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Abstract

We enumerate all positive definite ternary quadratic forms over number fields
with class number at most 2. This is done by constructing all definite quaternion
orders of type number at most 2 over number fields. Finally, we list all definite
quaternion orders of ideal class number 1 or 2.
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1. Introduction

The question of finding all positive definite quadratic forms with small class
number dates back to Gau. The binary case (where at present, a complete
unconditional classification is out of reach) is related to relative ideal class num-
bers of CM-fields. Over the rationals, one-class genera cannot exist in dimension
> 11 (cf. [36]). The rational one-class genera have been studied extensively by
Watson, see [35, 37] and the references therein. He classified all such genera
in three and more than five variables, and produced partial results in four and
five variables. The authors have recently reinvestigated Watson’s classification
and filled in the details for the missing dimensions four and five (see [14]). An
overview of the enumeration of genera with small class number is given in [30].

In the case of an arbitrary totally real number field, Pfeuffer [26] showed
that one-class genera of positive definite quadratic forms cannot exist in more
than 32 variables. The maximal integral forms with class number one have been
enumerated recently by the first author in [13]. Though one expects very few
examples of one-class genera of positive definite quadratic forms over totally
real number fields in dimension > 5, no complete classification is known.
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Pfeuffer’s results give an upper bound on the local factors occurring in
Siegel’s mass formula, thus effectively bounding the discriminants of possible
base fields for one-class genera. For non-maximal forms in dimension 3, these
bounds are not quite sharp enough to yield the possible base fields using the
currently available tables of totally real number fields.

The present article addresses this shortcoming by employing the correspon-
dence of Brzezinski-Peters-Eichler-Brandt (see Section 3), which relates these
genera to quaternion orders with type number at most 2 (we refer to Section 2
for definitions). Thus, we will enumerate all genera of positive definite ternary
quadratic forms with class number at most 2 over any totally real number field.
These Gorenstein orders can be enumerated directly using Magma [1]. This clas-
sification extends the work of Brzezinski [7] who computed the quaternion orders
of type number one over the rationals.

It turns out that there are 4194 one-class genera of positive definite ternary
quadratic forms over 30 different base fields. The largest base field has degree
5. Similarly, there are 18,538 two-class genera over 75 different base fields, the
largest one of which has degree 6.

This article is organized as follows. In Section 2, we recall properties of
quaternion algebras and orders. In Section 3, we discuss a correspondence be-
tween quaternion orders and lattices in definite quadratic spaces. The list of all
definite hereditary quaternion orders of type number at most 2 will be computed
in Section 4. In Section 5 we extend this list to all definite quaternion orders
of type number at most 2. Finally, in the last section we enumerate all definite
quaternion orders having ideal class number at most 2.

A complete list of these orders and genera can be obtained electronically
from [15].

The authors want to thank J. Voight for pointing out an error in the defini-
tion of the Gorenstein closure, which is corrected in this version.

2. Preliminaries

In this section, we recall the definition of quaternion algebras and summarize
some of their properties. Good references for this section are [31], [6], and [29].

Let K be a number field or a completion thereof. Further, let Zx be the
ring of integers of K.

Quadratic spaces

Let (V,Q) be a (regular) quadratic space of dimension m over K. There
exists a K-basis (vi,...,vm,) of V and scalars aj,...,a, € K* such that
QY zv) = X, aia? for all zq,...,z,, € K. If K is a totally real number
field and each a; is totally positive, then (V, Q) is said to be positive definite.

A Zg-lattice in V is a finitely generated Zg-submodule which contains a
K-basis of V. Two lattices L, L’ in V are said to be isometric, if there exists
some K-linear map ¢ € Endg (V') such that (L) = L' and Q(¢(z)) = Q(x) for
all x € V. Given a place v of K, we denote by K, the completion of K at v. If



p is a prime ideal of Zg, we write L, for the completion L ®z, Zg, of L at p.
Finally, if K is a number field, then L and L’ are said to be in the same genus,
if L, and L; are isometric at each prime ideal p of Zg.

Quaternion algebras
A quaternion algebra over K is a central simple K-algebra of dimension 4.
Given a,b € K*,let Q = (%b) be the K-algebra with basis (1,1, j,ij) satisfying

the relations 32

=a,j? =b,ij = —ji. Then Q is a quaternion algebra and every
quaternion algebra is isomorphic to (“71’) for some a,b € K*. The K-linear
map

Q= 9, r+sidtjfuij = —si—tj —uij

is the unique antiautomorphism of Q such that the reduced norm nr(z) := =&
and reduced trace tr(z) := x 4+ Z are contained in K for all x € Q. The reduced
norm is a quadratic form on Q and (z,y) — tr(zy) is the corresponding bilinear
form. Let Q° = {z € Q | tr(z) = 0} be the trace zero subspace of Q. By
restriction, (Q% nr) is a ternary quadratic space.

The algebra Q is said to be ramified at some place P of K if Qp := Q®x Kp
is a skewfield. The discriminant D(Q) of Q is the product of all the prime ideals
of Z at which Q ramifies. If K is a number field then Q is said to be definite if
Q is ramified at all infinite places of K. This is equivalent to saying that (Q,nr)
(or (Q° nr)) is a totally positive definite quadratic space. Of course, definite
quaternion algebras can only exist over totally real number fields.

Quaternionic lattices

Suppose that [ is a Zg-lattice in Q. Then the dual I* := {x € Q | tr(zI) C
Zri} of I is also a Zg-lattice. The norm nr(l) of I is the fractional Zg-ideal
generated by {nr(z) | z € I}.

Suppose J is another Zg-lattice in Q. The product of I and J is the Zg-
lattice generated by {zy |z € I,y € J}.

Orders

An order in @Q is a subring of Q@ which is also a Zg-lattice. Given a Zg-
lattice I, the sets O;(I) = {x € Q |2l C I} and O,(I) ={z € Q| Iz C I} are
orders called the left and right orders of I respectively. Moreover, I is called
two-sided if O)(I) = O,(I).

Ideals

Let O be an order in Q. A Zy-lattice I is called a right O-ideal if for each
prime ideal p of Zf there exists some x € Qy such that I, = z,O,. If this is the
case, then clearly O,.(I) = O. If in addition I is two-sided, we call I a two-sided
O-ideal.



Ideal classes and genera

Two right O-ideals I and J are isomorphic as right O-modules if and only
if I = xJ for some unit x € Q*. By the Jordan-Zassenhaus theorem (cf. [29,
Theorem 26.4]), the set of all right O-ideals is a disjoint union of finitely many
isomorphism classes. The number of isomorphism classes of right O-modules
is called the ideal class number h(O) of O. Two-sided O-ideals are said to
be isomorphic if they are isomorphic as right O-ideals. Let H(QO) denote the
number of isomorphism classes of two-sided O-ideals.

By the Skolem-Noether theorem, two orders @ and O are isomorphic (as
Z-algebras) if and only if they are conjugate in Q*. The genus Gen(O) of O
is the set of all orders O’ such that O, and Oy, are conjugate for all prime ideals
p of Zk. The number of conjugacy classes in Gen(Q) is called the type number
t(O). The type and ideal class numbers of O are related by the following result.

Lemma 2.1. Let O and O’ be orders in the same genus and let S be a set of
representatives of the isomorphism classes of right O-ideals. Then

1< H(O)=#{IeS |0 is conjugate to O;(I)} < h(O).
In particular, 1 < ¢(O) < h(O).
PROOF. See for example [8, Section VI.8.2] or [16, Proposition 2.10].

Types of orders
Let O be an order in Q. The Zg-ideal generated by

{det(tr(miij))m | X1,...,T4 € O}

is always a square. The square root of this ideal is the (reduced) discriminant
D(0). If O C A are orders then D(O) = D(A) - [A : O] where [A : O] denotes
the index ideal of A and O. An order is called mazimal if it is not properly
contained in another order. This is equivalent to saying that D(O) = D(Q). In
particular, the ideal N'(O) := D(0)D(Q)~! is always integral.

Further, let p be a prime ideal of Zg and let k := Zg /p be its residue class
field. There exists some lattice pO C I C O such that I/pO is the radical of the
k-algebra O/pO. The lattice I is in fact two-sided and Id, (O) := O;(I) = O,(I)
is called the radical idealizer of O at p. Suppose now in addition that p divides
D(0O). Then the k-algebra O/I is isomorphic to k, k X k, or to a quadratic
extension of k, and the Fichler invariant e,(O) is defined to be 0, 1 or —1
accordingly.

The order O is called hereditary if every Zg-lattice I with O C O,.(I) is a
right O-ideal. This is equivalent to saying that D(O) is square-free as seen from
the classification [29, Theorem 39.14]. An Fichler order is the intersection of
two (not necessarily distinct) maximal orders.

The order O is a Gorenstein order if OF is a right O-ideal. Finally, if every
order containing O is Gorenstein, then O is called a Bass order.



An order is maximal / hereditary / Eichler / Bass or Gorenstein if and only if
each of its completions has the corresponding property. Further, these different
families of orders satisfy the following inclusions:

{mazimal} C {hereditary} C {Eichler} C {Bass} C {Gorenstein} .

If O is any order in Q, then G(O) := nr(O#)*0#O# (i.e. the Z-module
generated by {\zy | A € nr(O#)~!, 2,y € O¥}) is again an order. In fact, G(O)
is the unique Gorenstein order such that O = (1,b(O)G(0O)) for some integral
ideal b(Q) C Zk, (see [5, Proposition 3.2] and [6, Proposition 1.4]). The ideal
b(0O) is called the Brandt invariant of ©. Moreover, D(O) = b(O)3D(G(0O))
and two orders are conjugate if and only if their Gorenstein closures are conju-
gate and they have the same Brandt invariant (or discriminant). In particular,

£HO) = HG(O)).

3. Ternary lattices and Gorenstein orders

In this section, we discuss a correspondence between ternary lattices and
Gorenstein orders. The correspondence we are using is due to Brzezinski [4, 5]
and Peters [25]. It is based on work of Eichler [10] and Brandt [2].

Let (V,Q) be a definite ternary quadratic space over some number field K.

Definition 3.1. Two lattices L, L’ in V are said to be equivalent if there exists
some totally positive element ¢ € K*, some fractional ideal a of K and some
K-linear map ¢: V — V such that ¢(L) = a- L and Q(p(z)) = c- Q(x) for all
zeV.

Clearly, two equivalent lattices have the same class number. Thus, if we
want to classify all definite ternary quadratic lattices with class number h, it
suffices to only look at the equivalence classes.

For example by [17, (6.20)], the even part of the Clifford algebra of (V, Q) is
a definite quaternion algebra Q such that (Q° nr) is isometric to (V,c- Q) for
some totally positive element ¢ € K*. Since we are only interested in equivalence
classes of lattices, we may now assume that (V,Q) = (Q°% nr) C (Q,nr).

Further let L be a Zg-lattice in Q°. By slight abuse of notation, let nr(L)
denote the fractional Zy-ideal generated by {nr(z) | x € L}. Then

O(L) =12k + Z nr(L)" - zy

x,yeL

is a Gorenstein order in Q (see [25, Satz 7] and [5, Proposition 2.3]). Conversely,
if O is an order in Q then

£(0) :=D(0) - (07 N Q%)

is a ternary lattice in (Q°, nr).



Theorem 3.2. Let Q be a quaternion algebra over some number field K and
let L, L' be Z-lattices in (Q°,nr).

(a) Each Gorenstein order O in Q satisfies O = O(L£(0)).

(b) There exists a fractional Zk-ideal a such that aL = £(O(L)).

(c) O(L) and O(L") are isomorphic if and only if L and L' are similar, i.e.
L' is isometric to aL for some fractional Zg -ideal a.

PrOOF. Part (a) follows immediately from [5, Proposition 3.2] and it implies
O(L) = O(L(O(L))). Hence L and £(O(L)) differ by some fractional ideal as
[10, Satz 14.1] shows. Part (c) is proven in [4, Corollary 3.10].

As a consequence we get that 9 and £ induce bijections between the equiva-
lence classes of ternary lattices over K and the isomorphism classes of Gorenstein
orders over K. Moreover, since the two constructions © and £ are compatible
with taking completions, we have the following result.

Corollary 3.3. Let G be the genus of a ternary lattice L. Then the class num-
ber of G coincides with the type number of O(L).

By Corollary 3.3, the classification of all definite ternary lattices over Zy
with class number h is equivalent to the classification of all definite Gorenstein
quaternion orders over Zg having type number h.

Remark 3.4. There are several other correspondences between ternary quadratic
lattices and quaternion orders which map lattices of class number h to orders
of type number h. Most notably:

1. The correspondence of Pall [24] for K = Q, which was extended by Nipp
in [22] to arbitrary number fields K, is not onto in general.

2. The correspondence of Gross and Lucianovic [12] over PIDs, which was
extended by Voight [34] to arbitrary rings.

The classification of all quaternion orders with type number h is equivalent to the
classification of all Gorenstein quaternion orders with type number h. Hence we
prefer bijections between ternary quadratic lattices (modulo some equivalence
relation that preserves class numbers) and Gorenstein orders. The map of Pall
and Nipp does not satisfy this condition. However, the correspondence of Gross-
Lucianovic-Voight, which is functorial, could also be used instead of the maps
9 and £ from Brzezinski-Peters-Eichler-Brandst.

4. Hereditary orders with type number one

Let Q be a definite quaternion algebra over some totally real number field K
of degree n. If O is an order in Q, we denote by Ng«(0) = {z € Q* | 20z~ =
O} the normalizer of O in Q*. Conjugation with an element from Ng«(O)
induces an isometry on the positive definite Z-lattice (O, Nrg,q o nr) where
Nrg /g denotes the usual norm of K. Moreover, two elements induce the same



isometry if and only if their quotient lies in K*. Thus the index [Ng«(O) : K*]
is finite. The unit group O* = {z € O | nr(z) € Z}} is a subgroup of Ng-(O)
and therefore the index [O* : Z3] is finite since Z}, = K* N O*.

Definition 4.1. Let O be an order in Q and suppose that I1,. .., I(o) repre-
sent the isomorphism classes of right O-ideals. By Lemma 2.1, we may assume
that Oy(I),...,O0(Iyo)) represent the conjugacy classes of all orders in the
genus of O. Then the mass of O is defined as

9 1 & HOU)
Mass(O)i= D 5Ty ] ~ 2= Ot 2

The mass can be computed from invariants of O and K as follows.

Theorem 4.2 (Eichler’s mass formula). Let O be an order in Q. Then

1 — Nrgq(p)~—2

—9l-n —1)| - - Nr
Mass(0) = 2 ¢ (=1)[ - h - Nrgeq(D(0)) H 1 —ep(O)Nrg /g(p)~t

pID(O)

where (x and hx denote the Dirichlet zeta function and the class number of K
respectively.

PRrROOF. See for example [19, Theorem 1].

If O is hereditary, the above mass formula simplifies to the version given by
Eichler in [11, Section 4]:

Mass(0) = 27" - [(x (= D)| - hre - ] (Nrgjop) = 1) [ (Nrgsolp) +1).
»|D(Q) pIN(0)

(4.1)

Given an ideal a of Z, let w(a) be the number of prime ideal divisors of a.
The number of prime ideals of Zk of norm 2 will be denoted by wa(K).

Suppose now O is hereditary. For each prime ideal p that divides D(O),

there exists a unique two-sided O-ideal P, with sz = pO. The two-sided O-

ideals form an abelian group J(O) which is free on {P, : p | D(O)} U {pO : p {

D(0)}. Then Ng«(0O)/K* acts on the quotient J(O)/{aO | a € K*} by left

multiplication. The orbits are the isomorphism classes of two-sided O-ideals

and the stabilizer of any class is O*K*/K* = O*/Z},;. Thus
H(O) = 2P hi__ gupioy) .y, 107 Zi]
[No-(0) : O*K*] [No-(0) : K*]

(4.2)

See [11, Section 4] for details.
Theorem 4.3. If O is a hereditary order in Q, then

dil" < ((H(0)/2)!/™ - am” - (3/2)20 /213,



PROOF. Let {O1,...,0y0)} be a set of representatives of the conjugacy classes
in the genus of @. From equations (4.1) and (4.2), we conclude that

o) t(0)
1 1 H(0;)
> = :
"o ; [No-(0;) : K*]  2¢(PO) . hy ; [No-(0) = K]
Mass(O)

T 9w(D(O) . by
_ Nrg/o(p) —1 Nrg/o(p) +1
__9l—m /Q /Q
=2 (-l [T —55— [ —5"—— (3
p|D(Q) pIN(O)
> 21—n . |CK(_1)| . 2—UJ2(K) )

The functional equation of the zeta function gives |(x (—1)| = d:;{/zch (2)/(2m2)™.
Therefore,

2d;/” () - 23l (K) (K)
HO) > R (2) 2w - (4/3)%2(K) L g—wa
(O) = (271')2” CK( ) > (27‘(’)2" ( /3)
032 »
> G (213720

as claimed.

We will make the last result effective for orders of type number at most 2.

Lemma 4.4. If O is a hereditary order in Q with t(O) < 2, then
A" < (4 - (3)2)«2K)/m)2/3 (4.4)

There are 358 totally real number fields K that satisfy equation (4.4). The
largest one has degree 8.

PROOF. Let K be a field that satisfies equation (4.4) and let n be its degree.
Then d}(/n < (672)%/3 < 15.20. With the bounds from [3] this implies that
n < 10.

If n = 10, then [3] shows that d%" < 15.20 is only possible if wy(K) < 1. But
d}(/n < (472-(3/2)1/19)2/3 < 11.92 is impossible by [32]. The case n = 9 is ruled
out similarly.

Voight’s tables [32] list all totally real number fields K with d}(/" < 15.5 and
degree at most 8. The result follows from an explicit search.

Algorithm 4.5.

Input: Some totally real number field K of degree n and some bound B > 1.
Output: A list L of sets. For each genus of definite hereditary quaternion orders
over K with type number at most B, precisely one set in the list L represents
the conjugacy classes of orders in that genus.



1. Initialize £ = ().
2. Compute the set P of all prime ideals p of Zx such that

Nrg/g(p) < 22 e (-1)| 7 B +1. (4.5)

3. For each pair (D, N) of disjoint subsets of P such that #D + n is even
and

e e |

peD peEN

do

a) Construct the definite quaternion K -algebra Q with D(Q) = []p.
peD

(
(b) Compute a hereditary order O in Q such that N (O) =[],y -
(c) Compute a set S of representatives of the conjugacy classes of orders
in the genus of O.
(d) If #S < B then include S in L.
4. Return L.

PrOOF. Suppose O is a hereditary order in a definite quaternion algebra Q
over K such that ¢(O) < B. Let D and N denote the set of prime ideal
divisors of D(Q) and N(O) respectively. The isomorphism type of Q is uniquely
determined by D (see [31, Theorem III.3.1]) and O, is defined by N up to
conjugacy in Qy for all prime ideals p (see [31, Lemma I1.2.4]). In particular
(D, N) uniquely determines the genus of . Thus £ does not contain two
different sets representing the same genus. Further n + #D is even by [31,
Theorem I11.3.1] and D N N = ) since D(O) is square-free.

The pair (D, N) satisfies equation (4.6) as we have seen in equation (4.3). In
particular, every prime ideal p € DU N C P satisfies equation (4.5). Thus, at
some point, we will construct an order which is in the same genus as O.

Remark 4.6. We give some hints how step (3) of Algorithm 4.5 can be done
in practice.

The quaternion algebra Q in step (3a) can be computed as follows. Let a € Zk
be totally positive such that it has valuation 1 at all prime ideals in the set D.
Then one tries some totally positive b € Zg such that bZx + D = Zi until

—a,—

e b) has the correct discriminant. For this last step, one has to compute

several Hilbert symbols which can be done using [33, Sections 5 and 6]. Once
one has found a suitable algebra Q, one can compute a maximal order M in
Q using Zassenhaus’ Round 2 (see [38]) or Voight’s specialized algorithm (see
[33, Algorithm 7.10]). Let p be a prime ideal in the set N. Then M /pM =
(Zx /p)**2. By trial and error, one quickly finds some element in the Zg /p-
algebra M /pM with reducible minimal polynomial. From such an element one
immediately obtains an explicit isomorphism M /pM = (Zg /p)?*? (see [33,
Algorithms 4.2 and 4.3] for details).



Let N' = Hp cn P The Chinese Remainder Theorem yields an isomorphism
0 R
a (hereditary) order of discriminant [, p. Finally, for step (3c) one can

apply an algorithm by Voight and the first author (see [16, Algorithm 7.10]).

©: M/N'M — R**? where R = Zyx /N'. Then O := N'M + ¢! <R R) i

5. Quaternion orders with small type number

Let Q be a definite quaternion algebra over some number field K. Further,
let O be a Gorenstein order in Q, and let p denote some prime ideal of Zy .

The classification of all Gorenstein orders in @ having small type numbers
is based on the following results.

Lemma 5.1.

1. If O, is a Bass order, then Cp(O) := 1d,(O) is a Gorenstein order and
(1,pCy(0)) € O C Cy(O). Moreover, O = C,(O) if and only if O, is
hereditary.

2. If O, is not a Bass order, let Cy(O) be the Gorenstein closure of 1d,(O).
Then (1,9Cy(0)) € O C (1,pCy(O)).

PROOF. Let O be any order. Then (1,pId,(0)) C O C 1d,(O) (see for example
[21, Remark 2.8]). A proof of the fact that O, is hereditary if and only if
O = 1d,(0) is given in [29, Chapter 39]. Further, if O is a Bass order then
Cy(0O) is Gorenstein by definition. This proves the first claim since (1, pId,(O))
is not Gorenstein by [6, Proposition 1.3]. Assume now that O, is not a Bass
order and set A :=1Id,(O). By [6, Proposition 1.12], A, is the unique minimal
overorder of Op,. Moreover A = (1,pC,(O)) by [6, Proposition 4.2]. This proves
the second claim.

Remark 5.2. For any z € Q* we have Cy(20z71) = 2C,(0)z~!. In particu-
lar, NQ* (O) - NQ* (CP(O))

Definition 5.3. Given an additional Gorenstein order A in @, we denote by
C(O, A, p) the set {O' € Gen(O) | C,(O") = A}.

Lemma 5.4. Let (A1,...,A:) represent the conjugacy classes of orders in the
genus of Cp(O). The normalizer No-(A;) acts on €(O,A;,p) by conjugation.
Let {O;1,...,0;,,} represent the orbits of this action. Then

{01 [1<j<n, 1<i<t}

is a complete set of representatives of the conjugacy classes in the genus of O.

In particular, t(O) > t(Cy(0)) > 1.

PrOOF. The fact that Ng-(A;) acts on €(O, A;,p) follows immediately from
Remark 5.2. Suppose first that O; ; = ka’gx_l for some x € Q*. Then

Ay = Cy(0; ) = Cp(z0k g2 1) = 20y (O p)z ™t = oAzt .

10



The choice of Ay,...,As implies ¢ = k. Hence 2 € Ng+(A;) and thus j = £.

Let O' € Gen(0Q). Then C,(0’) € Gen(Cy(0)). Thus Cp(O') = zA;z~" for
some 1 < i<tandzx € Q% After replacing @' by x~'O’x we may assume that
Cy(O') = A;. Then O’ is conjugate to O; ; for some 1 < j < n,.

Finally, we need a lower bound on #&(O, A, p).

Lemma 5.5. Suppose O, is not hereditary and p does not divide 2D(C,,(O)).
Then

#C(O, A, p) > Nrg o) (Nrg/op) —1)/2
for all A € Gen(Cy(0)).

PROOF. Let k = Zg/p and ¢ = #k. Since p does not divide D(A), we have
Ap/pAy = k2*2. Suppose first that O, is a Bass order. Let ¢: €(O,A,p) —
k**2. 0"+ O'/pA. Since O, is not hereditary, we have [A: O] = p? and thus
ep(0) # 0. By [6, Proposition 5.4] it follows that

€O, A, p) ={O0" CA[[A: O] =p*and O} is conjugate to O,} .

In particular, the image of ¢ is a full GLy(k)-orbit of some quadratic subalgebra
of k#*2. The stabilizer of any order in the image of ¢ has size 2(¢—1)(¢—e, (0)),
the factor 2 coming from the non-trivial automorphism. Thus

#GLo (k)
Ap)>——L=¢q(g—1)/2
#C(O,A,p) > 2= 1) q(q—1)/
as claimed.
Suppose now that O, is not a Bass order. From [6, Proposition 5.4] it follows
that (1,p%(O,)#) is a local Bass order of discriminant p? and nonzero Eichler
invariant. Hence

C(O, A, p) — €(O +p20%* A, p), O — O +p20'*

is a conjugation preserving bijection. Thus €(O, A,p) > g(g — 1)/2 by the first
part of the proof.

The non-hereditary Gorenstein orders having small type numbers can now
be computed using the following algorithm.

Algorithm 5.6.

Input: Some totally real number field K and some bound B > 1.

Output: A list L. For each genus of definite Gorenstein quaternion orders of
type number at most B, precisely one set in the list L represents the conjugacy
classes of orders in that genus.

1. Initialize L to be the output of Algorithm 4.5 when applied to K and B.

11



2. For all S € L and all prime ideals p such that

Nr Nr -1
p | 2D(A) for some A € S or Az;g [ Kg@[(ﬁ)g(* (/{()f%(f]) )—‘ <B (51)
€

do:
(a) For each A € S, compute a set Oy of orbit representatives of

{O C A | O is an order with C,(O) = A}

under the action of Ng=(A).
(b) For each genus G which is represented by at most B orders in|J, g O
but not by any order in L, include | J,.g(Ox NG) to L.
3. Return L.

PRrROOF. We first note that step (2b) ensures that no two sets in £ represent
the same genus. Suppose G is a genus of Gorenstein orders with type number
at most B and let O € G. We show that £ contains a set of representatives for
the conjugacy classes of G by induction on the number of divisors of D(O). The
case that O is hereditary is clear. So we may assume that O, is not hereditary
for some prime ideal p. Let A := C},(O). By induction, there exists some S € £
such that A is conjugate to some order in S. From Lemma 5.4 it follows that
t(A) < B and Lemma 5.5 shows that the pair (p,S) satisfies condition (5.1).
Again, by Lemma 5.4, the genus G is represented by (J, . 5(Oa N G) where Oy
is as in step (2a) of the algorithm.

We close this section by explaining how one can perform the non-trivial steps
of Algorithm 5.6.

Remark 5.7. Let O be an order in Q. Further, let Aut(O,nr) denote the
group of all isometries of the Zg-lattice O in the quadratic space (Q,nr). By
[9, Appendix IV, Proposition 3], the map

No-(0)/K* = {p € Aut(O,nr) | p(1) = det(p) = 1}, x> (y — zyz ™)

is an isomorphism of groups. Since Aut(O,nr) can be computed using an al-
gorithm of Plesken and Souvignier [28], this gives an effective way to compute
No«(0O)/K*.

In step (2b) one has to test whether two orders O, O’ are in the same genus.
By Section 3, this is equivalent to test whether the corresponding ternary lattices
£(0) and £(0') are in the same genus. The latter problem was solved by
O’Meara, see [23, Theorems 92:2 and 93:28].

If one applies Algorithms 4.5 and 5.6 to the 358 possible base fields from
Remark 4.4 with B = 2, one gets the following result.

Theorem 1.

1. There are 4194 genera of definite Gorenstein quaternion orders of type
number one over 30 different base fields. The largest field has degree 5.

12



2. There are 18,538 genera of definite Gorenstein quaternion orders of type
number two over 75 different base fields. The largest field has degree 6.

A complete list of representatives is available electronically from [15].

Remark 5.8. Let O be a Gorenstein order in a definite quaternion algebra Q
over some number field K. For any ideal a C Zg, the order (1, aQ) is the unique
order with Gorenstein closure O and Brandt invariant a. Moreover, the orders
(1,a0) and O have the same type numbers.

Thus Theorem I classifies all orders in definite quaternion algebras over
number fields with type number at most 2.

We close this section by mentioning some interesting details of the above
classification.

Remark 5.9. The classification in Theorem I shows that Q(+/15) is the only
base field with nontrivial class group which admits definite ternary quadratic
lattices with class number one.

Remark 5.10. Let K = Q(\/?;) and Q = (%) Further let po be the prime
ideal of Z g whose norm is 2. Then any maximal order in Q has type number 2,
but any hereditary order in Q with discriminant po has type number 1. Thus
for classifying all orders with type number h, one really has to start with all
hereditary orders of type number h, not just the maximal orders.

Remark 5.11. While the ideal class number of an order O is an upper bound
to the type number of O, these numbers can differ significantly as the following
example shows.

Let K = Q[z]/(z° — 523 + 4z — 1). Then dx = 38,569 is a prime and K
has class number one. In Zjy there exists a unique prime ideal pi3 of norm
13 and 2Z is prime. Let Q be the definite quaternion algebra over K with
discriminant pi3. Up to isomorphism, there exists a unique Gorenstein order
O in Q with discriminant 2 - p2; and ep,,(O) = ez, (0) = 0 and t(O) = 1.
See [15] for explicit generators of O. From O* = R* and Eichler’s mass formula
(Theorem 4.2) it follows that the ideal class number of O is given by

274 ¢k (—1)]-13%-32% - (1 = 1372) - (1 — 327%) = 29,331,456 .
N—_——
8/3

Among all definite Gorenstein orders with type number one, this is by far the
largest ideal class number, the second largest being 13,369,344.

6. Definite quaternion orders with small ideal class numbers

The classification of all definite quaternion orders with small type numbers
also yields the classification of all definite quaternion orders with small ideal
class numbers.

To make this statement explicit, we need some more results.
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Lemma 6.1. Let O C A be quaternion orders and let {I1,...,In} represent the
isomorphism classes of right A-ideals.

1. The sets Z(1;,0) := {I C I; | I is a right O-ideal with IN = I;} are
non-empty.

2. The group Oi(1;)* acts on Z(I;, O) by left multiplication. Let {I; 1,...,I; n,}
represent the orbits of this action. Then {I; ; | 1 < i < h,1 < j < h;}
represents the isomorphism classes of right O-ideals.

In particular, h(O) > h(A).

PROOF. For each prime ideal p there exists some x, € Q, such that (I;), =
zpAy and we can choose x, = 1 for all but finitely many places. In particular,
there exists some right O-ideal I such that I, = x,0, locally everywhere. This
proves the first assertion. We omit the proof of the second part as it is similar
to the proof of Lemma 5.4.

Note that we will apply the above lemma repeatedly to orders satisfying
pA C O C A for some prime ideal p. In this case, pI; C I C I; forall I € Z(I;,0).
Thus Z(I;,O) can be computed easily.

Another method of computing ideal class representatives of quaternion or-
ders is the following neighbor method which has been used by many authors
such as Pizer [27], Mestre [20], Kohel [18] and also [16].

Algorithm 6.2. Input: A definite quaternion order O over Z .
Output: A set S representing the isomorphism classes of right O-ideals.

1. Initialize S = {O}.

2. While Mass(O) # > ,c5lOi(I)* : Z3 )™t do:
(a) Pick a random ideal I € S and some small prime ideal p of Zx .
(b) Compute a random right O;(I)-ideal J C O (I) with nr(J) = p.
(¢) If JI is not isomorphic to some ideal in S, include JI to S.

3. Return S.

Since we will only be interested in computing ideal class representatives for
orders with h(O) < B and B will be very small, Algorithm 6.2 works very well
as we can always stop whenever we have found more than B ideal classes.

Remark 6.3. Let O be an order in a definite quaternion algebra Q over K
such that h(O) < B.

1. Let M be a maximal order in Q. Then h(M) < B.
2. The narrow class number of K is at most B.

PROOF. The first statement follows from Lemma 6.1 and the fact that all max-
imal orders in Q are in the same genus. For the second statement, we may
assume that O is maximal. The result then follows from a theorem of Swan, see
for example [29, Theorem 35.14].
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6.1. Gorenstein orders

Let B > 1 and let O be a definite Gorenstein quaternion order with h(Q) <
B. Then t(O) < B by Lemma 2.1.

Hence we can simply run over all genera of Gorenstein orders having type
number at most B (see Theorem I) and check whether some (and thus every)
order in the genus has class number at most B using Algorithm 6.2 or Lemma
6.1.

Note that the conditions of Remark 6.3 can be used to rule out many genera
immediately.

This way, one immediately obtains the following result:

Theorem II.

1. There are 144 genera of definite quaternion Gorenstein orders with ideal
class number one.

2. There are 268 genera of definite quaternion Gorenstein orders with ideal
class number two and type number one.

3. There are 182 genera of definite quaternion Gorenstein orders with ideal
class number two and type number two.

A complete list is available electronically from [15].

We checked that our results agree with the list given in [16] when restricted
to Eichler orders with type number one. We also found that the order of dis-
criminant 9 in [7] does not have ideal class number one but two. Otherwise
[7] agrees with our list when restricted to rational quaternion orders of type
number one.

6.2. Non-Gorenstein orders

The classification of all non-Gorenstein with small ideal class number is based
on Lemma 6.1.

Algorithm 6.4.
Input: A bound B > 1 and a definite Gorenstein quaternion order A with h(A) <
B.

Output: A list of all orders with Gorenstein closure A and ideal class number at
most B.

1. Initialize £ = {A}.
2. For all©O € L do
(a) Let P be the set of prime ideals p of Zy such that

p | D(O) or Nrgq(p)(Nrg/q(p)? — 1) < B/Mass(0) .

(b) For allp € P do
i. Compute h((1,p0)) using Lemma 6.1 or Algorithm 6.2.
ii. If h((1,p0)) < B then include (1,pO) in L.
3. Return L.
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PROOF. Let O be a non-Gorenstein order with G((’?) = A and h(O) < B. Let p
be a prime ideal divisor of b(O) and set O = (1, (b(O)/p)A). Then h(O) < B by
Lemma 6.1 and O has Gorenstein closure A. Thus O € £ by induction. Suppose

now p is coprime to D(O). Then e, (O) = 0 by [6, Propositions 2.1 and 3.1] and

D(0) = D(0O) - p*. Hence Mass(O) - Nrg q(p)(Nrg/g(p)* — 1) = Mass(O) < B.
Thus, the algorithm will test O = (1, p®) in step (2c) at some point.

If one applies Algorithm 6.4 to all Gorenstein orders mentioned in Theorem
I1, one obtains the following result.

Theorem III.

1. There are 10 conjugacy classes of non-Gorenstein quaternion orders with
ideal class number one.

2. There are 20 conjugacy classes of non-Gorenstein quaternion orders O
with ideal class number two such that G(O) has ideal class number one.

3. There are 5 conjugacy classes of non-Gorenstein quaternion orders O with
ideal class number two such that G(O) has type number one and ideal class
number two.

4. If O is a non-Gorenstein order with ideal class number two such that G(O)

has type number two, then G(O) is a maximal order in ((5(1\/;) and the

Brandt invariant of O is the prime ideal of norm 2 in Z[v/3].

A complete list is available electronically from [15].
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