.5) Exercise: Algebraically closed fields.
Show that any algebraically closed field is infinite.

(12.6) Exercise: Complements of algebraic sets.
Let K ⊆ L be a field extension such that L is infinite, let n ≥ 1, and let V ⊂ Ln
be a proper algebraic subset. Show that Ln \V is infinite.



III Exercises and references 63

(12.7) Exercise: Scalar extensions.
Let K ⊆ L be a field extension, let AK := K[X ] be a polynomial K-algebra in
n ∈ N0 indeterminates, and let AL := L[X ] be its scalar extension to L.

a) Let V ⊆ Ln be L-algebraic. Show that U := V ∩ Kn is K-algebraic, such
that IK(U) = IL(V ) ∩AK EAK .

b) Let U ⊆ Kn be K-algebraic, and let V ⊆ Ln be the smallest L-algebraic
subset containing U . Show that V ∩Kn = U , and that IL(V ) = IK(U)·ALEAL.

c) Let K ⊆ L ⊆ M , where M is algebraically closed, and let W ⊆ Mn be K-
algebraic. Show that W is L-algebraic, and that IL(W ) =

√
IK(W ) ·AL EAL.

(12.8) Exercise: Hilbert’s Nullstellensatz.
Let K be a field, let A := K[X ] be a finitely generated polynomial K-algebra,
and let P CA be a maximal ideal.
a) Show that K ⊆ (A/P ) is a finite field extension.
b) Let K ⊆ L be a field extension. Show that VL(P ) is finite.

(12.9) Exercise: A generalized Nullstellensatz.
Let K be a field which is not algebraically closed, let A be a finitely generated
polynomial K-algebra, and let I EA.
a) Show that there is g ∈ A such that VK(I) = VK(g).
b) Show that VK(I) 6= ∅ if and only if VK(f) 6= ∅ for all f ∈ I. (This holds
for algebraically closed fields as well, by Hilbert’s Nullstellensatz.)

Hint. Show first that there is h ∈ A such that VK(h) = {0}.

(12.10) Exercise: Topological spaces.
Let V be an arbitrary topological space; recall that a maximal (closed) irre-
ducible subset of V is called an irreducible component. Show that any irre-
ducible subset of V is contained in an irreducible component. Deduce that V is
the irredundant union of its irreducible components.

(12.11) Exercise: Noetherian spaces.
a) A topological space is called quasi-compact, if any open cover has a finite
subcover. Show that a topological space is Noetherian if and only if any open
subspace is quasi-compact.

b) A topological space V is called Hausdorff, if for any x 6= y ∈ V there are
open neighborhoods Ux and Uy of x and y, respectively, such that Ux ∩Uy = ∅.
Show that V is Hausdorff Noetherian if and only if it is finite and discrete.

c) The space V is called T1, if for any x 6= y ∈ V there is an open neighborhood
Ux of x, such that y 6∈ Ux. Show that any quasi-projective variety is a T1 space.

(12.12) Exercise: Hausdorff spaces.
Let V be a topological space. Show that the following are equivalent:
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i) V is a Hausdorff space.
ii) The set {[v, v] ∈ V × V ; v ∈ V } ⊆ V × V is closed in the product topology.
iii) For any topological space U and any continuous map ϕ : U → V , the graph
{[u, ϕ(u)] ∈ U × V ;u ∈ U} ⊆ U × V is closed in the product topology.
iv) For any topological space U and continuous maps ϕ,ψ : U → V , the differ-
ence kernel {u ∈ U ;ϕ(u) = ψ(u)} ⊆ U is closed.

(12.13) Exercise: Zariski topology.
a) Identifying C×C with C2, show that the the Zariski topology on C2 is strictly
finer than the product topology afforded by the Zariski topology on C.

b) Show that the Zariski topology on C is strictly coarser than its metric topol-
ogy, and conclude that the exponential function C→ C : z 7→ exp(z) (for exam-
ple) is not continuous with respect to the Zariski topology.

(12.14) Exercise: Radicals.
a) Let R be a ring. For I, JER show that

√
I∩
√
J =
√
I ∩ J =

√
IJ . Moreover,

for I CR show that
√
I =

⋂
{P CA prime; I ⊆ P}.

b) Let A be a finitely-generated K-algebra, where K is a field. For I CR show
that

√
I =

⋂
{P C A maximal; I ⊆ P}. Does this also hold for arbitrary rings?

(The above intersection of ideals is also called the Jacobson radical of I.)

(12.15) Exercise: Maximal ideals.
Let A be a finitely generated K-algebra, where K is a field, let P C A be a
maximal ideal, and let B ⊆ A be a K-subalgebra. Show that P ∩ B C B is a
maximal ideal again.

(12.16) Exercise: Maximal ideals of coordinate algebras.
a) Let K ⊆ L be a field extension, let V ⊆ Ln be closed, let Hom(K[V], L)
be the set of all K-algebra homomorphisms from K[V] to L, and for v ∈ V let
εv : K[V] → L : f 7→ f(v) be the associated evaluation map. Show that the
map V→ Hom(K[V], L) : v 7→ εv is a bijection.

b) Now let K = L be algebraically closed. Show that for v ∈ V the inclu-
sion map ιv : {v} → V is an embedding such that (ιv)

∗ = εv. Conclude that
Hom(K[V],K) is in bijective correspondence with the maximal ideals of K[V].

(12.17) Exercise: Hypersurfaces.
Let K ⊆ L be a field extension, where L is algebraically closed, let A be a
polynomial K-algebra in n ∈ N indeterminates, let f =

∏r
i=1 f

ai
i ∈ A, where

r ∈ N and ai ∈ N, and the fi ∈ A are pairwise non-associated and irreducible.

a) If n ≥ 2, show that the hypersurface VL(f) ⊆ Ln is infinite.
b) Show that IK(VL(f)) =

∏r
i=1〈fi〉CA.

c) Determine the irreducible components of VL(f).
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(12.18) Exercise: Linear subspaces.
Let K be an infinite field, and let A := K[X1, . . . , Xn] for some n ∈ N0.
a) Let V ≤ Kn be a K-subspace. Show that V = VK(f1, . . . , fm) for some
m ≤ n, where fj =

∑n
i=1 ajiXi for some aji ∈ K. How ism related to dimK(V )?

b) Let m be chosen minimal. Show that IK(V ) = 〈f1, . . . , fm〉 C A, that V is
irreducible, and that K[V ] is a polynomial algebra in n−m indeterminates.

(12.19) Exercise: Closed sets in the affine plane.
Let K be an algebraically closed field, let A := K[X,Y ], and let f, g ∈ A be
coprime. Show that VK(f, g) is finite. Use this to give a description of all closed
subsets of the affine plane K2. Moreover, show that a prime ideal of A is either
maximal or principal.

(12.20) Exercise: Irreducible components.
Let K be an algebraically closed field, and let A := K[X,Y, Z]. Determine the
irreducible components of V := VK(X2 − Y Z,XZ − X). Moreover, compute
the coordinate algebras of V and its irreducible components.

(12.21) Exercise: Parametrisation of curves.
a) Let L ⊆ C, and let V := {[t2 − 1, t(t2 − 1)] ∈ L2; t ∈ L}. Show that V ⊆ L2

is closed, irreducible and defined over Q, and determine I(V). Is the given
parametrisation an isomorphism? Try to depict V for L = R2.

b) Let W := {[t3, t4, t5] ∈ L3; t ∈ L}. Show that W ⊆ L3 is closed, irreducible
and defined over Q, and determine I(W). Is the given parametrisation an
isomorphism? Can you show that I(W) cannot be generated by two elements?

(12.22) Exercise: Parametrisation of surfaces.
a) Let L ⊆ C, let W := {[uv, v, u2] ∈ L3;u, v ∈ L}, and let W := W ⊆ L3 be
the Whitney umbrella surface over L. Show that W is irreducible and defined
over Q, and determine I(W). For L = C show that the given parametrisation
is bijective. Is it an isomorphism? For L = R determine W \W .

b) Let Z := {[uv, uv2, u2] ∈ L3;u, v ∈ L}, and let Z := Z ⊆ L3. Show that
Z is irreducible and defined over Q, and determine I(W). Show that the given
parametrisation is injective. For L ∈ {R,C} determine W \W .

(12.23) Example: Frobenius morphisms.
Let q be a prime power, let F be an algebraic closure of Fq, let V ⊆ Fn be F-
closed, for some n ∈ N0, and let Φ = Φq : Fn → Fn : [x1, . . . , xn] 7→ [xq1, . . . , x

q
n]

be the associated (geometric) Frobenius morphism.

a) Show that Φ is regular and bijective, but is not an isomorphism.

b) Show the equivalence of the following assertions:
i) We have Φ(V) = V. ii) The set V is Fq-closed.
iii) There are f1, . . . , fs ∈ Fq[X1, . . . , Xn] such that V = VF(f1, . . . , fs) ⊆ Fn.
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iv) There are f1, . . . , fr ∈ Fq[X1, . . . , Xn] such that IF(V) = 〈f1, . . . , fr〉EF[V].
v) There is a finitely generated Fq-algebra A such that F[V] ∼= A⊗Fq F.

c) Let V be Fq-closed. Determine the Fq-closed points of V.

(12.24) Example: Automorphisms.
Let K be an algebraically closed field. An isomorphism of an affine variety
V ⊆ Kn onto itself, for some n ∈ N0, is called an automorphism of V. Let
Aut(V) be the group of automorphisms of V.

a) Determine Aut(K).

b) For ϕ : Kn → Kn : v 7→ [f1(v), . . . , fn(v)] regular, where fi ∈ K[X ], let

J(ϕ) := det
([ ∂fi
∂Xj

]
ij

)
∈ K[X1, . . . , Xn]

be the Jacobian of ϕ, where ∂
∂Xj

denotes the partial derivative with respect to

Xj . Show that J : Aut(Kn)→ K \ {0} : ϕ 7→ J(ϕ) is a group homomorphism.

(12.25) Exercise: Computing the image of a regular map.
Let K ⊆ L be a field extension, let A := K[X1, . . . , Xn] and B := K[Y1, . . . , Ym],
for n,m ∈ N0, and C := A⊗K B ∼= K[X1, . . . , Xn, Y1, . . . , Ym].

a) Show that π : Ln+m → Lm : [x1, . . . , xn, y1, . . . , ym] 7→ [y1, . . . , ym] is a mor-
phism. Determine the associated comorphism π∗.

b) Let now ϕ : Ln → Lm : v 7→ [f1(v), . . . , fm(v)] be regular, where fj ∈ A, and
let J := 〈Y1 − f1, . . . , Ym − fm〉E C. Show that

π(VL(J)) = ϕ(Ln) and ϕ(Ln) = VL(J ∩B).

(Then any Gröbner basis of J with respect to some lexicographical order on
monomials fulfilling X > Y contains a Gröbner basis of J ∩B.)

c) Letting K = Q and L = C, apply this to the twisted cubic C := {[t, t2, t3] ∈
C3; t ∈ C}, and compute IQ(C) from the given parametrisation.

(12.26) Exercise: Graded rings.
Let R be a (non-negatively) graded ring, that is R =

⊕
d≥0Rd as Z-

modules, such that RiRj ⊆ Ri,j for i, j ≥ 0. Then the following are equivalent:
i) R is Noetherian.
ii) R0 is Noetherian and R is a finitely generated R0-algebra.
iii) R0 is Noetherian and R+ :=

⊕
d≥1Rd ER is a finitely generated ideal.

iv) The subring R(n) :=
⊕

n | dRd ⊆ R is Noetherian for all n ∈ N.

(12.27) Exercise: Euler Identity.
Let K be a field, let X := {X1, . . . , Xn}, for some n ∈ N0, and let A := K[X ].
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a) Let 0 6= f ∈ A be homogeneous. Show that f fulfills the Euler Identity

n∑
i=1

Xi ·
∂f

∂Xi
= deg(f) · f.

b) Assume that char(K) = 0, and let conversely 0 6= f ∈ A fulfill the Euler
Identity. Show that f is homogeneous.

(12.28) Exercise: Affine cones.
Let K ⊆ L be a field extension, let V ⊆ Ln be an irreducible affine variety,
for some n ∈ N0, and let Ṽ :=

⋃
v∈V〈v〉L. Show that both Ṽ ⊆ Ln and

its closure Ṽ ⊆ Ln are irreducible cones, and determine the vanishing ideal

IK(Ṽ) = IK(Ṽ).

Hint. If P CA =
⊕

d≥0Ad is prime, then so is P̃ :=
⊕

d≥0(P ∩Ad) ⊆ P CA.

(12.29) Exercise: Projective closure.
Let L ⊆ C, let V := VL(Y −X(X2 + 1)) ⊆ L2, and let V := V ⊆ P2(L).

a) Show that V is irreducible, and determine I](V) and the points at infinity of
V . Determine the affine closed subsets V∩DX and V∩DY in the ‘(y, z)-’ and
the ‘(x, z)-plane’, respectively, where Z denotes the homogenizing coordinate.

b) Now let L = R. Depict V , and the affine sets V ∩DX and V ∩DY . Do the
points at infinity of V have distinguishing properties?

(12.30) Exercise: Projective closure.
Let L ⊆ C, let Q := VL(Y −X2) ⊆ L2 be a parabola, and let Q := Q ⊆ P2(L)
be its projective closure.

a) Show that Q is irreducible, and determine I](Q) and the points at infinity of
Q. Determine the affine closed subsets Q∩DX and Q∩DY in the ‘(y, z)-’ and
the ‘(x, z)-plane’, respectively, where Z denotes the homogenizing coordinate.

b) Now let L = R. Depict Q, and the affine sets Q ∩DX and Q ∩DY . Show
that Q is ‘tangent’ to the line at infinity HZ := V](Z) ⊆ P2(R).

(12.31) Exercise: Classification of binary quadrics.
a) Let L be an algebraically closed field, let A := L[X,Y ], let V := V(Y −X2)
and W := V(XY − 1). Show that L[V] ∼= L[X] and L[W] ∼= L[X]X .

b) Let char(L) 6= 2, let f ∈ A be irreducible of degree 2, and let Q := VL(f)
be the associated binary quadric. Show that either L[Q] ∼= L[V] or L[Q] ∼=
L[W], and find a criterion on the coefficients of f to decide which case occurs.
Conclude that Q is isomorphic to either L or L \ {0}.
c) Let A] := L[X,Y, Z]. Show that the projective closures V ⊆ P2 and W ⊆ P2

are both isomorphic to V](XZ − Y 2) ⊆ P2.
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(12.32) Exercise: Veronese embeddings.
Let K ⊆ L be a field extension, where L is infinite, and let Pn be the projective
space over L, for some n ∈ N0. Let {M0, . . . ,MN} be the set of monomials of
degree d ∈ N0 in the indeterminates X := {X0, . . . , Xn}, where N :=

(
n+d
n

)
− 1.

We consider the d-fold Veronese embedding or d-uple embedding

ϕ : Pn → PN : [x0 : . . . : xn] 7→ [. . . : Mi(x0, . . . , xn) : . . .].

a) Show that ϕ is well-defined and injective.
b) Show that the image ϕ(Pn) ⊆ PN is closed and irreducible.
c) Show that ϕ(Pn) is homeomorphic via ϕ to Pn.

Hint. Consider the kernel of the homomorphism of K-algebras

K[Y0, . . . , YN ]→ K[X0, . . . , Xn] : Yi 7→Mi.

(12.33) Exercise: Segre embedding.
Let K ⊆ L be a field extension, where L is infinite, and let Pn and Pm be
projective spaces over L, for some n,m ∈ N0. Letting s := (n+ 1)(m+ 1)− 1,
we consider the Segre embedding

σ : Pn ×Pm → Ps : [[x0 : . . . : xn], [y0 : . . . : ym]] 7→ [. . . : xiyj : . . .].

Moreover, letting R := K[Zij ; i ∈ {0, . . . , n}, j ∈ {0, . . . ,m}], we consider the
homomorphism of K-algebras ϕ : R→ K[X0, . . . , Xn, Y0, . . . , Ym] : Zij 7→ XiYj .

Show that ker(ϕ) = 〈ZijZkl − ZilZkj ; i, k ∈ {0, . . . , n}, j, l ∈ {0, . . . ,m}〉E R is

a homogeneous prime ideal, such that σ(Pn ×Pm) = V]
L(ker(ϕ)) ⊆ Ps.

(12.34) Exercise: Quadric surface.
Let K ⊆ L be a field extension, where L is infinite, and let A] = K[W,X, Y, Z].

We consider the projective quadric surface V := V]
L(XY − ZW ) ⊆ P3.

a) Determine I]K(V) E A], and show that V coincides with the image of the
Segre embedding ϕ : P1 ×P1 → P3, for a suitable choice of coordinates.

b) Show that V contains two sets of lines {Li; i ∈ I} and {Mj ; j ∈ J }, each
parameterized by P1, where I and J are index sets, such that Li ∩ Lk = ∅
whenever i 6= k, and Mj∩Ll = ∅ whenever j 6= l, while Li∩Mj is a singleton set,
for all i and j. Here, a line in P3 is an intersection of two distinct hyperplanes.

c) Show that V contains further space curves, distinct from the above lines.
Deduce that the Zariski topology on V is not homeomorphic via ϕ to the product
topology of the Zariski topologies on P1 ×P1.

13 Exercises for Part II

(13.1) Exercise: Functor categories.
a) Let C, D, E be categories, and let F : C → D and G : D → E be (covari-
ant) functors. Show that assigning A 7→ G(F(A)), for A ∈ C, and α 7→
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(
G(F(α)) : G(F(A)) → G(F(B))

)
, for α : A → B in C, defines a (covariant)

functor G◦F : C → E , the concatenation of G and F . How is the concatenation
of contravariant functors, or of covariant and contravariant functors defined?

b) Show that the collection of covariant functors, together with all natural
transformations as morphisms, formally fulfills the requirements of a category.
(Ignoring set-theoretic issues, this might be called the category of functors.)

(13.2) Exercise: Duality.
Let K be a field, and let K-vec be the category of finite-dimensional K-vector
spaces, having object set Ob(K-vec) := {Kn;n ∈ N0}, and having the set
HomK(?, ??) of all K-linear maps as morphisms.

a) Show that K-vec is a category indeed. Moreover, show that it is skeletal,
that is its objects are pairwise non-isomorphic.

b) Show that assigning V 7→ V ∗ := HomK(V,K) and

HomK(V,W )→ HomK(W ∗, V ∗) : ϕ 7→ (ϕ∗ : λ 7→ λ ◦ ϕ)

defines a contravariant duality (endo-)functor ∗ : K-vec→ K-vec.

c) Show that the biduality functor ∗∗ is isomorphic to the identity functor.

(13.3) Exercise: Limits.
a) Let I be a partially ordered set, let C be a category, let {Ai} be an inverse
system in C, with respect to ψji : Aj → Ai for j ≥ i, and let P together with mor-
phisms {πi} be a limit. Show that P is unique up to isomorphism, and that {πi}
induces an equivalence of contravariant functors HomC(?, P ) ∼= HomC(?, {Ai}).
b) Now let C be the category of sets, and let P :=

∏
i∈I Ai be the Carte-

sian product, with projection maps πi. Show that P := {x ∈ P;πi(x) =
ψji(πj(x)) for j ≥ i} is a limit in C. What happens if I carries the trivial
partial order, or if I = ∅?
c) Let additionally I := {0, 1, 2} with non-trivial relations 1 ≥ 0 and 2 ≥ 0.
Show that the pullback A1 ×A0 A2 := {[x1, x2] ∈ A1 × A2;ψ1(x1) = ψ2(x2)} is
a limit, with respect to the maps ψi : Ai → A0. Moreover, show that if both ψi
are surjective, then both πi : A1 ×A0

A2 → Ai are surjective as well.

d) Let I := N, partially ordered by divisibility, let ψmn : Z/〈m〉 → Z/〈n〉 be

the natural maps, for n | m, and let Ẑ := lim←−{Z/〈n〉} in the category of sets.

Show that the profinite completion Ẑ is a limit in the category of rings.

Let p ∈ Z be a prime, let Ip := {pn ∈ N;n ∈ N0}, and let Ẑp := lim←−{Z/〈p
n〉}

in the category of sets. Show that the p-adic completion Ẑp is a limit in the

category of rings. Moreover, show that Ẑp is a domain, having 〈p〉 as its unique

maximal ideal. Finally, show that Ẑ ∼=
∏
p prime Ẑp as rings.
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(13.4) Exercise: Colimits.
a) Let I be a partially ordered set, let C be a category, let {Ai} be a direct system
in C, with respect to ψij : Ai → Aj for i ≤ j, and let I together with morphisms
{ιi} be a direct limit. Show that I is unique up to isomorphism, and that {ιi}
induces an equivalence of (covariant) functors HomC(I, ?) ∼= HomC({Ai}, ?).

b) Now let C be the category of sets, and let Q :=
∐
i∈I Ai be the disjoint

union, with inclusion maps ιi. Show that there is an equivalence relation ∼ on
Q, such that I := Q/∼, together with the induced maps {ιi}, is a colimit in C.
What happens if I carries the trivial partial order, or if I = ∅?
c) Let additionally I := {0, 1, 2} with non-trivial relations 0 ≤ 1 and 0 ≤ 2.
Show that the pushout A1 tA0

A2 := (A1 t A2)/∼, where ∼ is the relation
generated by reflexive closure from ι1(ψ1(x)) ∼ ι2(ψ2(x)), for x ∈ A0, is a
colimit, with respect to the maps ψi : A0 → Ai. Moreover, show that if both ψi
are injective, then both πi : A1 ×A0 A2 → Ai are injective as well.

d) We consider the category of K-vector spaces, where K is a field, let Vi be K-
vector spaces, for i ∈ {0, 1, 2}, and let ψi : V0 → Vi be K-linear, for i ∈ {1, 2}.
If V0 = {0}, show that the direct sum V1 ⊕ V2 of K-vector spaces is a fibre
sum. Show that a fibre sum V1 ⊕V0 V2 exists in general, and give an explicit
description.

We consider the category of K-algebras, let Ai be K-algebras, and let ψi : K →
Ai be the structure homomorphisms, for i ∈ {1, 2}. Show that the tensor prod-
uct A1⊗KA2 of K-algebra is a fibre sum. What is its structure homomorphism?

(13.5) Exercise: Locally constant sheaves.
Let V be a topological space.

a) Given a presheaf F on V , show that the following assertions are equivalent:

i) For any open ∅ 6= U ⊆ V the restriction map F(V )→ F(U) is bijective.

ii) F is a constant sheaf, that is there is a set A, equipped with the discrete
topology, such that F(U) consists of the locally constant functions U → A.

iii) F is a locally constant sheaf, that is any point v ∈ V has an open
neighborhood U ⊆ V such that the restriction F|U is a constant sheaf.

b) Let V be connected, and let F be a locally constant sheaf on V such that
|F(V )| ≥ 2. Show that V is irreducible.

c) Let F be a locally constant sheaf on V , and let F0 be the constant presheaf
on V with value A := F(V ), that is F(U) consists of the constant functions
U → A, for any U ⊆ V open. Show that F is the sheafification of F0.

Moreover, show that the natural morphism of presheaves ψ : F0 ⇒ F has the
following universal property: For any morphism ϕ0 : F0 ⇒ G, where G is a sheaf,
there is a unique morphism ϕ : F ⇒ G such that ϕ0 = ψ · ϕ.
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(13.6) Exercise: Gluing sheaves.
Let V be a topological space, and let {Vi ⊆ V ; i ∈ I} be an open covering,
where I is an index set. For all i ∈ I let Fi be a sheaf on Vi, with values in a
fixed category, such that there are isomorphisms ϕij : (Fi)|Vi∩Vj ⇒ (Fj)|Vi∩Vj
fulfilling ϕijϕjk = ϕik : (Fi)|Vi∩Vj∩Vk ⇒ (Fk)|Vi∩Vj∩Vk , for all i, j, k ∈ I.

a) Show that we have ϕii = idFi : Fi ⇒ Fi, for all i ∈ I.

b) Show that there is a sheaf F on V , together with isomorphisms ψi : Fi ⇒
F|Vi , such that ψi = ϕijψj : (Fi)|Vi∩Vj ⇒ F|Vi∩Vj , for all i, j ∈ I. Moreover,
show that F and the ψi are uniquely defined up to unique isomorphism.

(13.7) Exercise: Direct image sheaves.
a) Let V be a topological space, and let A be a category. Show that PSh(V,A),
with objects consisting of the presheaves on V with values in A, and having
all morphism of presheaves as morphisms, is a category. Similarly, show that
Sh(V,A), with objects consisting of the sheaves on V with values in A, and
having all morphism of presheaves as morphisms, is a category.

b) Let W be a topological space, let ϕ : V → W be continuous, and let F ∈
PSh(V,A). Show that for any U ′ ⊆ U ⊆W open letting

U 7→ F(ϕ−1(U)) and ρUU ′⊆W := ρ
ϕ−1(U)
ϕ−1(U ′)⊆V

defines a presheaf ϕ∗F ∈ PSh(W,A), being called the direct image of F under
ϕ. Show that this gives rise to a functor ϕ∗ : PSh(V,A)→ PSh(W,A).

Moreover, if F is a sheaf, show that ϕ∗F is a sheaf as well. Conclude that this
gives rise to a functor ϕ∗ : Sh(V,A)→ Sh(W,A).

(13.8) Exercise: Localization.
Let R be a ring, let S ⊆ R be multiplicatively closed, and let M be an R-module.

a) Show that a localization MS of M at S is unique up to isomorphism.

b) Let ∼ be the relation on M × S given by letting [m, f ] ∼ [m′, f ′] if there is
g ∈ S such that (mf ′ −m′f)g = 0. Show that ∼ is an equivalence relation.

c) Show that the set of equivalence classes M/S := (M ×S)/ ∼ becomes an R-
module, such that there is a natural R-module homomorphism σ : M → M/S.
Moreover, show that M/S, together with σ, is a localization of M at S indeed.

d) Show that the localization RS of R at S becomes a ring again, and derive
the universal property of RS in the category of rings from its universal property
in the category of R-modules.

e) Show that f
1 ∈ RS , where f ∈ S, acts bijectively on any RS -module. Con-

versely, if any f ∈ S acts bijectively on M , show that M becomes an RS -module.

(13.9) Exercise: Localization functors.
Let R be a ring, and let S ⊆ R be multiplicatively closed.
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a) Let α : M → N be a homomorphism of R-modules. Show that there is a
unique homomorphism αS : MS → NS of RS -modules, called the localization
of α at S, such that α · σN = σM · αS , where σ? denotes the natural map.

b) Show that localization at S induces covariant functors ?S : Mod-R→ Mod-RS
and ?S : mod-R → mod-RS , where Mod-? and mod-? denotes the category
of all modules and of finitely generated modules, respectively. Is the map
?S : HomR(M,N)→ HomRS (MRS , NRS ) injective? Is it surjective?

c) Let M
α−→ N

β−→ P be an exact sequence of R-modules, that is we have

im(α) = ker(β). Show that MS
αS−→ NS

βS−→ PS is an exact sequence of RS -
modules; in other words, ?S is an exact functor. In particular, conclude that
αS is injective if α is so, that αS is surjective if α is so, and that MS/NS ∼=
(M/N)S as RS -modules.

d) If M ′ ≤ M and M ′′ ≤ M are R-submodules, show that (M ′ ∩ M ′′)S =
(M ′)S ∩ (M ′′)S ⊆MS . Similarly, if {Mi ≤M ; i ∈ I} are R-submodules, where
I is an index set, show that (

∑
i∈IMi)S =

∑
i∈I(Mi)S ≤ MS . In which sense

can the various localized modules be considered as submodules of MS?

(13.10) Exercise: Varying the denominator set.
Let R be a ring, let S, T ⊆ R be multiplicatively closed subsets, let S ′ :=
σT (S) ⊆ RT and T ′ := σS(T ) ⊆ RS , and let M be an R-module.

a) Show that there are a natural ring homomorphism ρ : RT → (RS)T ′ , and a
natural homomorphism of RT -modules τ : MT → (MS)T ′ . In which sense does
(MS)T ′ become an RT -module?

b) Show that if S ′ consists of units in RT , then ρ and τ are an isomorphism of
rings and RT -modules, respectively. What happens in the case S ⊆ T ? What
happens if T ′ consists of units in RS as well?

c) Let f, g ∈ R, and let Rf denote the localization of R at {fk ∈ R; k ∈ N0}.
Show that there are a natural ring isomorphism (Rf )g ∼= Rfg, and a natural
isomorphism of Rfg-modules (Mf )g ∼= Mfg.

(13.11) Exercise: Quasi-affine varieties.
Show that the affine line is not isomorphic to any proper open subset of itself.

(13.12) Exercise: Projective affine varieties.
Show that any irreducible affine variety which is projective is a singleton set.

(13.13) Exercise: Rational functions.
Let K ⊆ L be a field extension, where L is algebraically closed, and let V be an
irreducible variety.

a) Show that any affine open subset ∅ 6= U ⊆ V is irreducible, and that K(U)
is independent of the choice of U . Hence K(U) is (unambiguously) called the
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field of rational functions on V ; we again denote it by K(V ). Describe K(V )
if V is quasi-affine.

b) Show that for any open subset U ⊆ V the K-algebra OV (U) can be identified
with a K-subalgebra of K(V ), such that Q(OV (U)) = K(V ). If U ′ ⊆ U is open,
describe the associated restriction map in terms of K-subalgebras of K(V ). If
U ⊆ V and U ′ ⊆ V are open, show thatOV (U∪U ′) = OV (U)∩OV (U ′) ⊆ K(V ).

c) Let ϕ : V →W be a morphism of irreducible varieties such that ϕ(V ) contains
an open subset of W . (In particular ϕ is dominant.) Show that ϕ∗ induces a
field extension K(W ) ⊆ K(V ). Can the assumption on ϕ(V ) be dispensed of?

(13.14) Exercise: Rational functions on projective varieties.
Let K ⊆ L be a field extension, where L is algebraically closed, let V ⊆ P be
an irreducible projective variety, having (homogeneous prime) vanishing ideal

IEA], and let R := (A]
A]\I)0 = { fg ∈ Q

](A]); g 6∈ I} ⊆ Q](A]) be the associated

graded localization of A]. Show that IRER is the unique maximal homogeneous
ideal of R, and that we have K(V) ∼= R/IR.

(13.15) Exercise: Morphisms of quasi-projective varieties.
Let K ⊆ L be a field extension, where L is algebraically closed, and let V ⊆ Pn

be a quasi-projective variety.

a) Let f0, . . . , fm ∈ A], where m ∈ N0, be homogeneous of the same degree, such
that VL(f0, . . . , fm) ∩ V = ∅. Show that ϕ : V → Pm : v 7→ [f0(v) : . . . : fm(v)]
is a morphism of varieties. Moreover, if g0, . . . , gm ∈ A] also fulfill the above
properties, show that V → Pm : v 7→ [g0(v) : . . . : gm(v)] equals ϕ if and only if
figj |V = fjgi|V , for all i, j ∈ {0, . . . ,m}.
b) Let ψ : V → Pm be a morphism of varieties. Show that for any v ∈ V there
is an open neighborhood v ∈ U ⊆ V such that ψ|U is of the above form.

(13.16) Exercise: Veronese embeddings again.
Let K ⊆ L be a field extension, where L algebraically closed, let ϕ : Pn → PN

be the d-fold Veronese embedding, where N :=
(
n+d
n

)
− 1; see Exercise (12.32).

a) Show that ϕ induces an isomorphism of varieties Pn ∼= ϕ(Pn).
b) Let ϕ(P1) ⊆ P2 be the image of the 2-fold Veronese embedding of P1. Show
that for the homogeneous coordinate algebras we have K[P1] 6∼= K[ϕ(P1)].

(13.17) Exercise: Morphisms of projective varieties.
Let L be an algebraically closed field, and let p ∈ P2.
a) Show that the set of lines in P2 through p can be identified with P1.
b) We consider the conic V := V](XZ − Y 2) ⊆ P2, where L[X,Y, Z] is the
homogeneous coordinate algebra of P2. Show that V is irreducible
c) Let p := [0 : 0 : 1] ∈ V. Show that any line in P2 through p intersects V in
precisely two points, where for the ‘tangent’ at V the point p is counted twice.
d) Show that this yields an isomorphism of projective varieties P1 → V.
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(13.18) Exercise: Morphisms of projective varieties.
Let L be an algebraically closed field such that char(L) 6= 2, and let P be
the projective plane having homogeneous coordinate algebra L[X,Y, Z]. We
consider the curve V := V(f) ⊆ P of degree 3 given by f := ZY 2−X(X2−Z2).

a) Let VZ := V ∩DZ , VY := V ∩DY , VX := V ∩DX , and let p0 := [0 : 0 : 1],
p∞ := [0 : 1 : 0], p1 := [1 : 0 : 1], and p−1 := [(−1) : 0 : 1]. Show that VZ =
V \ {p∞}, VY = V \ {p0, p1, p−1}, and VX = V \ {p0, p∞} are affine open.

b) Given any point p0 6= p := [x : y : 1] ∈ VZ , show that the line in DZ through
p and p0 intersects VZ in p′ := [−1

x : −yx2 : 1] = [x : y : (−x2)].

We aim at showing that the map ϕ given by p 7→ p′, and interchanging p0 and
p∞, defines an involutory automorphism of V. Convince yourself that to do so
it suffices to show that ϕ is a morphism. To this end, let V ′ := V\{p∞, p1, p−1}.
c) Show that V = V ′ ∪ VX ∪ VY = VZ ∪ VY , and that ϕ(VX ∪ VY ) ⊆ VZ
and ϕ(V ′) ⊆ VY . Moreover, show that ϕ|VX : VX → VZ , ϕ|VY : VY → VZ , and
ϕ|V ′ : V ′ → VY are morphisms. Conclude that ϕ is a morphism.

Hint for c). Show that 1
X2−1 is regular on V ′.

(13.19) Exercise: Graphs of morphisms.
Let K ⊆ L be a field extension, where L is algebraically closed, let U and V be
prevarieties, and let W ⊆ U × V be a subprevariety. Show that W is the graph
of a morphism ϕ : U → V , if and only if the restriction πU |W : W → U is an
isomorphism. In this case, show that ϕ = (pU |W )−1 · πV .

(13.20) Exercise: Affine open coverings.
Let K ⊆ L be a field extension, where L is algebraically closed, and let V be
a prevariety. Assume that V has an affine open covering {Vi; i ∈ I}, where
I is an index set, such that Vi ∩ Vj is affine open having coordinate algebra
K[Vi ∩ Vj ] = K[Vi] ·K[Vj ], for all i, j ∈ I. Show that V is a variety.
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